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Preface 

The aim of this book is to serve both as an introduction to profinite groups 
and as a reference for specialists in some areas of the theory. In neither of 
these two aspects have we tried to be encyclopedic. After some necessary 
background, we thoroughly develop the basic properties of profinite groups 
and introduce the main tools of the subject in algebra, topology and homol
ogy. Later we concentrate on some topics that we present in detail, including 
recent developments in those areas. 

Interest in profinite groups arose first in the study of the Galois groups 
of infinite Galois extensions of fields. Indeed, profinite groups are precisely 
Galois groups and many of the applications of profinite groups are related to 
number theory. Galois groups carry with them a natural topology, the Krull 
topology. Under this topology they are Hausdorff compact and totally dis
connected topological groups; these properties characterize profinite groups. 
Another important fact about profinite groups is that they are determined by 
their finite images under continuous homomorphisms: a profinite group is the 
inverse limit of its finite images. This explains the connection with abstract 
groups. If G is an infinite abstract group, one is interested in deducing prop
erties of G from corresponding properties of its finite homomorphic images. 
The kernels of all homomorphisms of G into finite groups form a fundamen
tal system of neighborhoods for a topology on G, and completion of G with 
respect to this topology gives a profinite group. In the last decades there has 
been an extensive literature on profinite groups and one of the aims of this 
book is to present some of these important results. 

The first comprehensive exposition of the theory of profinite groups ap
peared in the book 'Cohomologie Galoisienne' by J-P. Serre in 1964. Its em
phasis is on cohomological properties and their applications to field theory 
and number theory. This deceptively slim volume contains a wealth of infor
mation, some of it not found elsewhere. We have learnt a great deal from 
Serre's book throughout the years and this, no doubt, is reflected in our 
exposition in the present book. 

We describe briefly the contents of our book. The first three chapters deal 
with the basic tools and the main properties of profinite groups. In Chapter 1 
we have collected information about inverse and direct limits and their alge
braic and topological properties, which is used throughout the book. Chapter 
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2 contains a fairly detailed account of general profinite groups. The results 
are presented in the context of pro -C groups (inverse limits of groups in 
C), where C is a convenient class of finite groups, which includes the classes 
of profinite and pro-p groups as particular cases. The minimum we require 
of such a class C is that it should be a 'formation' (Le., closed under tak
ing quotients and finite sub direct products); but often we assume that C is a 
'variety' (Le., closed under taking subgroups, quotients and finite direct prod
ucts). Although this approach requires the reader to become familiar with a 
little more terminology (but not much more than what is indicated above), 
this is compensated by being able to bring many related concepts and results 
together. Sometimes we assume throughout a chapter or a section that C 
satifies certain conditions; when that happens we indicate those assumptions 
in italics at the beginning of the chapter or section. 

The main properties of free profinite (pro - C) groups are developed in 
Chapter 3. These includes several useful characterizations in terms of lifting 
maps it la Iwasawa and the study of the structure of open subgroups of free 
pro - C groups. Chapter 4 considers properties of particular profinite groups, 
including profinite abelian groups, Frobenius profinite groups and automor
phism groups of finitely generated profinite groups. 

Chapters 5-7 deal with homological aspects of profinite groups. In Chap
ter 5, we consider modules over profinite rings, particularly complete group 
rings, and constructions involving them. Chapter 6 establishes the fundamen
tal results of homology and cohomology groups of profinite groups. Here we 
combine a computational approach with a conceptual one: on the one hand, 
we define homology and cohomology groups by means of standard resolu
tions, and on the other hand, we give a more abstract description, using the 
language of universal functors. Chapter 7 contains cohomological character
izations of projective profinite groups and the Tate characterization of free 
pro-p groups. 

Chapter 8 considers closed normal subgroups of free profinite groups, and 
in particular, conditions under which such subgroups are free profinite. We 
also study similar properties for closed subnormal subgroups and accessible 
subgroups. This chapter includes Mel'nikov's theory of homogeneous groups, 
which gives a description of certain closed subgroups of free pro-C groups 
(other than pro-p). 

Chapter 9 establishes the main properties of the basic 'free constructions' 
of profinite groups: free and amalgamated products and HNN-extensions. 
This is the beginning of the theory of profinite groups acting on 'profinite 
trees', which we shall develop in a subsequent book. 

The last section of each chapter gives some of the history of the theory 
that has been developed, and indicates the names of the main contributors. 
These sections also include statements or references to results not treated in 
the main body of the chapters. 
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Throughout the text we have included a series of open questions that are 
also gathered at the end of book. 

We thank Hendrik Lenstra Jr. for his suggestion that a book such as 
this should be written for the Ergebnisse Series. His contagious optimism 
and enthusiasm, and his interest in our ideas and projects have been very 
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1 Inverse and Direct Limits 

1.1 Inverse or Projective Limits 

In this section we define the concept of inverse (or projective) limit and es
tablish some of its elementary properties. Rather than developing the concept 
and establishing those properties under the most general conditions, we re
strict ourselves to inverse limits of topological spaces or topological groups. 
We leave the reader the task of extending and translating the concepts and 
results obtained here to other objects such as sets, (topological) rings, mod
ules, graphs ... , or to more general categories. 

Let I = (I,~) denote a directed partially ordered set or directed poset, 
that is, I is a set with a binary relation ~ satisfying the following conditions: 

(a) i ~ i, for i E Ij 

(b) i ~ j and j ~ k imply i ~ k, for i,j, k E Ij 

(c) i ~ j and j ~ i imply i = j, for i,j E Ij and 

(d) if i,j E I, there exists some k E I such that i,j ~ k. 

An inverse or projective system of topological spaces (respectively, topo
logical groups) over I, consists of a collection {Xi liE I} oftopological spaces 
(respectively, topological groups) indexed by I, and a collection of continuous 
mappings (respectively, continuous group homomorphisms) 'Pij : Xi ---+ Xj, 
defined whenever i ~ j, such that the diagrams of the form 

commute whenever they are defined, i.e., whenever i,j, k E I and i ~ j ?:: k. 
In addition we assume that 'Pii is the identity mapping idx ; on Xi. We shall 
denote such a system by {Xi,'Pij,I}, or by {Xi,'Pij} if the index set I is 
clearly understood. If X is a fixed topological space (respectively, topological 
group), we denote by {X,id} the inverse system {Xi, 'Pij, I}, where Xi = X 
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for all i E I, and 'Pij is the identity mapping id : X ---> X. We say that 
{X, id} is the constant inverse system on X. 

Let Y be a topological space (respectively, topological group ), {Xi, 'Pij, I} 
an inverse system of topological spaces (respectively, topological groups) over 
a directed poset I, and let 'l/Ji : Y ---> Xi be a continuous mapping (respec
tively, continuous group homomorphism) for each i E I. These mappings 'l/Ji 
are said to be compatible if 'Pij'I/Ji = 'l/Jj whenever j ::S i. 

One says that a topological space (respectively, topological group) X to
gether with compatible continuous mappings (respectively, continuous homo
morphisms) 

'Pi:X--->Xi (iEI) 

is an inverse limit or a projective limit of the inverse system {Xi, 'Pij, I} if 
the following universal property is satisfied: 

t/J 
Y···········>X 

~!~i 
Xi 

whenever Y is a topological space (respectively, topological group) and 
'l/Ji : Y ---> Xi (i E I) is a set of compatible continuous mappings (re
spectively, continuous homomorphisms), then there is a unique continuous 
mapping (respectively, continuous homomorphism) 'I/J : Y ---> X such that 
'Pi'I/J = 'l/Ji for all i E I. We say that 'I/J is "induced" or "determined" by the 
compatible homomorphisms 'lj;i' 

The maps 'Pi : X ---> Xi are called projections. The projection maps 'Pi 
are not necessarily surjections. We denote the inverse limit by (X, 'Pi), or 
often simply by X, by abuse of notation. 

If {Xi, I} is a collection of topological spaces (respectively, topological 
groups) indexed by a set I, its direct product or cartesian product is the 
topological space (respectively, topological group) I1iEI Xi, endowed with 
the product topology. In the case of topological groups the group operation 
is defined coordinatewise. 

Proposition 1.1.1 Let {Xi, 'Pij, I} be an inverse system of topological spaces 
(respectively, topological groups) over a directed poset 1. Then 

(a) There exists an inverse limit of the inverse system {Xi, 'Pij, I}; 

(b) This limit is unique in the following sense. If (X, 'Pi) and (Y, 'l/Ji) are two 
limits of the inverse system {Xi, 'Pij, I}, then there is a unique homeo
morphism (respectively, topological isomorphism) 'P : X ---> Y such that 
'l/Ji'I/J = 'Pi for each i E I. 

Proof· 
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(a) Define X as the subspace (respectively, subgroup) of the direct product 
I1iEl Xi of topological spaces (respectively, topological groups) consisting of 
those tuples (Xi) that satisfy the condition 'Pij(Xi) = Xj if it j. Let 

'Pi : X ---t Xi 

denote the restriction of the canonical projection I1iEI Xi ---t Xi' Then one 
easily checks that each 'Pi is continuous (respectively, a continuous homomor
phism), and that (X, 'Pi) is an inverse limit. 

(b) Suppose (X, 'Pi) and (Y, 'l/Ji) are two inverse limits of the inverse system 
{Xi, 'Pij, I}. 

'P 
X ······················ .. ~Y 

~·~·h 
Xi 

Since the maps 'l/Ji : Y ---t Xi are compatible, the universal property of the 
inverse limit (X, 'Pi) shows that there exists a unique continuous mapping 
(respectively, continuous homomorphism) 'I/J : Y ---t X such that 'Pi'I/J = 
'l/Ji for all i E I. Similarly, since the maps 'Pi : X ---t Xi are compatible 
and (Y, 'l/Ji) is an inverse limit, there exists a unique continuous mapping 
(respectively, continuous homomorphism) 'P : X ---t Y such that 'l/Ji'P = 'Pi 
for all i E I. Next observe that 

,p'P 

X:::::::·············::::~X 

~ 
.... : ..... ~ ... 

ldx 

'Pi 'Pi 

Xi 

commutes for each i E I. Since, by definition, there is only one map satisfying 
this property, one has that 'I/J'P = idx. Similarly, 'P'I/J = idy . Thus 'P is a 
homeomorphism (respectively, topological isomorphism). 0 

If {Xi, 'Pij, I} is an inverse system, we shall denote its inverse limit by 
lim iEIXi, or lim iXi, or lim lXi, or lim Xi, depending on the context. 
f-- f-- f-- f--

Lemma 1.1.2 If {Xi, 'Pij} is an inverse system of Hausdorff topological 
spaces (respectively, topological groups), then lim Xi is a closed subspace 

f--

(respectively, closed subgroup) of I1iEI Xi . 

Proof. Let (Xi) E (I1Xi ) - (~Xi)' Then there exist r,s E I with r t s 

and 'Prs(xr) -:i Xs' Choose open disjoint neighborhoods U and V of 'Prs(xr) 
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and Xs in X s , respectively. Let U' be an open neighborhood of Xr in Xr, 
such that !Prs(U') ~ U. Consider the basic open subset W = I1iEI Vi of 
I1iEI Xi where Vr = U' , Ys = V and Ui = Xi for i =1= r, s. Then W is a 
open neighborhood of (Xi) in I1iEI Xi, disjoint from ~ Xi . This shows 

that lim Xi is closed. 
+--

o 

A topological space is totally disconnected if every point in the space is its 
own connected component. For example, a space with the discrete topology 
is totally disconnected, and so is the rational line. It is easily checked that 
the direct product of totally disconnected spaces is totally disconnected. The 
following result is an immediate consequence of Tychonoff's theorem, that 
asserts that the direct product of compact spaces is compact (cf. Bourbaki 
[1989], Ch. 1, Theorem 3), and the fact that a closed subset of a compact 
space is compact. 

Proposition 1.1.3 Let {Xi,!Pij,!} be an inverse system of compact Haus
dorff totally disconnected topological spaces (respectively, topological groups) 
over the directed set I. Then 

iEI 

is also a compact Hausdorff totally disconnected topological space (respectively, 
topological group). 

Proposition 1.1.4 Let {Xi, !Pij} be an inverse system of compact Hausdorff 
nonempty topological spaces Xi over the directed set I. Then 

lim Xi 
+-
iEI 

is nonempty. In particular, the inverse limit of an inverse system of nonempty 
finite sets is nonempty. 

Proof. For each j E I, define a subset lj of I1 Xi to consist of those (Xi) with 
the property !Pjk(Xj) = Xk whenever k ~ j. Using the axiom of choice and an 
argument similar to the one used in Lemma 1.1.2, one easily checks that each 
lj is a nonempty closed subset of I1 Xi. Observe that if j ~ j', then lj 2lj/; 
it follows that the collection of subsets {lj I j E I} has the finite intersection 
property (i.e., any intersection of finitely many lj is nonempty), since the 
poset I is directed. Then, one deduces from the compactness of I1 Xi that 
n lj is nonempty. Since 

~Xi= nYj· 
;eI jEI 

the result follows. o 
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Let {Xi, CPij,!} and {XI, CP~j'!} be inverse systems of topological spaces 
(respectively, topological groups) over the same directed poset I. A map or 
a morphism of inverse systems 

consists of a collection of continuous mappings (respectively, continuous ho
momorphisms) ()i : Xi ~ XI (i E I) such that if i :5 j, then the following 
diagram commutes 

X·~x· 3 ~ 

8j ! I 18i 

X' 'Pj; X' 
j-- i 

We say that the mappings ()i are the components of 8. A map 

of an inverse system to itself, whose components ()i : Xi ~ Xi (i E I) are 
identity mappings, is called the identity map of the system {Xi, CPij, I}, and 
it is usually denoted by id. Composition of maps of inverse systems is defined 
in a natural way. That is, if 

8: {Xi,CPij} ~ {X~,cp~j}' 

with components ()i, and 

1/1 : {XI, CP~j} ~ {X:" cPij}, 

with components "pi, are maps of inverse systems, then the components of 
the composition map 

1/18: {Xi,CPij} ~ {Xr,cp~j}, 

are "pi()i, i E I. Thus one obtains a category of inverse systems of topological 
spaces (respectively, topological groups), whose objects are inverse systems of 
topological spaces (respectively, topological groups), and whose morphisms 
are maps of inverse systems. 

Let {Xi,CPij} and {X:'CP~j} be inverse systems of topological spaces 
(respectively, topological groups) over the same directed poset I, and let 
(X = lim Xi, CPi) and (X' = lim XL cpD be their corresponding inverse lim-

+-- +--

its. Assume that 
8: {Xi, CPij,!} ~ {XI, CP~j' I} 

is a map of inverse systems with components ()i : Xi ~ XI. Then the 
collection of compatible mappings 
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()iCPi : X ---+ X: 

induces a continuous mapping (respectively, continuous homomorphism) 

lim e = lim ()i : lim Xi ---+ lim X: . 
+-- +-- +-- +--. 

iEI iEI iEI 

Observe that ~ is a functor from the category of inverse systems of topo

logical spaces (respectively, topological groups) over I to the category of 
topological spaces (respectively, topological groups); that is, lim (!lie) = 

+--

~ !li ~ e, and if id is the identity map on the inverse system {Xi, CPij, I}, 

then ~ id is the identity map on the topological space (respectively, topo

logical group) lim iE1Xi . 
+--

If the components ()i : Xi ---+ XI of a map e : {Xi, CPij} ---+ {XI, CP~j} of 
inverse systems are embeddings, then obviously, so is 

lim ()i : lim Xi '---t lim X: . 
+-- +-- +--. 

In contrast, if each of the components ()i is an onto mapping, lim ()i is not 
+--

necessarily onto. For example, consider the natural numbers I = N, with the 
usual partial ordering, as our indexing poset; define two inverse systems (of 
discrete spaces) over I as follows: the constant inverse system {Z, id}, and 
the inverse system {Zjpnz, 'Pnm}, where 'Pnm : Zjpnz ---+ Zjpmz is the 
natural projection for m ~ n. For each n E N, define ()n : Z ---+ Zjpnz to 
be the canonical epimorphism; then 

is a map of inverse systems. Observe that the inverse limit of the first system 
is Z, while the inverse limit of the second can be identified with 

The image of Z in lim Zjpnz under lim ()n is the set of all constant tuples 
+-- +--

{(an) I an = t, t E Z}. On the other hand, the tuple (bn), where bn = 
1 + p + ... + pn-l, is in lim Zjpnz, but it is not constant. Thus lim ()n is 

+-- +--

not onto. 
However, for inverse systems of compact Hausdorff spaces, one has the 

following result. 

Lemma 1.1.5 Let e : {Xi, CPij, I} ---+ {XI, CP~j,I} be a map of inverse 
systems of compact Hausdorff topological spaces (respectively, topological 
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groups), and assume that each component ()i : Xi -t X: (i E 1) is onto. 
Then 

lim (9 = lim ()i: lim Xi -t lim X: - - - -' iEI iEI iEI 

is onto. 

Proof Let (x~) E l!!!! X:, Put Xi = ();I(xD (i E I). Since Xi is closed in 

the compact space Xi, it follows that Xi is compact (i E I). Observe that 
'Pij (Xi) ~ Xj for i ~ j. Therefore, {Xi, 'Pij} is an inverse system of nonempty 
compact topological spaces (respectively, compact topological groups). By 

Proposition 1.1.4, l!!!! Xi 1= 0. Let (Xi) E l!!!! Xi ~ l!!!! Xi' Then one has 

o 

Corollary 1.1.6 Let {Xi, 'Pij, I} be an inverse system of compact Hausdorff 
spaces and X a compact Hausdorff space. Suppose that {'Pi: X -t XdiEI is 
a set of compatible continuous surjective mappings. Then the corresponding 
induced mapping () : X -t lim Xi is onto. -
Proof Consider the constant inverse system {X, id} over I. The collection 
{()diEI can be thought of as a map from {X,id,I} to {Xi,'Pij,I}. Then 
() = lim ()i, and the result follows from the above proposition. 0 -
Lemma 1.1. 7 Let {Xi, 'Pij, I} be an inverse system of topological spaces over 
a directed set I, and let Pi : X -t Xi be compatible surjections from the space 
X onto the spaces Xi (i E I). Then either lim Xi = 0 or the corresponding -
induced mapping P : X -t lim Xi maps X onto a dense subset of lim Xi' - -
Proof Suppose lim Xi =I- 0. A general basic open subset V of lim Xi can - -
be described as follows: let i l , ... , in be a finite subset of I and let Uij be an 
open subset of Xij (j = 1, ... , n); let 

V = (~Xi) n (II Vi) 
iEI 

where Vi = Ui (j = 1, ... , n) and Vi = Xi for i 1= i l , ... , in. Assume such 
J .1 

V is not empty. We have to show that p(X) n V 1= 0. Let io ~ i l , ... , in, and 
let y = (Yi) E V. Choose X E X so that Pio(X) = Yio' Then p(x) E V. 0 

Corollary 1.1.8 Let {Xi, 'Pij} be an inverse system of compact Hausdorff 
spaces, X = lim Xi, and let 'Pi : X -t Xi be the projections. -
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(a) IfY is a closed subspace of X, then Y = lim 1pi(Y). -
(b) IfY is a subspace of X, then 

Y = lim 1pi(Y), -
where Y is the closure of Y in X. 

(c) IfY and Y' are subspaces of X and 1pi(Y) = 1pi(Y') for each i, then their 
closures in X coincide: Y = Y' . 

Proof. 

(a) Observe that there are obvious embeddings 

Y ~ lim 1pi(Y) ~ lim Xi = X. - -
Moreover, by Corollary 1.1.6, the first of these embeddings is onto. Hence, 
Y = lim 1pi(Y)' -

(b) According to Lemma 1.1.7, Y embeds as a dense subset of lim 1pi(Y). -
Arguing as in Lemma 1.1.2 one sees that lim 1pi(Y) is closed in X. Hence -
the result follows. 

(c) This follows from (a) and (b). o 

Let (1,:0 be a directed poset. Assume that l' is a subset of I in such 
a way that (1',:5) becomes a directed poset. We say that I' is co final in I 
if for every i E I there is some i' E I' such that i :5 i'. If {Xi, 1pij, I} is an 
inverse system and I' is cofinal in I, then {Xi, 1pij, I'} becomes an inverse 
system in an obvious way, and we say that {Xi, 1pij,!'} is a cofinal subsystem 
of {Xi,1pij,I}. 

Assume that {Xi, 1pij, I'} is a cofinal subsystem of {Xi, 1pij, I} and denote 
by (l!!!! i/El'Xil'1p~/) and (l!!!! iElXi,1pi) their corresponding inverse limits. 

For j E I, let j' E I' be such that j' t j. Define 

<Pj : l!!!! Xi' -- Xj 
[I 

as the composition of canonical mappings 1pjlj1pjl. Observe that the maps <Pj 
are well-defined (independent of the choice of j') and compatible. Hence they 
induce a map 

such that 1pj<P = <Pj (j E I). We claim that the mapping <P is a bijection. 
Note that if (XiI) E lim i/EIIXil and <P(Xi/) = (Yi), then Yi' = Xi' for i' E I'. -
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It follows that Tj5 is an injection since I' is cofinal in I. To see that Tj5 is a 
surjection, let (Yi) E lim iE1Xi and consider the element (Xi'), where Xi' = Yi' 

~ 

for every i' E I'. Then (Xi') E ~ i'EI'Xi, and clearly, Tj5(Xi') = (Yi)' This 

proves the claim. We record these results in the following lemma. 

Lemma 1.1.9 Let {Xi, ipij, I} be a inverse system of compact topological 
spaces (respectively, compact topological groups) over a directed poset I and 
assume that l' is a cojinal subset of I . Then 

lim Xi ~ lim Xi'. 
~ ~ 

iEI i'E!' 

Proof According to the above observations, 

Tj5: lim Xi' ~ lim Xi 
~ ~ 

l' 

is a continuous bijection (respectively, group isomorphism). Since lim i'EI'Xi' 
~ 

and lim iE1Xi are compact spaces (respectively, compact topological groups), 
~ 

it follows that Tj5 is a homeomorphism (respectively, topological isomorphism). 
We identify lim i'EI'Xi, and lim iE1Xi by means of this homeomorphism 

~ ~ 

(respectively, topological isomorphism). o 

An inverse system {Xi, <Pij, I} is called a surjective inverse system if each 
of the mappings <Pij (i t j) is surjective. By Corollary 1.1.8(a), for any 
inverse system {Xi, <Pij' I}, there is a corresponding surjective inverse system 
{<Pi(X), <P~j' I} (where <P~j is just the restriction of <Pij to <Pi(X» with the 
same inverse limit X. 

Let {Xi, <Pij, I} be an inverse system of topological spaces Xi over a poset 
I. Put X = ~ Xi, and let <Pj : X ~ Xj be the projection map. Assume 

that X :f=. 0. If <Pj is a surjection for each i E I, then evidently <Prs : Xr ~ Xs 
is a surjection for all r, s E I with r t s. The converse is not necessarily true. 
However, as the following proposition shows, the converse holds if one assumes 
in addition that each of the Xi is compact. 

Proposition 1.1.10 Let {Xi,ipij,I} be a surjective inverse system of com
pact Hausdorff nonempty topological spaces Xi over a poset I. Then for each 
j E I, the projection map <pj : lim Xi ~ Xj is a surjection. 

~ 

Proof Fix j E I. The set I j = {i E I lit j} is cofinal in I; so, by Lemma 
1.1.9, ~ iEljXi ~ ~ iEIXi . Therefore, we may assume that it j for every 
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i E I. Let Xj E Xj and set Yr = 'P-;}(Xj) for rEI. Since 'Prj is onto and 
continuous, Yr is a nonempty compact subset of Xr (r E I). Furthermore, 
if r t s are indices in I, then 'Prs (Yr ) ~ Ys' Hence {Yr , 'Prs,I} is an inverse 
system. According to Proposition 1.1.4, ~ Yr f. 0. Let (Yr) E ~ }Ii ~ 

D 

In what follows we shall be specially interested in topological spaces X 
that arise as inverse limits 

iEI 

of finite spaces Xi endowed with the discrete topology. We call such a space 
a profinite space or a Boolean space. Before we give some characterizations 
of profinite spaces, we need the following lemma. 

Lemma 1.1.11 Let X be a compact Hausdorff topological space and let x E 

X. Then the connected component C of x is the intersection of all clopen 
(i.e., closed and open) neighborhoods of x. 

Proof. Let {Ut I t E T} be the family of all clopen neighborhoods of x, and 
put 

A = nUt. 
tET 

It is clear that every clop en neighborhood of x contains the connected compo
nent C of Xj and so C S;;; A. Therefore, it suffices to show that A is connected. 
Assume that A = U u V, U n V = 0 with both U and V closed in A (and so, 
in X). We need to prove that either U or V is empty. Since X is Hausdorff 
and U and V are compact and disjoint, there exist open sets U' and V' in X 
such that U' ;2 U , V' ;2 V and U' n V' = 0. So, 

[X - (U' U V')] n A = 0. 

Now, X - (U' U V') is closedj hence, by the compactness of X, there exists a 
finite subfamily T' of T such that 

IX - (U' U V')] n I nUt'] = 0. 
t'ET' 

Observe that B = nt'ET' Ut, is a clopen neighborhood of x, since T' is finite. 
On the other hand, 

x E (B n U') U (B n V') = B. 

Say x E B n U'. Plainly B n U' is open, but it is also closed because B n V' 
is open and (X - B n V') n B = B n U'. Therefore, A ~ B n U' ~ U'. Hence 
A n V ~ A n V' = 0, and thus V = 0. D 
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Theorem 1.1.12 Let X be a topological space. Then the following conditions 
are equivalent. 

(a) X is a profinite space; 

(b) X is compact H ausdorJJ and totally disconnected; 

(c) X is compact HausdorJJ and admits a base of clopen sets for its topology. 

Proof 

(a) => (b): Let X be a profinite space. Say X = lim iE/Xi, where each Xi 
f--

is a finite space. By Proposition 1.1.3, X is compact Hausdorff and totally 
disconnected. 

(b) => (c): Let X be a compact Hausdorff and totally disconnected space. 
Let W be an open neighborhood of a point x in X. We must show that W 
contains a elopen neighborhood of x. Let {Ut I t E T} be the family of all 
elopen neighborhoods of x. According to Lemma 1.1.11, 

{x} = nUt. 
tET 

Since X - W is elosed and disjoint from ntET Ut , we deduce from the com
pactness of X that there is a finite subset T' of T such that 

(X - W) n ( n Ud = 0. 
tET' 

Thus n tET, Ut is a elopen neighborhood of x contained in W, as desired. 

(c) => (a): Suppose that X is compact Hausdorff and admits a base of elopen 
sets for its topology. Denote by R the collection of all equivalence relations 
R on X such that every equivalence elass xR of R in X is a elopen subset of 
X; for such R, the space X j R is finite and discrete since X is compact. The 
set R is naturally ordered as follows: if R, R' E R, then R t R' if and only if 
xR ~ xR' for all x E X. Then R is a poset. To see that this poset is directed, 
let Rl and R2 be two equivalence relations on X. Define its intersection 
Rl n R2 to be the equivalence relation corresponding to the partition of X 
obtained by intersecting each equivalence elass of Rl with each equivalence 
elass of R2. Clearly Rl n R2 t Rb R2. Now, if R, R' E Rand R t R', define 
'PRR' : XjR --+ XjR' by 'PRR,(xR) = xR'. Then {XjR,'PRR'} is an inverse 
system over R. We shall show that 

X ~ lim XjR. 
f--
HER 

Let 
'¢: X --+ lim XjR 

f--
HER 
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be the continuous mapping induced by the canonical continuous surjections 

'ljJR : X ----+ X/ R. 

By Corollary 1.1.6, 'IjJ is a continuous surjection. To prove that 'IjJ is a homeo
morphism, it suffices then to prove that it is an injection, since X is compact. 
Let x, y EX. By hypothesis, there exists a clopen neighborhood U of x that 
excludes y. Consider the equivalence relation R' on X with two equivalence 
classes: U and X -U. Clearly, R' E Rand 'ljJR'(X) =J 'ljJR'(Y)· So, 'IjJ(x) =J 'IjJ(y). 
Thus, 'IjJ is an injection. 0 

A topological space X is said to satisfy the second axiom of countability if 
it has a countable base of open sets; such space is also called second countable 
or countably based. A topological space X is said to satisfy the first axiom 
of countability if each point of X has a countable fundamental system of 
neighborhoods; such space is also called first countable. 

Corollary 1.1.13 A profinite space X is second countable if and only if 

where (I, ::5) is a countable totally ordered set and each Xi is a finite discrete 
space. 

Proof. Suppose X is profinite and second countable. Consider the set of equiv
alence relations n, as in the proof of the implication (c) => (a) in the theorem. 
That is, R E R if xR is clopen for all x EX. Such a relation R has a finite 
number of equivalence classes xR, since X is compact; furthermore, xR is a 
finite union of basic open set. Hence R is countable. Say R = {Rl. R2 , •• • }. 

For each natural number i, define R~ = Rl n ... n~. Then Ri ::5 m ::5 ... 
and {R~ liE N} is cofinal in R. As seen in the proof of the implication (c) 
=> (a) in the theorem, X = lim RE'R-X/R. Thus X = lim iENX/R~. 

+-- +--
Conversely assume that X = ~ iEIXi , where the poset (/,::5) is count-

able and each Xi is a finite discrete space. Then obviously TIiEI Xi is second 
countable and profinite; thus so is X. 0 

Exercise 1.1.14 Let {Xi liE I} be a collection of spaces. Prove that 

can be expressed as an inverse limit of direct products IliEF Xi, where F 
runs through the finite subsets of I. 
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Exercise 1.1.15 Let {Xi, 'Pij} be an inverse system of topological spaces 
indexed by a poset I, X = lim Xi, and denote by 'Pi : X ~ Xi the 

~ 

projection map. Assume that for each i E I, Ui is a base of open sets of Xi. 
Prove that {'P;1(U) I U E Ui , i E I} is a base of open sets of X. 

Lemma 1.1.16 

(a) Let {Xi,'Pij,I} be an inverse system of pro finite spaces. Let 

X = lim Xi 
~ 

iEI 

and denote by 'Pi : X ~ Xi the projection map (i E 1). Let p : X ~ Y 
be a continuous mapping onto a discrete finite space Y. Then p factors 
through some 'Pk, that is, there exists some k E I and some continuous 
mapping p' : Xk ~ Y such that p = p''Pk. 

(b) Let {Xi, 'Pij,I} be a surjective inverse system of topological groups with 
underlying profinite spaces. Let 

X = lim Xi 
~ 

iEI 

and denote by 'Pi : X ~ Xi the projection map (i E I). Let p : X ~ Y 
be a continuous epimorphism onto a discrete finite group Y. Then p fac
tors through some 'Pk, that is, there exists some k E I and some continu
ous epimorphism p' : Xk ~ Y such that p = p''Pk. 

Proof. Assume first that each 'Pi is a surjection. In this case, we prove parts 
(a) and (b) at the same time. Let Y = {Yl, ... , Yr}, and consider the clopen 
subsets Ui = p-l(Yi) (i = 1, ... , r) of X. Clearly X = U~=l Ui , and Ui n Uj = 
o if i -=I- j. Fix i. For each x E Ui choose an index kx E I and a clop en 
neighborhood Vx = V; of 'PkJX) in Xkx such that 'Pkxl(Vx) ~ Ui (see Exercise 
1.1.15). Put Wx = 'Pkxl (Vx ). By the compactness of Ui , there are finitely many 
points Xl,"" Xti in Ui such that Ui = WX1 U ... U WXt .• Choose an index 

k E I such that k ~ k X1 ,"" kxt · Replacing Vx• bY'Pkl (VxJ (s = 1, ... , ti)' 
we may assume that kXl = .. .' = kxt . = k. Note that'this k depends on i; 
however, since I is directed, we may' assume that in fact k is valid for all 
i = 1, ... , r. Hence we have constructed clop en subsets VIi, ... , l't: of Xk such 
th t U - uti -1 (Vi) (. - 1 ) P t Vi - uti Vi Th Vi n vj - 0 a i - 8=1 'Pk 8 2 - , ••• , r. u - 8=1 8' en -
if i -=I- j (1 ::; i,j ::; r); furthermore, Xk = u~=l Vi since 'Pk is a surjection. 
Define p' : X k ~ Y by p' (x) = Yi if X E Vi. Then p' is a continuous mapping 
(respectively, a continuous homomorphism) since the Vi are clopen and form 
a disjoint covering of X. Clearly p = p''Pk. 

To finish part (a), consider now the case when the projection maps 'Pi are 
not necessarily surjective. By the construction above, there exists some k E I 
and a continuous surjection J..l : 'Pk(X) ~ Y such that p = J..l'Pk. Hence, it 
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suffices to extend J.t to a continuous map p' : Xk ----+ Y. Put Z = rpk(X). 
For each i = 1, ... , r, let Wi = J.t-1(Yi). Then Z = W1l:J···l:J Wr and each 
Wi is clopen in Z. Since X k is a profinite space and Z is closed in X k , there 
exist clopen subsets W{, ... , W: of Xk such that Xk = W{ l:J ... l:J W: and 
Wi = wInz (i = 1, ... ,r). Define p'(X) = Yi for x E WI (i = 1, ... ,r). Then 
p' is clearly continuous and extends J.t. 0 

1.2 Direct or Inductive Limits 

In this section we study direct (or inductive) systems and their limits. The 
definitions and some of the properties obtained here are found by dualizing 
the corresponding ones in the case of inverse (or projective) limits devel
oped in Section 1.1; however there some specific results for direct limits that 
we want to emphasize. Again, we shall not try to develop the theory un
der the most general conditions; we are mainly interested in direct limits of 
abelian groups (or modules). So, to avoid unnecessary repetitions, we shall 
work within the category of abelian groups and leave the reader the task of 
translating the results for other categories (sets, rings, modules, graphs, etc.). 

Let I = (I,:)) be a partially ordered set (see 1.1) A direct or inductive 
system of abelian groups over I consists of a collection {Ai} of abelian groups 
indexed by I and a collection of homomorphisms rpij : Ai ----+ Aj , defined 
whenever i :) j, such that the diagrams of the form 

commute whenever i :) j :) k. 
In addition, we assume that rpii is the identity mapping idA; on Ai. We 

shall denote such a system by {Ai, rpij, I}, or by {Ai, rpij} if the index set I 
is clearly understood. If A is a fixed abelian group, we denote by {A, id} the 
direct system {Ai, rpij}, where Ai = A for all i E I, and rpij is the identity 
mapping id : A ----+ A. We say that {A, id} is the constant direct system on 
A. 

Let A be an abelian group, {Ai, rpij, I} a direct system of abelian groups 
over a directed poset I and assume that 'l/Ji : Ai ----+ A is a homomorphism 
for each i E I. These mappings 'l/Ji are said to be compatible if 'l/Jjrpij = 'l/Ji 
whenever i :) j. One says that an abelian group A together with compatible 
homomorphisms 

rpi : Ai ----+ A 

(i E I) is a direct limit or an inductive limit of the direct system {Ai, rpij, I} , 
if the following universal property is satisfied: 
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"" A······ .. ···>B 

~ilh 
Ai 

whenever B is an abelian group and 1/Ji : Ai ---+ B (i E I) is a set of 
compatible homomorphisms, then there exists a unique homomorphism 

such that 1/J'Pi = 1/Ji for all i E I. We say that 1/J is "induced" or "determined" 
by the compatible homomorphisms 1/Ji. 

Proposition 1.2.1 Let {Ai, 'Pij, I} be a direct system of abelian groups over 
a directed poset I. Then there exists a direct limit of the system. Moreover, 
this limit is unique in the following sense: if (A, 'Pi) and (A/,'PD are two 
limits, then there is a unique isomorphism 1/ : A ---+ A' such that 'P~ = 1/'Pi 
for each i E I. 

Proof. The uniqueness is immediate. To show the existence of the direct limit 
of the system {Ai, 'Pij, I}, let U be the disjoint union of the groups Ai. Define 
a relation '" on U as follows: we say that x E Ai is equivalent to y E Aj if 
there exists k E I with k t: i,j such that 'Pik(X) = 'Pjk(Y). This is an 
equivalence relation. Denote by x the equivalence class of x E Ai under this 
relation. Denote by A the set of all equivalence classes of U. Given x E Ai 
and Y E Aj consider an index k E I with k t: i, j, and define x + iJ to be 
the class of 'Pik(X) + 'Pjk(Y)i this is easily seen to be well-defined. Then A 
becomes an abelian group under this operation (its zero element is the class 
represented by the zero of Ai for any i E I). For each i E I, let 'Pi : Ai ---+ A 
be given by 'Pi(X) = Xi then 'Pi is a homomorphism. To check that (A, 'Pi) is 
a direct limit of the direct system {Ai, 'Pij , I}, let 1/Ji : Ai ---+ B (i E 1) be 
a collection of compatible homomorphisms into an abelian group B. Define 
the induced homomorphism 1/J : A ---+ B as follows. Let a E Ai say a = 'Pi(X) 
for some x E Ai and i E I. Then define 1/J(a) = 1/Ji(X). Observe that 1/J is a 
well-defined homomorphism and 1/J'Pi = 1/Ji for all i E I. Furthermore, 1/J is 
the only possible homomorphism satisfying these conditions. 0 

If {Ai, 'Pij, I} is a direct system, we denote its direct limit by lim iEIAi' 
---+ 

or lim i Ai, or lim I Ai, or lim Ai, depending on the context. 
---+ ---+ ---+ 

Exercise 1.2.2 Let {Ai, 'Pij, I} be a direct system of abelian groups over a 
directed poset I, and let I' be a cofinal subset of I. Show that the groups 
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{Ai liE I'} form in a natural way a direct system of abelian groups over 1', 
and 

lim Ai = lim Ai. - -iEI iEI' 

The following exercise provides an alternative way of constructing direct 
limits; this procedure is the dual of the construction for inverse limits used 
in the proof of Proposition 1.1.1 . 

Exercise 1.2.3 Let {Ai, 'Pij, I} be a direct system of abelian groups over a 
directed poset I. Define A to be the quotient group of the direct sum EBiEI Ai 
modulo the subgroup R generated by the elements of the form 'Pij(X) - x for 
all x E Ai, i E I and i ~ j. There are natural homomorphisms 'Pi: Ai - A. 
Prove that A together with these homomorphisms is a direct limit of the 
system {Ai, 'Pij, I}. 

Proposition 1.2.4 Let {Ai,'Pij} be a direct system of abelian groups over a 
directed poset I, A = lim Ai its direct limit and 'Pi: Ai - A the canonical -homomorphisms. Then 

(a) A = UiEI 'Pi(Ai); 
(b) Let x E Ai and assume 'Pi(X) = 0; then there exists some k ~ i such that 

'Pik(X) = 0; 
(c) If ipik is an injection for each k t: i, then ipi is an injection; 

(d) If 'Pik is onto for each k ~ i, then 'Pi is a surjection. 

Proof. Part (a) is obvious from our construction. To prove (b), note that 
'Pi(X) = 0 means that x = 0, where 0 E Aj for some j E I (we use the 
notation of the proof of Proposition 1.2.1). Therefore, there exists k ~ i,j 
such that 'Pik(X) = 'Pjk(O) = o. Part (c) follows from (b). To show (d), let 
a E A; then, by construction, a = y, where y E Aj for some j E I. Choose 
k ~ i,j. Since 'Pik is onto, there exists x E Ai such that 'Pik(X) = 'Pjk(Y); 
therefore 'Pi(X) = x = y = a. 0 

Example 1.2.5 

1) The prototype of a direct limit is a union. If an abelian group A is a 
union A = UiE1 Ai of subgroups Ai, then A is the direct limit of the subgroup 
generated by the finite unions UjEJ Aj , where J ranges over the finite subsets 
of I. Conversely, if 

A=limAi -iEI 

is a direct limit of a direct system {Ai, 'Pij, I}, and if 'Pi : Ai - A are the 
canonical maps, then 
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A = U <pi(Ai)· 
iEI 

2) Every abelian group A is a direct limit of its finitely generated sub
groups. In particular, if A is torsion, it is the direct limit of its finite sub
groups. 

3) Let p be a prime number. We use the notation Cpoo for the p-quasicyclic 
or Priifer group, i.e., the group of pnth complex roots of unity, with n running 
over all non-negative integers. Equivalently, Cpoo can be defined as the direct 
limit 

of the direct system of cyclic groups {Cpn, <Pnm}, where the homomorphism 
<Pnm : Cpn --> Cpm, defined for n ::; m, is the natural injection. 

A map 
If! : {Ai, <Pij, I} ----t {A~, <P~j,I} 

of direct systems { Ai, <Pij, I} and {A~, <P~j' I} over the same directed poset 
I consists of a collection of homomorphisms 

'l/Ji : Ai --> A~ (i E 1) 

that commute with the canonical maps <Pij and <P~j. That is, whenever i :::S j, 
we have a commuting square 

Ai~Aj 

~i! ! ~j 
A'_A'-

t I J 
'Pij 

We refer to the homomorphisms 'l/Jij as the components of the map If!. 
Direct systems of abelian groups over a fixed poset I together with their 

maps, as defined above, form in a natural way a category. (This category is in 
fact an abelian category; although the analogous category of direct systems 
of sets, say, is not abelian.) 

Let 
and 

be direct systems over the same poset (I, :::S), and let 

and A' = lim A' 
----t t 

be their corresponding direct limits, with canonical maps <Pi : Ai ----t A and 
<p~ : A~ --> A', respectively. Associated with each map 

If! = Nd : {Ai, <Pij, I} ----t {A~, <P~j,I} 
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of direct systems, there is a homomorphism 

lim lJI = A ~ A' 
~ 

defined by the universal property of direct limits : 

This is the unique homomorphism induced by the compatible maps 

CP~'Ij;i : Ai ~ A' (i E I). 

With these definitions, it is straightforward to verify that lim (lJIlJI' ) = 
~ 

lim (lJI) lim (lJI' ) and lim (id{A. ,,, .. I}) = id lim A·; in other words, lim is 
--+ --+ --+ """'''3' ----+ 'J, --+ 

a functor from the category of direct systems of abelian groups over the same 
poset, to the category of abelian groups. 

We restate all this as part of the following proposition. 

Proposition 1.2.6 Let I be a fixed poset. Then the collection 1) of all direct 
systems of abelian groups over I and their maps form an abelian category. 
Furthermore, lim is an exact (covariant) functor from 1) to the category of 

~ 

abelian groups. 

The proof of this proposition follows easily from repeated applications of 
Proposition 1.2.4,; we leave the details to the reader. 

1.3 Notes, Comments and Further Reading 

The material in this chapter is standard. For more details on inverse and 
direct limits the reader may consult, e.g., Eilenberg-Steenrod [1952], Bourbaki 
[1989] or Fuchs [1970]. 



2 Profinite Groups 

2.1 Pro - C Groups 

Let C be a nonempty class of finite groups [this will always mean that C 
contains all the isomorphic images of the groups in C]. Define a pro - C group 
G as an inverse limit 

G = lim Gi -iEI 

of a surjective inverse system {Gi,ipij,I} of groups Gi in C, where each 
group Gi is assumed to have the discrete topology. We think of such a pro - C 
group G as a topological group, whose topology is inherited from the product 
topology on DiE! Gi · 

The class C is said to be subgroup closed if whenever G E C and H ::; G, 
then H E C. We remark that if the class C is subgroup closed, then any 
inverse limit of a (non-necessarily surjective) inverse system of groups in C 
is a pro- C group. 

A group G is a subdirect product of a collection of groups {G j I j E J} 
if there exists a collection of normal subgroups {Nj I j E J} of G such that 
njEJ N j = 1 and G/Nj ~ Gj for each j E J. Observe that if G is a subdirect 
product of the groups {Gj I j E J}, then G is isomorphic to a subgroup of 
the direct product DiEJ Gj . 

The properties of pro - C groups are obviously dependent on the type of 
class C that one considers. We are going to state a series of properties that 
a class C could satisfy which are of possible interest in this book. According 
to our needs, we shall assume that a class of finite groups C satisfies one or 
more of the following properties: 

(C1) C is subgroup closed. 

(C2) C is closed under taking quotients, that is, if G E C and K <l G, then 
G/K E C. 

(C3) C is closed under forming finite direct products, that is, if Gi E C 
(i = 1, ... , n), then 
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(C4) If G is a finite group with normal subgroups Nl and N2 such that 
GjNl,GjN2 E C, then GjNl n N2 E C. Equivalently, C is closed under 
taking finite subdirect products, that is, if Gi E C, (i = 1, ... , n) and G 
is a subdirect product of Gt, ... , Gn , then G E C. 

(C5) C is closed under extensions, that is, if 

1~K~G~H~1 

is a short exact sequence of groups (that is, cp is a monomorphism, 'IjJ is 
an epimorphism and 1m (cp) = Ker('IjJ)) and K,H E C, then G E C. 

Note that (C1) plus (C3) imply (C4); (C4) implies (C3); and (C5) implies 
(C3). 

For example, C could be the class of all 

(a) finite groups; then C satisfies conditions (C1) - (C5). In this case we call a 
pro - C group profinite. Observe that every pro - C group is also profinite. 

(b) finite cyclic groups; then C satisfies conditions (C1) and (C2), but not 
(C3), (C4), (C5). In this case we call a pro-C group procyclic. 

(c) finite solvable groups; then C satisfies conditions (C1) - (C5). In this case 
we call a pro - C group prosolvable. 

(d) finite abelian groups; then C satisfies conditions (C1) - (C4), but not (C5). 
In this case we call a pro - C group proabelian. 

(e) finite nilpotent groups; then C satisfies conditions (C1) - (C4), but not 
(C5). In this case we call a pro-C group pronilpotent. 

(f) finite p-groups, for fixed prime number Pi then C satisfies conditions (Cl)
(C5). In this case we call a pro-C group pro-po 

To avoid repetitions we shall give special names to classes C of finite 
groups satisfying some of the above conditions that are frequently used in 
this book. 

• A formation of finite groups is a nonempty class of finite groups C that 
satisfies (C2) and (C4). 

• A variety of finite groups is a nonempty class of finite groups C that 
satisfies conditions (C1) - (C3). 

• An NE-formation is a formation which is closed under taking normal 
subgroups and extensions. 

• An extension closed variety is a variety which is closed under taking 
extensions. 

Remark that a variety is automatically a formation, and that a subgroup 
closed formation is a variety. 

Let ..1 be a nonempty set of finite simple groups. ALl-group D is a finite 
group whose composition factors are in ..1, that is, D is a finite group that 
has a composition series 
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D = Do ~ Dl ~ ... ~ Dr = 1 

such that Dd Di+1 E £1. If £1 consists only of one group S, we sometimes refer 
to £1-groups as S-groups. Define C = C(£1) to be the class of all £1-groupsj 
we sometimes refer to C(£1) as a £1-class. Note that C(£1) is a formation 
closed under taking normal subgroups and extensions, that is, C(£1) is an 
NE-formation which is not necessarily subgroup closed. Conversely, if C is an 
NE-formation, then C = C(£1), where £1 is the set of all simple groups in C. 

There are varieties of finite groups that are not of the form C(£1) (e.g., the 
variety of all finite nilpotent groups). And not every class of the form C(£1) 
is a variety (e.g., if £1 consists of a single finite simple nonabelian group S). 
Some important classes of extension closed varieties of finite groups are: the 
class of all finite groups, the class of all finite solvable groups and the class 
of all finite p-groups (for a fixed prime p). 

Furthermore, if £1 is a set of nonabelian finite simple groups, then the 
class S of all finite groups which are direct products of groups in £1 is a 
formation which is not a variety nor a class of the form C(£1). 

Lemma 2.1.1 Let 
G = lim Gi , 

+--
iEI 

where {Gi , 'Pij, I} is an inverse system of finite groups Gil and let 

'Pi : G -- Gi (i E I) 

be the projection homomorphisms. Then 

is a fundamental system of open neighborhoods of the identity element 1 in 
G. 

Proof. Consider the family of neighborhoods of 1 in I1iH Gi of the form 

( IT Gi ) X {lhl x ... X {lhtl 
i,ei}, ... ,it 

for any finite collection of indexes il, ... , it E I, where {I h denotes the subset 
of Gi consisting of the identity element. Since each Gi is discrete, this family 
is a fundamental system of neighborhoods of the identity element of I1iEI Gi . 

Let io E I be such that io tit, ... , it. Then 

Therefore the family of neighborhoods of 1 in G, of the form 
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G n [( II Gi ) X {lho] 
i#io 

is a fundamental system of open neighborhoods of 1. Finally, observe that 

Gn [( II Gi) x {lho] = Ker(rpio) = Sio· 
i#io 

o 

We state next an easy consequence of compactness that will be used often 
without an explicit reference. 

Lemma 2.1.2 In a compact topological group G, a subgroup U is open if and 
only if U is closed of finite index. 

Let H be a subgroup of a group G. We define the core Ha of H in G to 
be the largest normal subgroup of G contained in H. Equivalently, 

Ha= nH9, 
9Ea 

where H9 = g-lHg. Observe that Ha = nH9, where 9 ranges through a 
right transversal of H in G, that is, a set of representatives of the right cosets 
of H in G. Therefore, if H has finite index in G, then its core Ha has finite 
index in G. In particular, if H is an open subgroup of a profinite group G, 
then Ha is an open normal subgroup of G contained in H. 

The following analog of Theorem 1.1.12 provides useful characterizations 
of pro -C groups. 

Theorem 2.1.3 Let C be a formation of finite groups. Then the following 
conditions on a topological group G are equivalent. 

(a) G is a pro -C 9rouPi 

(b) G is compact Hausdorff totally disconnected, and for each open normal 
subgroup U ofG, GjU E Ci 

(c) G is compact and the identity element 1 ofG admits a fundamental system 
U of open neighborhoods U such that nUEU U = 1 and each U is an open 
normal subgroup ofG with GjU E Ci 

(d) The identity element 1 of G admits a fundamental system U of open 
neighborhoods U such that each U is a normal subgroup of G with G jU E 

C, and 

Proof· 

G = lim G/U. 
+-
UEU 



(a) => (b): Say 
G = lim Gi , 

f--
iEI 
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where {Gi , <Pij, I} is a surjective inverse system of groups in C. Denote by 
<Pi: G ---? Gi (i E I) the projection homomorphisms. According to Theorem 
1.1.12, G is compact Hausdorff and totally disconnected. Let U be an open 
normal subgroup G. By Lemma 2.1.1, there is some Si = Ker(<Pi) with Si ~ 
U. Hence GjU is a quotient group of GjSi. Since GjSi E C and C is closed 
under taking quotients, we have that GjU E C. 

(b) => (c): By Theorem 1.1.12, the set V of clop en neighborhoods of 1 in G 
is a fundamental system of open neighborhoods of 1 and 

n V=1. 
VEV 

Therefore, it suffices to show that if V is a clop en neighborhood of 1, then it 
contains an open normal subgroup of G. 

If X is a subset of G and n a natural number, for the purpose ofthis proof 
only, we denote by xn the set of all products Xl'" X n, where xl. ... , xn EX; 
further, denote by X- 1 the set of all elements x- 1 , where X E X. 

Set F = (G - V) n V 2. Since V is compact, so is V2; hence, F is closed 
and therefore compact. Let X E V; then x E G - F. By the continuity 
of multiplication, there exists open neighborhoods Vx and Sx of x and 1 
respectively such that Vx , Sx ~ V and VxSx ~ G - F. By the compactness of 
V, there exist finitely many Xl, •.. ,Xn such that VX1 , ••• ,VXn cover V. Put 
S = n~=l SXi' and let W = S n S-l. Then W is a symmetric neighborhood 
of 1 (that is, w E W if and only if w-1 E W), W ~ V, and VW ~ G - F. 
Therefore VW n F = 0. Since one also has that VW ~ V 2, we infer that 
VW n (G - V) = 0; so VW ~ V. Consequently, 

vwn~v, 

for each n E N. Since W is symmetric, it follows that 

R= U wn 
nEN 

is an open subgroup of G contained in V. Thus the core of R 

RG = n (x- 1 Rx) 
xEG 

is an open normal subgroup of G. Finally, observe that RG ~ V because 

RG ~ R ~ V R ~ U Vwn ~ V. 
nEN 

Thus RG is the desired open normal subgroup contained in V. 
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(c) ~ (d): Let U be as in (c). Make U into a directed poset by defining 
U t V if U ~ V, for U, V E U. Consider the inverse system {G jU, cpuv }, 
of all groups G jU (U E U) where cpuv : G jU ---+ G jV is the natural 
epimorphism for U tV. Since the canonical epimorphisms 

'l/Ju : G ---+ GjU 

are compatible, they induce a continuous homomorphism 

'l/J: G ---+ lim GIU. 
t--
UEU 

We shall show that 'l/J is an isomorphism of topological groups. According to 
Corollary 1.1.6, 'l/J is an epimorphism. To see that 'l/J is a homeomorphism, 
it suffices to prove that 'l/J is a monomorphism since G is compact. Now, if 
x E G and 'l/J(x) = 1, then x E U for each U E U. Since 

n U=I, 
UEU 

it follows that x = 1, as needed. 

The implication (d) ~ (a) is clear. o 

We say that a collection S of subsets of a group G is filtered from below 
if for every pair of subsets 8 b S2 E S, there exists some 83 E S with 83 ~ 

81 n 82 , 

Proposition 2.1.4 Let H be a closed subgroup of a profinite group G. 

(a) If {Ui liE I} is a family of closed subsets of G filtered from below, then 

iEI iEI 

(b) Let cp : G ---+ R be a continuous epimorphism of profinite groups. Assume 
that {Ui liE I} is a family of closed subsets of G filtered from below. 
Then cp(n Ui ) = n cp(Ui ). 

iEI iEI 

(c) Every open subgroup of G that contains H, contains an open subgroup of 
the form HU for some open normal subgroup U of G. 

(d) H is the intersection of all open subgroups of G containing H. If H is 
normal in G, then H is the intersection of all open normal subgroups of 
G containing H. 

Proof. 
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(a) By the filtration assumption, the result is clearly true if the set I 
is finite. For the general case, it is plain that nEl HUi 2:: H(niE1 Ui ). Let 
x E nEI HUi and let {Jt I t E T} be the collection of all finite subsets Jt 
of I such that {Uj I j E Jt } is filtered from below. Then, for each t E T, 
x E n iEJt HUj = H(njEJt Uj ) and so, Hx n (njEJt Uj ) =1= 0. Therefore, by 
the finite intersection property of the compact space G, we have 

Thus x E H(niEI Ui ), as needed. 

(b) Let H = Ker(<p) and identify R with G/H. Then, using part (a), 

iEI iEI iEI iEI iEI 

(c) Let V be an open subgroup of G containing H. Then its core 

Va = n V9 
gEa 

is open and normal; moreover HVa ~ V. 

(d) This follows from parts (a) and (c) by taking {Ui liE I} in (a) to be 
the collection of all open normal subgroups of G. 0 

From now on we shall use the following convenient notations. Let G be a 
topological group and H a subgroup of G. Then 

H :So G, H:Sc G, H <30 G, H <3c G, H:Sf G, H <3f G, 

will indicate respectively: H is an open subgroup, H is a closed subgroup, 
H is an open normal subgroup, H is a closed normal subgroup of G, H is a 
subgroup of finite index, H is a normal subgroup of finite index. 

Proposition 2.1.5 

(a) Let {Hi liE I} be a collection of closed subgroups of a profinite group G 
and let nEI Hi :S U :So G. Then there is some finite subset J of I such 
that njEJ H j :S U. 

(b) Let {Ui liE I} be a collection of open subgroups of a pro finite group G 
such that niEI U = 1. Let 

V = {n Uj I J a finite subset of I}. 
jEJ 

Then V is a fundamental system of neighborhoods of 1 in G. 
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Proof. Part (b) follows immediately from (a). To prove (a), consider the open 
covering {G - Hi liE I} of the compact space G - U. Choose a finite sub cover , 
say {G - H j liE J}. Then G - U ~ UjEJ(G - H j ). Thus njEJ H j ~ U. 0 

Example 2.1.6 (Completions) 

(1) Let C be a fixed formation of finite groups, and let G be a group. Consider 
the collection 

N = {N <Jj G I GIN E C}. 

Note that N is nonempty since GEN. Make N into a directed poset by 
defining M :; N if M 2: N (M,N EN). If M,N E Nand N t M, let 
<P N M : GIN ~ G 1M be the natural epimorphism. Then 

is an inverse system of groups in C, and we say that the pro - C group 

Gc= ~ GIN 
NEN 

is the pro - C completion of G (we shall give a description of completion in Sec
tion 3.2 in a more general settingj there we introduce also the notation ICc (G) 
for G c). In particular we use the terms profinite completion, the pro -p com
pletion, the pronilpotent completion, etc., in the cases where C consists of all 
finite groups, all finite p-groups, all finite nilpotent groups, etc., respectively. 
The pro finite and pro-p completions of a grouJ? of G appear quite frequently, 
and they will be usually denoted instead by G, and Gp, respectively. 

(2) As a special case of (1), consider the group of integers Z. Its profinite 
completion is 

Z = lim ZlnZ. 
~ 

nEN 

Following a long tradition in Number Theory, we shall denote the pro-p com
pletion of Z by Zp rather than Zp. So, 

Zp = ~ Zlpnz. 
nEN 

Observe that both Z and Zp are not only abelian groups, but also they inherit 
from the finite rings ZlnZ and Zlpnz respectively, natural structures of 
rings. The group (ring) Zp is called the group (ring) of p-adic integers. 

(3) Let R be a profinite ring with 1, that is, R is a compact Hausdorff totally 
disconnected topological ring with 1. Assume in addition that R is commu
tative (e.g., R could be Z or Zp). Then one easily checks that the following 
groups (with topologies naturally induced from R) are profinite groups: 

- RX, the group of units of R [one can verify the compactness of RX as 
follows: consider the multiplication mapping J..L: RxR ~ Rj then J..L-l{l} 
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is compact; on the other hand, R X is the image of J.t-1{1} under one of 
the projections R x R ---+ R]. 

- GLn(R) (the group of invertible n x n matrices with entries from R, Le., 
the group of units of the ring Mn (R) of all n x n matrices over R ). 
[One can verify this as in the previous case, eventhough Mn(R) is not 
commutative: just observe that, for matrices over R, having a left inverse 
is equivalent to being invertible]. 

- SLn(R) (the subgroup of GLn(R) of those matrices of determinant 1). 

(4) The upper unitriangular group over Zp of degree n 

1 aI2 aI3 ain 

UTn(Zp) = { 

0 1 a23 a2n 

a;; E zp} 0 0 1 a3n 

0 0 0 1 

is a pro-p group. 

Exercise 2.1.7 A proabelian group is necessarily abelian. But a pronilpo
tent (respectively, prosolvable) group need not be nilpotent (respectively, 
solvable). 

Exercise 2.1.8 

(1) The set of elements of Z can be identified with the set of all (equivalence 
classes of) sequences (an) = (aI, a2, a3, ... ) of natural numbers such that 

an == am (mod m) 

whenever min. Explain this identification and what is the addition and 
multiplication of these sequences under the identification. Show that every 
element t of Z can be identified with a constant sequence (an) , an = t 
for all n = 1,2, .... 

(2) Similarly, the set of elements of Zp can be identified with the set group 
of all (equivalence classes of) sequences (an) = (ab a2, a3, ... ) of natural 
numbers such that 

an == am (mod pm) 

whenever m ::; n. Explain this identification and what is the addition and 
multiplication of these sequences under the identification. 

(3) Show that Zp can also be identified with the set of power series 
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Explain how the addition and multiplication of series is carried out under 
this identification. How is Z embedded in Zp under this identification? 

(4) Show that an element bE Zp is a unit in the ring Zp if and only if in its 
series representation b = E~=o bnpn in (3) one has bo ¥- O. 

Exercise 2.1.9 

(1) Prove that for each natural number i, there is a short exact sequence of 
profinite groups 

where 'Pi is induced by the canonical epimorphism Zp ----+ ZjpiZ, and 
Ki = I + Mn(PiZ) (I denotes here the n x n identity matrix over Zp , 
and Mn(piZ) all the n x n matrices with entries in piZ).[Hint: observe 
that b E Zp is unit if and only if its image in ZjpiZ is a unit.] 

(2) Show that nKi = {I}, and deduce that 

GLn(Zp) = l!!!! GLn(ZjpiZ). 

2.2 Basic Properties of Pro - C Groups 

We begin with some elementary properties of pro - C groups inherited from 
corresponding properties of C. 

Proposition 2.2.1 Let C be a formation of finite groups. Then 

(a) Every quotient group G j K of a pro -C group G, where K <Ie G, is a pro -C 
group. If, in addition, C is closed under taking subgroups (respectively, 
under taking normal subgroups), then every closed subgroup (respectively, 
every closed normal subgroup) of G is a pro -C group. 

(b) The direct product I1iEI Gi of any collection {G j liE J} of pro -C groups 
with the product topology is a pro -C group. 

(c) If a profinite group is a subdirect product of pro -C groups, then it is pro
C. 

(d) The inverse limit 

iEI 

of a surjective inverse system {G i , 'Pij, I} of pro -C groups, is a pro -C 
group. 

(e) Let C be an extension closed variety of finite groups. Then the class of 
pro -C groups is closed under extensions. 



2.2 Basic Properties of Pro - C Groups 29 

Proof. 

(a) This is an easy application of Corollary 1.1.8 and Theorem 2.1.3. 

(b) Let G = fJiEI Gi , where each Gi is a pro-C group. Then G is a 
compact, Hausdorff and totally disconnected group (the compactness is a 
consquence of Tychonoff's Theorem: see for example Bourbaki [1989]' Ch. 1, 
Theorem 3). Hence G is a profinite group. Let U ~o G. To verify that G is 
pro-C we must show that GjU E C, according to Theorem 2.1.3. By definiton 
of the product topology, there exist a finite subset J of I and open normal 
subgroups Uj of Gj (j E J) such that U:::: fJ iE1 Xi, where Xi = Ui for i E J 
and Xi = Gi for i E I - J. So G jU is a homomorphic image of the group 

Gill Xi ~ II GjjUj . 
iEI jEj 

Since C is a formation and GjjUj E C (j E J), one has that GjU E C. 

(c) Let G be a profinite group and let {Ni liE I} be a collection of 
closed normal subgroups of G such that GjNi is pro-C for each i E I, and 
niEf Ni = 1. We must show that G is a pro - C group. In order to do this, it 
suffices to show that G jU E C whenever U ~o G. Let J c;;,f I indicate that 
J is a finite subset of I. For J c;;,f I, define N j = njEj Nj . Since N j ~c G, 
the group GjGj is pro-C. Note that the collection {Nj I J c;;,f I} of closed 
normal subgroups of G is filtered from below. Hence, njc I(NjUjU) = 1 in _I 
GjU (see Proposition 2.1.4). Therefore, GjU is a sub direct product of the 
(finite) set of groups {(GjU)j(NjUjU) ~ GjNjU I J c;;,f I}. Since GjNjU 
is a quotient of GjNj, we deduce that GjNjU E C. Thus, using the fact that 
C is a formation of finite groups, we get G jU E C, as needed. 

(d) follows from (b) and (a) 

(e) Let 
l~K~E~G~l 

be an exact sequence of profinite groups and assume that K and G are pro - C. 
Let U ~o G. Then the induced sequence of finite groups 

1 ~ KUjU ~ EjU ~ Gjcp(U) ~ 1 

is exact. Since KUjU ~ KjK n U and Gjcp(U) are in C, it follows that 
EjU E C. Hence E is a pro-C group (see Theorem 2.1.3). 0 

Existence of Sections 

Let cp : X ~ Y be an epimorphism of sets. We say that a map a : Y ~ X 
is a section of cp if cpa = idy. Plainly every epimorphism cp of sets admits a 
section. However, if X and Yare topological spaces and cp is continuous, it 
is not necessarily true that cp admits a continuous section. For example, the 
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natural epimorphism R ----> R/Z from the group of real numbers to the circle 
group does not admit a continuous section. Nevertheless, every epimorphism 
of profinite groups admits a continuous section, as the following proposition 
shows. 

Proposition 2.2.2 Let H be a closed normal subgroup of a profinite group 
G, and let 

'Tr: G ----> GIH 

be the canonical projection. Then 'Tr admits a continuous section 

0': GIH ----> G 

with the property that O'(lH) = 1. 

Proof. We divide the proof into two parts. Assume first that H is a finite 
group. Then there exists an open normal subgroup U of G such that Un H = 
1. Therefore the restriction 'Trlu is injective. Since U is compact, the restriction 
'Trlu : U ----> 'Tr(U) is an isomorphism of topological groups. Hence, there is a 
continuous inverse isomorphism 0' : 'Tr(U) ----> U of 'Trlu. Since 'Tr(U) is an open 
(normal) subgroup of GIH, one can express GIH as a finite disjoint union 
of the left cosets of 'Tr(U). Consequently, 0' admits a continuous extension, by 
translation, to the whole of G I H. This extension is a section of 'Tr, which we 
denote still by 0'. Clearly, O'(lH) = 1. 

Consider now the general case, that is, H is any closed normal subgroup 
of G. Let P be the set of all pairs (L, ry), where L is a closed normal subgroup 
of G with L ~ H, and where 'TJ : G I H ----> GIL is a continuous section of 
the natural projection GIL ----> G I H such that ry(lH) = 1L. Clearly P is 
nonempty, since (H, ida / H) E P. Define a partial ordering on P as follows: 

and the diagram 

commutes, where the horizontal map is the natural epimorphism. In order to 
apply Zorn's lemma, we show next that P is an inductive poset. If 

is a linearly ordered subset of P, set K = niEI Ki j then one easily checks 
that 

GIK = lim GIKi . 
~ 
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Since the mappings {TJi liE I} are compatible, they induce a continuous 
mapping 

TJ: G/H ---+ G/K. 

Then (K, TJ) E P and (K, TJ) ~ (Ki' TJi), for every i E I. So {(Ki' TJi) liE I} 
has an upper bound in P, and thus P is inductive. Therefore, by Zorn's 
lemma, there is a maximal element (T, a) of P. To see that a is the desired 
section, it will suffice to show that T = 1. If this were not the case, there 
would exist an open normal subgroup U of G with UnT < T. We prove that 
this leads to a contradiction by exhibiting a continuous section 

(: G/H ---+ G/(UnT) 

of G / (U n T) ---+ G / H such that (U nT, () ~ (T, a). To show the existence 
of (, it suffices to find a continuous section 

e : G/T ---+ G/(U n T) 

to the projection 
G/(UnT) ---+ G/T. 

But G/T = (G/(UnT))/(T/(UnT)), and T/(UnT) is a finite group. Thus 
the existence of e follows from the first part of the proof. 0 

Exercise 2.2.3 Let K ~ H be closed (not necessarily normal) subgroups of 
a profinite group G. Consider the natural continuous epimorphism of topo
logical spaces 

7r : G/K ---+ G/H. 

Prove that 7r admits a continuous section a G / H ---+ G / K such that 
a(IH) = lK. 

Exactness of Inverse Limits of Profinite Groups 

Let 
1 ---+ {Gi,ipij,I} ~ {G~,ip~j,I} ~ {G~',ip~j,I} ---+ 1 (1) 

be a sequence of inverse systems of profinite groups over the same directed 
poset I and maps of inverse systems. Say e = {(}i} and lJ! = {'l/Ji}, and assume 
that for each i E I the corresponding short sequence of profinite groups 

is exact, that is, (}i is a monomorphism, 'l/Ji is an epimorphism, and Im«(}i) = 
Ker('l/Ji). In this situation we say that the sequence (1) is a short exact se
quence of inverse systems of profinite groups. If we apply the functor lim to 

f--

this sequence, we get a sequence of groups and continuous homomorphisms 
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1 --t lim Gi ~ lim G~ ~ lim G~' --t 1, 
+-- +-- +--

(2) 
iEI iEI iEi 

where () = lim ()i and 'l/J = lim 'l/Ji . We claim that (2) is a short exact 
+-- +--

sequence of profinite groups. Indeed, () is obviously a monomorphism and, by 
Lemma 1.1.5, 'l/J is onto. Furthermore, Im(()) = Ker('l/J), for clearly 'l/J()(Xi) = 1 
for all (Xi) E ~ Gi; hence Im(()) :::; Ker('l/J). Conversely, assume that (xi) E 

Ker('l/J); then for each i E I, there exists Xi E Gi with ()(Xi) = x~. Since the ()i 
are monomorphisms commuting with the maps CPij andcp~j' we deduce that 
(Xi) E ~ Gi ; so ()(Xi) = (xi). Therefore, Im(()) ;2 Ker('l/J). This proves the 

claim. 
A functor that preserves exactness in this way, is called an exact functor. 

Hence we have proved the following result. 

Proposition 2.2.4 Consider the functor lim from the category of inverse +-- . 

systems of profinite groups over the same directed poset I to the category of 
profinite groups. Then lim is exact. 

+--

2.3 The Order of a Profinite Group and Sylow 
Subgroups 

We begin this section by showing that an infinite profinite group cannot 
be countable. This is a general fact for locally compact topological groups, 
but here we present a proof for profinite groups only. The first part of the 
following proposition is a special case of the classical Baire category theorem, 
valid for locally compact spaces. 

Proposition 2.3.1 Let G o~e a profinite group. 

(a) Let Gt, G2, ... be a countably infinite set of nonempty closed subsets of G 
having empty interior. Then 

(b) The cardinality IGI of G is either finite or uncountable. 

Proof Part (b) follows immediately from (a). To prove (a), assume that 
G = U~l Gi , where each Gi is a nonempty closed subset of G with empty 
interior. Then Di = G - Gi is a dense open subset of G, for each i = 1,2, .... 
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Next consider a nonempty open subset Uo of G; then Uo n Dl is open 
and nonempty since Dl is open and dense in G. By Theorem 1.1.12(c), there 
is a nonempty clop en subset U1 of Uo n D1. Similarly, U1 n D2 is open and 
nonempty; therefore there is a nonempty clopen subset U2 of U1 n D2. Pro
ceeding in this manner we obtain a nested sequence of clopen nonempty 
subsets 

U1 ~ U2 ~ ... ~ Ui ~ ... 

such that Ui ~ Di n Ui-l for each i = 1,2, .... Since G is compact and the 
closed sets Ui have the finite intersection property, we have that 

00 

On the other hand, 

00 00 00 

i=l i=l i=l 

a contradiction. 

Consider a profinite group 

G = lim Gi , 
+-
iEI 

D 

where each Gi is a finite group. If G is infinite, then the knowledge of its 
cardinality carries with it little information. There is, nevertheless, a very 
useful notion of order of a profinite group G that reflects, in a global manner, 
the arithmetic properties of the finite groups Gi and it is independent of the 
presentation of G as an inverse limit of finite groups. In order to explain this 
concept we need first to introduce the notion of supernatural number. 

A supernatuml number is a formal product 

n = IIpn(p), 
p 

where p runs through the the set of all prime numbers, and where n(p) is a 
non-negative integer or 00. By convention, we say that n < 00, 00 + 00 = 
00 + n = n + 00 = 00 for all n E N. If 

m = IIpm(p) 
p 

is another supernatural number, and m(p) :::; n(p) for each p, then we say 
that m divides n, and we write min. If 

{ni = IIpn(p,i) liE I} 
p 
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is a collection of supernatural numbers, then we define their product, greatest 
common divisor and least common multiple in the following natural way 

- TIni = TIpn(p), where n(p) = En(p,i)j 
I p i 

- gcd{nihEI = TIpn(p) , where n(p) = m~n{n(p,i)}j 
p 

, 
- Icm{nihEI = TIpn(p), where n(p) = m~{n(p,i)}. 

p , 

(Here En(p, i), m~n{n(p, i)} and m~{n(p, i)} have an obvious meaningj note 
i $ , 

that the results ofthese operations can be either non-negative integers or 00.) 
Let G be a profinite group and H a closed subgroup of G. Let U denote 

the set of all open normal subgroups of G. We define the index [G: H] of 
H in G, to be the supernatural number 

[G: H] = Icm{[GjU: HUjU] I U E U}. 

The order #G of G is the supernatural number #G = [G : 1], namely, 

#G = Icm{IGjUII U E U}. 

Proposition 2.3.2 Let G be a profinite group. 

(a) If H ~c G, then [G : H] is a natural number if and only if H is an open 
subgroup of G,. 

(b) If H ~c G, then 

[G : H] = lcm{[G : U]I H :5 U :50 G}j 

(c) If H :5c G and U' is a fundamental system of neighborhoods of 1 in G 
consisting of open normal subgroups, then 

[G: H] = Icm{[GjU: HUjU] I U E U'}j 

(d) Let K ~c H ~c G. Then 

[G : K] = [G : H][H : K]j 

(e) Let {Hi liE I} be a family of closed subgroups of G filtered from below. 
Assume that H = niEI Hi . Then 

[G : H] = lcm{[G : Hi] I i E I}j 

(f) Let {Gi , 'Pij} be a surjective inverse system of profinite groups over a 
directed poset 1. Let G = lim iE1Gi . Then 

f--

#G = lcm{#Gi liE I}j 
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(g) For any collection {Gi liE I} of profinite groups, 

#(II Gi ) = II #Gi . 

iEI iEI 

Proof. We shall prove only part (d), leaving the rest as exercises. Let U denote 
the collection of all open normal subgroups of G. Then 

[G: HJ = lcm{[GjU: KUjUJI U E U} = 

lcm{[GjU: HUjUj[HUjU : KUjUJI U E U}. 

Now, {H nUl U E U} is a fundamental system of neighborhoods of 1 in H. 
So, by (c), 

[H: KJ = lcm{[HjH n U: K(H n U)jH n UJI U E U} = 

Icm{[HUjU: KUjUJI U E U}. 

Hence, it suffices to prove that 

lcm{[GjU : HUjUj[HUjU: KUjUJI U E U} = 

lcm{[GjU: HUjU] I U E U} Icm{[HUjU: KUjU] I U E U}. 

Let p be a prime number, and let pn, pnl and pn2 be the largest powers of p 
such that 

and 

pn Ilcm{[GjU: HUjUj[HUjU: KUjUJI U E U}, 

pnl Ilcm{[GjU: HUjU] I U E U} 

pn2 Ilcm{[HU jU : KU lUll U E U}, 

respectively (n, nb n2 E N U {oo } ). Then, clearly n ~ n1 + n2, n ~ nb and 
n ~ n2. So, if n = 00, n = n1 + n2 . If n < 00, it follows that n1, n2 < 00. 

Then there exist U1, U2 E U such that 

pnl I [GIU1 : HUt/UIl and pn2 I [HU2jU2 : KU2jU2l. 

Let U = U1 n U2. Then U E U and 

pn1+n2 I [GjU: HUjUj[HUjU : KUjU]. 

o 

Let 7r be a set of prime numbers and let 7r' denote the set of those primes 
not in 7r. We say that a supernatural number 

n = IIpn(p) 
p 
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is a rr -number if whenever n(p) =1= 0 then p Err. A profinite group G is called a 
pro -rr group if its order #G is a rr-number, that is, if G is the inverse limit of 
finite groups whose orders are divisible by primes in rr only. If rr = {p} consists 
of just the prime p, then we usually write pro -p group rather than pro -{p} 
group. A closed subgroup H of a profinite group G is a rr-Hall subgroup if 
#H is a rr-number and [G : H] is a rr'-number. When rr = {p}, a rr-Hall 
subgroup is called a p-Sylow subgroup. 

Exercise 2.3.3 Let rr be a set of prime numbers and <P : G ----t K a contin
uous homomorphism of profinite groups. Let H :S;C G. Then 

(a) If H is a rr-group, so is <p(H); 

(b) If H is a rr-Hall subgroup of G, then <p(H) is a rr-Hall subgroup of <p(G). 

Lemma 2.3.4 Let rr be a set of prime numbers. Assume that G is a profinite 
group and let H be a closed subgroup of G. 

(a) Suppose that 
G = lim G· ~ ., 

where {Gi, <Pij, f} is a surjective inverse system of finite groups. Then, H 
is a rr-Hall subgroup of G if and only if each <Pi(H) is a rr-Hall subgroup 
ofGi . 

(b) H is a rr-Hall subgroup of G if and only if HU jU is a rr-Hall subgroup of 
GjU for each open normal subgroup U ofG. 

Proof Part (b) follows from part (a). By Corollary 1.1.8, 

H = lim <pi(H). 
~ 

So, by part (f) of the proposition above and Exercise 2.3.3, H is a rr-group if 
and only if each <Pi (H) is a rr-group. Let Si = Ker(<pi). By Lemma 2.1.1, the 
collection of open normal subgroups {Si liE I} is a fundamental system of 
neighborhoods of 1 in G; hence, by Proposition 2.3.2(c), 

[G : H] = lcm{[GjSi : HSdSi] I i E I}. 

Since each <Pi is an epimorphism (see Proposition 1.1.10), [GISi : HSdSi] = 
[Gi : <pi(H)]. Thus, [G: H] is a rr'-number if and only if each [Gi : <Pi(H)] is 
a rr'-number. 0 

Theorem 2.3.5 Let rr be a fixed set of prime numbers and let 

G = lim Gi , 
~ 

iEI 
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be a profinite group, where {Gi , 'Pij, I} is a surjective inverse system of finite 
groups. Assume that every group Gi (i E I) satisfies the following properties: 

(a) G i contains a 7f-Hall subgroup; 

(b) Any 7f-subgroup of Gi is contained in a 7f-Hall subgroup; 

(c) Any two 7f-Hall subgroups of G i are conjugate. 

Then 

(a') G contains a 7f-Hall subgroup; 

(b') Any closed 7f-subgroup of G is contained in a 7f-Hall subgroup; 

(c') Any two 7f-Hall subgroups of G are conjugate. 

Proof 

(a') Let Hi be the set of all 7f-Hall subgroups of Gi. By (a), Hi -I 0. 
Since 'Pij is an epimorphism, 'Pij(Hi ) C H j , whenever i t j. Therefore, 
{Hi, 'Pij, I} is an inverse system of nonempty finite sets. Consequently, ac
cording to Proposition 1.1.4, 

lim H -10 . 
+-
iEl 

Let (Hi) E lim Hi' Then Hi is a 7f-Hall subgroup of G i for each i E I, and 
+--

{Hi, 'Pij, I} is an inverse system of finite groups. Hence, by Lemma 2.3.4, 
H = lim Hi is a 7f-Hall subgroup of G, as desired. 

+--

(b') Let H be a 7f-subgroup of G. Then, 'Pi(H) is a 7f-subgroup of G i 

(i E 1). By assumption (b), there is some 7f-Hall subgroup of Gi that contains 
'Pi(H); so the set 

Si = {S I 'Pi(H) ~ S ~ G i , S is a 7f-Hall subgroup of Gi } 

is nonempty. Furthermore, 'Pij(Si) ~ Sj. Then {Si' 'Pij, I} is an inverse sys
tem of nonempty finite sets. Let (Si) E ~ Si; tnen {Si' 'Pij} is an inverse 

system of groups. Finally, 

and S = lim Si is a 7f-Hall subgroup of G by Lemma 2.3.4. 
+--

(c') Let Hand K be 7f-Hall subgroups of G. Then 'Pi(H) and 'Pi(K) are 
7f-Hall subgroups of G i (i E 1), and so, by assumption, they are conjugate in 
Gi . Let 
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Clearly CPij ( Q i) ~ Q j (i ~ j). Therefore, {Q i, CPij} is an inverse system of 
nonempty finite sets. Using again Proposition 1.1.4, let q E lim Qi. Then 

f--

q-1Hq = K, since CPi(q-1Hq) = CPi(K), for each i E I. o 

If 'If = {p} consists of just one prime, then the Sylow theorems for finite 
groups (cf. Hall [1959], Theorems 4.2.1-3) guarantee that the assumptions of 
Theorem 2.3.4 are satisfied for all finite groups. As a consequence we obtain 
the following generalizations of the Sylow theorems. 

Corollary 2.3.6 (The Sylow Theorem for Profinite Groups) 
Let G be any profinite group and let p be a fixed prime number. Then 

(a) G contains a p-Sylow subgroup. 

(b) Any closed p-subgroup of G is contained in a p-Sylow subgroup. 

(c) Any two p-Sylow subgroups ofG are conjugate. 

Similarly, every finite solvable group C satisfies the assumptions of The
orem 2.3.5 for any set 'If of prime numbers (cf. Hall [1959], Theorem 9.3.1). 
Thus one obtains the following result. 

Corollary 2.3.7 (The P. Hall Theorem for Prosolvable Groups) 
Let G be a prosolvable group, and let 'If be a fixed set of prime numbers. Then 

(a) G contains a 'If-Hall subgroup. 

(b) Any closed 'If-subgroup of G is contained in a 'If-Hall subgroup. 

(c) Any two 'If-Hall subgroups of G are conjugate. 

The methods used in Theorem 2.3.5 give an indication of how certain 
properties valid for the finite groups in a class C, can be generalized to pro 
- C groups. The general philosophy is that, if a property is shared by the 
groups of an inverse system {Gi, CPij} of groups, and this property is preserved 
by the homomorphisms CPij in some "uniform" manner, then that property 
will imply a judiciously phrased analogous one for the corresponding inverse 
limit lim Gi . As further applications of these methods, we mention a few 

f--

more results that it will be convenient to have explicitly stated for future 
reference. In most cases we leave the proofs as exercises, although we shall 
remind the reader of the necessary corresponding properties of finite groups. 

If G is a finite nilpotent group, then it has a unique p-Sylow subgroup 
for each prime Pi moreover, G is the direct product of its p-Sylow subgroups. 
These properties characterize finite nilpotent groups (cf. Hall [1959], Theorem 
10.3.4). 

Proposition 2.3.8 A profinite group G is pronilpotent if and only if for each 
prime number p, G contains a unique p-Sylow subgroup. 
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Denote by Gp the unique p-Sylow subgroup of a pronilpotent group G. 
Then G is the direct product G = TIp Gp of its p-Sylow subgroups. 

Let G be a prosolvable group. A Sylow basis {Sp I p a prime number} 
for G is a collection of p-Sylow subgroups, one for each prime number p, 
such that SpSq = SqSp for each pair of primes p, q. Since Sylow subgroups 
are compact by definition, SpSq is compact, and so closed; hence the last 
condition implies that SpSq is a closed subgroup of G. A theorem of P. Hall 
asserts that every finite solvable group admits a Sylow basis, and moreover 
any two such bases are conjugate (cf. Kargapolov-Merzljakov [1979], p.142). 
Then, using methods similar to those above, one can prove the following 
generalization to prosolvable groups. 

Proposition 2.3.9 Let G be a pro solvable group. For each prime number p, 
let Spl be a p'-Hall subgroup of G. Then 

(a) For each prime q, 

Sq = n Spl 
Pi'q 

is a q-Sylow subgroup of G. The topological closure of the product 

S2 S3S5" • 

of all the groups Sq is G. 

(b) The collection {Sq I q} defined in (a) is a Sylow basis ofG. 

(c) Any two Sylow bases {Sq I q} and {Rq I q} of G are conjugate, that is, 
there is some x E G such that S; = Rq, for each prime q. 

In a profinite group G of order n, a p-complement is a closed subgroup 
H whose index is pnp , the highest power of p dividing n. Corollary 2.3.7 
asserts that a prosolvable group contains p-complements for every prime p. 
In the case of finite groups, this property characterizes solvable groups (cf. 
Hall [1959), Theorem 9.3.3). Correspondingly one has the following 

Proposition 2.3.10 Let G be a profinite group. Then G is prosolvable if 
and only if G has p-complements for each prime p. If this is the case, a p
complement in G is a p'-Hall subgroup Spl of G, and G = SpSpl, for any 
p-Sylow subgroup Sp of G. 

Example 2.3.11 The group of p-adic integers Zp is naturally embedded in Z, 
and it is a p-Sylow subgroup of Z. Moreover 
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Note that 
#Zp = p(XJ, and #Z = II p(XJ . 

p 

More generally, if C is a variety of finite groups, then the pro - C completion 
of Z can be expressed as 

Exercise 2.3.12 

(a) Show that the order of the finite group GLn(ZjpZ) is 

IGLn(ZjpZ)1 = (pn _ l)(pn _ p) ... (pn _ pn-l); 

(b) For each natural number m, there is a short exact sequence of finite groups 

where I is the n x n identity matrix, and 

Lm = {I + U I U is an n x n matrix with entries in p(Zjpmz)}; 

(c) IGLn(ZjpmZ)1 = p(m-l)n2(pn _l)(pn _ p) ... (pn _ pn-l); 

(d) The profinite group GLn(Zp) has a p-Sylow subgroup of index 

(pn _ l)(pn-l _ 1) ... (p - 1). 

(Hint: see Exercise 2.1.9.) 

Exercise 2.3.13 (The Frattini Argument) Let G be a profinite group and p 
a prime. Assume H is a closed normal subgroup of G and let P be a p-Sylow 
subgroup of H. Prove that the normalizer 

N = Na(P) = {x E G I x- 1 Px = P} 

of Pin G is closed in G. Moreover, G = HN. 

Exercise 2.3.14 Let G be a profinite group, S ~c G and W <lc S. One says 
that W is weakly c (respectively, strongly c)t in S with respect to G if for 
every g E G with W9 ~ S ones has that W9 = W (respectively, if for every 
g E G, W9 n S ~ W). 

(a) Let p be a prime number and assume that S is a p-Sylow subgroup of 
G. Let cp : G ~ H be a continuous epimorphism of profinite groups. Prove 

t The terms 'weakly c' and 'strongly c' correspond to the concepts of 'weakly 
closed' and 'strongly closed' used in the theory of fusion for finite groups: see 
Alperin [1967]. 
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that if W is weakly c (respectively, strongly c) in S with respect to G, then 
'P(W) is weakly c (respectively, strongly c) in 'P(S) with respect to H. 

(b) The properties of being weak and strong c are preserved by inverse 
limits. Explicitly: assume that 

G = lim Gi , 
<-
iEI 

where {Gi , 'Pij,!} is an inverse system of profinite groups over the poset I. 
Let 'Pi : G ~ Gi (i E I) be the projection maps. If, for every i E I, 'Pi(W) 
is weakly c (respectively, strongly c) in 'Pi(S) with respect to Gi , then W is 
weakly c (respectively, strongly c) in S with respect to G. 

The following is an analog of the classical Schur-Zassenhaus theorem for 
finite groups. 

Theorem 2.3.15 Let K be a closed normal Hall subgroup of a profinite group 
G. Then K has a complement H in G (i.e., H is a closed subgroup ofG such 
that G = KH and K n H = 1). Moreover, any two complements of K are 
conjugate in G. 

Proof Let U be the collection of all open normal subgroups of G. Let U E U. 
Then Ku = KUjU is Hall subgroup of the finite group Gu = GjU. Let 
Su the collection of all the complements of Ku in Gu . Then Su i 0 by the 
theorem of Schur-Zassenhaus for finite groups (cf. Huppert [1967]' Theorem 
1.18.1). If U, V E U with U :::; V, let 'Puv : Gu ~ Gv be the canonical 
epimorphism. Then 'Puv(Su) ~ Sv. Therefore, {Su I U E U} is an inverse 
system of finite nonempty sets. By Proposition 1.1.4, 

lim Su =I- 0. 
<-
UEU 

Let (H u) E lim Su. It follows that the groups {H u I U E U} form an inverse 
<--

system (for U :::; V, the homomorphism Hu ~ Hv is the restriction of 'Puv 
to H u). Define H = lim H u. It follows that H is a closed subgroup of G 

<--

such that #K and #H are coprime since their images in each Gu are coprime 
(see Proposition 2.3.2); therefore, K n H = 1. Finally, note that G = K H by 
Corollary 1.1.8. Hence H is a complement of Kin G. 

Assume that L is another complement of Kin G. We have to show that 
Hand L are conjugate in G. Denote by Hu and Lu their corresponding 
canonical images in Gu . Clearly Hu and Lu are complements of Ku in 
the finite group Gu. Using again the theorem of Schur-Zassenhaus for finite 
groups, we deduce that Hu and Lu are conjugate in Gu . For each U E U, 
consider the subset Eu of Gu consisting of all elements e E Gu such that 
Lij = Hu. Plainly, 'Puv(Eu) ~ Ev for all pairs U, V E U with U :::; V. Hence 
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{Eu I U E U} is an inverse system of nonempty sets. By Proposition 1.1.4, 
there exists some x = (xu) E ~ Eu ~ G. Claim that LX = H. We know 

that L~u = H u for every U E U; hence the claim follows from Corollary 
1.1.8. [] 

Let G be a profinite group and let K <lc G, H ~c G with G = KH and 
K n H = 1. As it is usual, we say that G is an internal semidirect product of K 
by H. The standard notation for this situation is G = K)4 H. (See Example 
4.6.2 for the construction of external semidirect products of profinite groups.) 

Proposition 2.3.16 Let G = K )4 H be a semi direct product of pro finite 
groups as above. Assume that K is a Hall subgroup of G. Let L be a closed 
subgroup of K which is normalized by H. If H leaves invariant some coset 
Lk of L in K, then there exists x E Lk such that xh = x for all hE H. 

Proof. The result holds for finite groups (cf. Huppert [1967J, Theorem 1.18.6). 
Let U be the collection of all open normal subgroups of G. For R ~c G, denote 
by Ru the image in Gu = GjU of R (U E U). Note that IKul and IHul are 
coprime, and that Hu fixes the coset Luku, where ku is the canonical image 
of k in K u. Hence, the set 

Su = {s E Luku I shu = s, for all hu E Hu} 

is nonempty (by the result for finite groups). Plainly, the canonical epimor
phism Gu = GjU ---+ Gv = GjV (U ~ V in U) maps Su into Bv. There
fore, {Su I U E U} is an inverse system of finite nonempty sets. Hence the 
corresponding inverse limit is not empty (see Proposition 1.1.4). Let 

x E lim Su. 
f--
UEU 

Then x E Lk and xh = x for all h E H (see Corollary 1.1.8). [] 

Exercise 2.3.17 Let G be a profinite group. Define closed subgroups 'Yn(G) 
(n = 1,2, ... ) of G as follows 

'Yl(G) = G, 'Yn+1(G) = [G,'Yn(G)J. 

Then G = 'Yl (G) ~ 'Y2 (G) ~ ... ~ 'Yn (G) ~ ... is called the lower central 
series of G. Prove that the following conditions are equivalent: 

(a) G is pronilpotent; 

(b) 
00 n 'Yn(G) = 1. 

n=1 
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Exercise 2.3.18 (Zassenhaus groups) Let G be a profinite group all whose 
Sylow subgroups are procyclic. Prove that G contains pro cyclic subgroups 
K and H of relatively prime orders such that K is normal in G (so that, 
G = K ><l H). [Hint: for the corresponding property for finite groups, see Hall 
[1959), Theorem 9.4.3.J 

2.4 Generators 

Let G be a profinite group and let X be a subset of G. We say that X 
generates G (or, if there could be any danger of confusion, generates G as 
a profinite group or as a topological group), if the abstract subgroup (X) of 
G generated by X is dense in G. In that case, we call X a set of generators 
(or, if more emphasis is needed, a set of topological generators) of G, and we 
write G = (X). We say that a subset X of a profinite group G converges 
to 1 if every open subgroup U of G contains all but a finite number of the 
elements in X. If X generates G and converges to 1, then we say that X is a 
set of generators of G converging to 1. A profinite group is finitely generated 
if it contains a finite subset X that generates G. A profinite group G is 
called procyclic if it contains an element x such that G = (x). Observe that 
a pro finite group G is pro cyclic if and only if it is the inverse limit of finite 
cyclic groups. 

Lemma 2.4.1 

(a) Let {Gi,'Pij,I} be a surjective inverse system of pro finite groups and let 

G = lim Gi . 
+-
iEI 

Denote by 'Pi : G ~ Gi (i E 1) the projection maps. Let X ~ G. Then 
X generates G if and only if 'Pi (X) generates Gi for each i E I. 

(b) Let X be a subset of a projinite group G and let X denote its closure. 
Then X generates G if and only if X generates G. 

Proof· 

(a) If X generates G, it is plain that 'Pi(X) generates Gi for each i E I. 
Conversely, suppose that 'Pi(X) generates Gi for each i E I. Put H = (X). 
Then 'Pi(H) = Gi for each i E I. Therefore, H = G by Corollary 1.1.8. 

(b) Write G = lim GjU, where U ranges over all the open normal sub-
+--

groups of G. Then X and X have the same image in GjU, for each U. Hence, 
the result follows from part (a). D 
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Example 2.4.2 Z and Zp are pro cyclic groups. If p and q are different prime 
numbers, then Zp x Zq is procyclic. On the other hand, Zp x Zp can be 
generated by two elements, but it is not procyclic. 

Exercise 2.4.3 Let X be a set of generators converging to 1 of a profinite 
group G. Then the topology on X - {I} induced from G is the discrete 
topology. If X is infinite, X = X u {I}. If 1 ~ X and X is infinite, then X is 
the one-point compactification of X. 

Proposition 2.4.4 Every profinite group G admits a set of generators con
verging to 1. 

Proof Consider the set P of all pairs (N, XN), where N<lcG and XN s:;: G-N 
such that 

(i) for every open subgroup U of G containing N, XN - U is a finite set; 
and 

(ii) G = (XN,N). 

Note that these two conditions imply that XN = {xN I x E X N } is a set 
of generators of GIN converging to 1. Clearly P i= 0. Define a partial ordering 
on P by (N,XN) ~ (M,XM) if N ~ M, X N s:;: XM andXM-XN s:;: N. We 
first check that the hypotheses of Zorn's Lemma are met. Let {(Ni' Xi) liE 
I} be a linearly ordered subset of P; put K = niEI Ni and XK = UiEI Xi. 
We claim that (K, XK) E P. Clearly XK s:;: G - K. Observe that for each 
i E I, the natural epimorphism <Pi : G I K ---+ G I Ni sends X K onto Xi. By 
Lemma 2.4.1, XK generates GIK = lim iEIG/Ni. Hence condition (ii) holds. 

+----

Finally, we check condition (i). Let K ~ U <loG; then (see Proposition 2.1.5), 
there is some io E I such that U ~ Nio ' So, XK - U = Xio - U. Therefore, 
X K - U is finite. This proves the claim. One easily verifies that (K, X K ) is 
an upper bound for the chain {(Ni, Xi) liE I}; hence (P,~) is an inductive 
poset. By Zorn's Lemma, there exists a maximal pair (M, X) in P. To finish 
the proof, it suffices to show that M = 1. Assuming otherwise, let U <lo G 
be such that Un M is a proper subgroup of M. Choose a finite subset T 
of M - (U n M) such that M = (T, U n M). Clearly, (U n M, Xu T) E P. 
Furthermore, (M, X) --< (U n M, Xu T). This contradicts the maximality of 
(M, X). Thus M = 1. 0 

Definition 2.4.5 Let G be a profinite group. Define d( G) to be the smallest 
cardinality of a set of generators of G converging to 1. 

We now consider the question of what types of closed subsets X of a 
profinite group G can generate G, as an abstract group. This is obviously the 
case if X = G; we shall see that, in some sense, one can deviate very little 
from this case. Denote by Prn(X) the set of all finite products of the form 
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xtl ... X;l, where Xl, ... , Xn EX. Then we have the following result, which 
is valid in fact for any compact Hausdorff topological group G. 

Lemma 2.4.6 Let G be a projinite group and let X be a closed subset of G 
such that X = X-I and 1 E X. Then G = (X) (generated as an abstract 
group) if and only if G = Prm(X) for some m = 1,2, .... 

Proof. It is plain that if G = Prm(X), then G = (X). Conversely, suppose 
that G = (X). By assumption G = U~=l Prn(X), and clearly each Prn(X) 
is closed. By Proposition 2.3.1, a profinite group cannot be the union of 
countably many closed subsets with empty interior. Hence Prt(X) contains 
a nonempty open set U for some t = 1,2, .... Clearly G = UgEc gUo By 
compactness there exist finitely many gI, ... , gr E G such that G = U:=l giU, 
Since G = (X), there exists some s such that gI, ... ,gr E Prs(X). Put 
m = t + s; then G = Prm(X). 0 

2.5 Finitely Generated Profinite Groups 

A closed subgroup K of a profinite group is called characteristic if cp(K) = K 
for all continuous automorphisms cp of G. 

Proposition 2.5.1 Let G be a jinitely generated projinite group. 

(a) For each natural number n, the number of open subgroups of G of index 
n is jinite. 

(b) The identity element 1 of G has a fundamental system of neighborhoods 
consisting of a countable chain of open characteristic subgroups 

G=V0 2:Vl 2: V22: .. ·· 

Proof. 

(a) If H is an open subgroup of G, the number of conjugates Hg = 
g-l Hg of H in G is finite, since H has finite index in G. Hence the core 
Hc = ngEC Hg of H in G has finite index in G; so Hc is open in G. Conse
quently it suffices to show that G has finitely many open normal subgroups 
N of index m, for a fixed natural number m. But such a group N is the 
kernel of an epimorphism cp : G ~ R, for some finite group R of order m. 
Observe that such cp is completely determined by its values on a given finite 
set of generators of G. Therefore, for a fixed R there are only finitely many 
epimorphisms cpo On the other hand, there are only finitely many groups of 
order m. Thus there are finitely many such N. 

(b) Let n be a natural number. Define Vn to be the intersection of all open 
subgroups of G of index at most n. By (a), Vn is open and characteristic. It 
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is obvious that Vn 2:: Vn+1 for all natural numbers n. These subgroups form a 
fundamental system of neighborhoods of 1 since every open subgroup contains 
some Vn . 0 

A group G is Hopfian if every endomorphism of G which is onto is an iso
morphism. Next we establish an analog of the Hopfian property for profinite 
groups. 

Proposition 2.5.2 Let G be a finitely generated profinite group and let cP : 
G --+ G be a continuous epimorphism. Then cp is an isomorphism. 

Proof We claim that cp is an injection. To see this, it is enough to show that 
Ker(cp) is contained in every open normal subgroup of G. For each natural 
number n denote by Un the set of all open normal subgroups of G of index 
n. By Proposition 2.5.1 Un is finite. Define 

to be the function given by 4J(U) = cp-l(U). Clearly 4J is injective. Since 
Un is finite, 4J is bijective. Let U be an open normal subgroup of Gj then U 
has finite index, say n, in G. Therefore U = cp-l(V) for some open normal 
subgroup V, and thus U 2:: Ker( cp), as desired. Hence cp is an injection. Thus 
cp is a bijection. Since G is compact, it follows that cp is a homeomorphism, 
and so an isomorphism of profinite groups. 0 

Lemma 2.5.3 Let {Gi, CPij, I} be a surjective inverse system of finite groups. 
Define 

iEI 

Then d( G) < 00 if and only if {d( G i ) liE I} is a bounded set; in this case, 
there exists some io E I such that d(G) = d(G j ), for each j 2:: io . 

Proof. Let d( G) = n < 00. Since the projection CPi : G --+ Gi is an epi
morphism (see Proposition 1.1.10), we have that d(G i ) ~ n for each i E I. 
Conversely, assume n < 00 is the least upper bound of {d(Gi ) liE I}j say 
n = d( Gd. For each i E I, let Xi be the set of all n-tuples (Xl. ... , xn) E 
Gi X ... X Gi such that (x!, ... , xn) = Gi . Then clearly {Xi, CPij, I} is in 
a natural wayan inverse system of nonempty sets. By Proposition 1.1.4, 
lim Xi i- 0. Let Y = (Yl. ... , Yn) E lim Xi. It follows from Corollary 1.1.8 
f-- f--

that G = (Yl. ... ,Yn). Finally, it is plain that if j 2:: io, then d(G) = d(G j ). 

o 

Proposition 2.5.4 Let G and H be finitely generated profinite groups and 
let n be a natural number with d( G) ~ n. Let 
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<p : G ----+ H 

be a continuous epimorphism and assume that H = (h1. ... , hn). Then there 
exist 91. ... ,9n E G such that G = (91. ... ,9n) and <P(9i) = hi (i = 1, ... , n). 

Proof 

Case 1. G is finite. 

For h = (h1. ... , hn) E H x ... x H with (hI' ... ' hn) = H, let tG(h) 
denote the number of n-tuples 

g = (91, ... ,9n) E G x ... x G 

such that (91,.·., 9n) = G and <P(9i) = hi for all i. Let g = (91, ... , 9n) E 
G x ... x G be a tuple such that <p(9i) = hi for all i; then any tuple g' = 
(9~, ... ,9~) with <p(9D = hi (i = 1, ... , n) must be in 

Hence 
tG(h) = IKer(<p)ln - LtL(h), 

where the sum is taken over the collection of proper subgroups L of G for 
which <p(L) = H. 

We have to show that tG(h) ~ 1. This is certainly the case for certain 
types of tuples h, for example, take h = <p(g), where g = (91.···, 9n) and 
91, ... ,9n is a set of generators of G. Therefore the result follows if we prove 
the following assertion: tG(h) is independent ofh. Observe that this assertion 
holds if G does not contain any proper subgroup L with <p(L) = H, since in 
this case tG(h) is precisely the total number of n-tuples g E G x ... x G such 
that <p(g) = h, namely IKer(<p)ln. We prove the assertion by induction on 
IGI. Assume that it holds for all epimorphisms L ----+ H such that ILl < IGI. 
Then the above formula shows that tG(h) is independent of h. 

Case 2. G is infinite. 

Let U be the collection of all open normal subgroups of G. For each U E U 
consider the natural epimorphism <Pu : G jU ----+ H j <p(U) induced by <po Then 

<p = lim <Pu. 
+-
UEU 

For h E H, denote by hU its natural image in Hj<p(U). Plainly Hj<p(U) = 
(hf, ... , h~). Let Xu be the set of all n-tuples (Y1. ... , Yn) E G jU x ... x G jU 
such that (Yl, ... 'Yn) = GjU and <P(Yi) = hf (i = 1, ... ,n). By Case 1, 
Xu :f 0. Clearly the collection {Xu I U E U} is an inverse system of sets in 
a natural way. It follows then from Proposition 1.1.4 that there exists some 

(91, ... ,9n) E ~ Xu ~ G x··· x G. 
UEU 
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Then it is immediate that cp(9i) = hi (i = 1, ... , n) and G = (91,··. ,9n). 0 

Finite generation is a property preserved by open subgroups as we show in 
the next proposition (we shall give a more precise result later on in Corollary 
3.6.3). 

Proposition 2.5.5 Let G be a finitely generated profinite group and let U be 
an open subgroup of G. Then U is also finitely generated. 

Proof. Let X be a finite set of generators of G and let T be a right transversal 
of U in G such that 1 E T. Replacing X by Xu X-l if necessary, we may 
assume that X = X-l. If 9 E G, denote by 9 the element of T such that 
U 9 = Ug. Define 

Y = {tX(tX)-l I x EX, t E T}. 

Then Y is a finite set since both X and T are finite sets. We claim that 
(Y) = U. Put H = (Y). Plainly Y ~ U, and so H ::; U. Let h E H; then, 
for t E T and x E X, we have htx = htx(tx)-ltx E HT. Since 1 E HT, this 
shows that X ~ HTX ~ HT, and so Xk ~ HT for k = 0,1,2, .... Hence 
(X) ::; HT, because X = X-l. Since T is finite, HT is closed, so HT = G. 
We deduce that the index of H in G is at most ITI = [G : UJ. Since H ::; U, 
it follows that H = U (see Proposition 2.3.2). 0 

2.6 Generators and Chains of Subgroups 

Let X be a topological space. Define the weight w(X) of X to be the smallest 
cardinal of a base of open sets of X. We denote by p(X) the cardinal of the 
set of all clopen subsets of X. If G is a topological group, its local weight 
Wo (G) is defined as the smallest cardinal of a fundamental system of open 
neighborhoods of 1 in G. When G is an infinite profinite group, it follows 
from Theorem 2.1.3 that wo(G) is the cardinal of any fundamental system 
of neighborhoods of 1 consisting of open subgroups. Note that for a profinite 
group G, wo(G) is finite only if G is finite; and in that case wo(G) = 1. More 
generally, if H is a closed subgroup of G, we define the local weight of G / H 
to be the smallest cardinal of a fundamental system of open neighborhoods 
of a point of G / H. Since for any two points of the quotient space G / H, there 
is a homeomorphism of G / H that maps one of those points to the other, this 
definition is independent of the point used. 

Proposition 2.6.1 

(a) Let X be an infinite profinite space. Then w(X) = p(X). In particular] 
the cardinality of any base of open sets of X consisting of clopen sets is 
p(X). 
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(b) If G is an infinite profinite group, then wo(G) = w(G) = p(G). 

Proof. (a) By Theorem 1.1.12, w(X) ~ p(X). Let U be a base of open sets of 
X such that lUI = w(X). For each clopen set W in X, choose a finite subset 
4i(W) of U such that W is the union of the sets in 4i(W). It follows that 4i 
is an injective function from the set of all clop en subsets to the set of finite 
subsets of U. Hence, w(X) 2:: p(X). 

(b) Let N be a fundamental system of neighborhoods of 1 consisting of 
open normal subgroups. Then {gN I N EN} is a base of open sets of G. The 
cardinality of this base is still wo(G) since each N E N has finite index in 
G. So wo(G) 2:: w(G), and therefore wo(G) = w(G). By part (a), the result 
follows. 0 

Proposition 2.6.2 Let G be an infinite profinite group. 

(a) If X is an infinite closed set of generators of G, then wo(G) = p(X). 

(b) If X is an infinite set of generators of G converging to 1, then IXI = 
wo(G). 

Proof. (a) By Theorem 2.1.3, wo(G) is the cardinal of the set of open normal 
subgroups of G. Observe that an open normal subgroup arises always as the 
kernel of a continuous homomorphism from G onto a finite group. If H is a 
finite group, a continuous homomorphism 

is completely determined by its restriction to X j and a continuous mapping 
from X to H is determined by its values on at most IHI clop en subsets of X. 
Therefore, there are at most p(X) continuous homomorphisms from G to H. 
Since X is infinite and there are count ably many nonisomorphic finite groups, 
it follows that there are at most p(X) continuous homomorphisms from G to 
a finite group. Thus, there exist at most p(X) open normal subgroups in G. 
So wo(G) ~ p(X). On the other hand, p(X) ~ p(G) since X ~ G. Finally, it 
follows from Proposition 2.6.1 that p(G) = wo(G). 

(b) The set X = X U {I} is the one-point compactification of X - {I} 
(see Exercise 2.4.3). Hence a base of open sets of X consists of the subsets of 
X - {I} and the complements in X of the finite subsets of X - {I}. Hence the 
clop en subsets of X are the finite subsets of X - {I} and their complements 
in X. Therefore p(X) = IXI.Thus the result follows from (a). 0 

As a consequence of the above proposition and the definition of d(G) (see 
Definition 2.4.5), one has 

Corollary 2.6.3 Let G be a profinite group. If d( G) is infinite, then d( G) = 
wo(G). 
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Theorem 2.6.4 Let C be a formation of finite groups closed under taking 
normal subgroups. Assume that G is a pro-C group. Let J.I. be an ordinal 
number, and let IJ.l.I denote its cardinal. Then wo(G) ~ IJ.l.I if and only if there 
exists a chain of closed normal subgroups G). of G, indexed by the ordinals 
>'~J.I. 

(3) 

such that 

(a) G).IG).+1 is a group in C; 

(b) if>. is a limit ordinal, then G). = nv<). Gv . 

Moreover, if G is infinite, J.I. and the chain (3) can be chosen in such a 
way that 

(c) wo(GIG).) < wo(G) for>. < J.I.. 

Proof If G is finite, the result is obvious. So, let G be infinite. Assume that 
J.I. is the smallest ordinal whose cardinal is wo(G). Let {U). I >. < J.I.} be a 
fundamental system of open neighborhoods of 1 consisting of open normal 
subgroups of G, indexed by the ordinals less that J.I.. For each >. ~ J.I., let 
G). = nv<). Uv. Then GIG). is pro-C (see Proposition 2.2.1), and clearly (a) 
and (b) hold. To check (c), assume>. < J.l.j observe that 

is a fundamental system of open normal subgroups of GIG).. Therefore, 

Conversely, suppose that there is a chain (3) of closed normal subgroups 
satisfying conditions (a) and (b). We shall show by transfinite induction on 
>. that for each>' :::; J.I., wo(GIG).) :::; 1>'1. This is obviously true if >. = 1. 
Suppose the statement holds for all ordinals v < >.. If >. is a nonlimit ordinal, 
then>. = >.' + 1, for some >.'. Since [G).I : G>.J is finite, there is some V <10 G 
such that G>. = V n G >". By the induction hypothesis there is a collection U' 
of open normal subgroups of G containing G>.I such that {UIG>.I I U E U'} 
is a fundamental system of open neighborhoods of the identity in GIG).I and 
IU'I ~ 1>"1· Let U = {VnU' I U' E U'}. Then nUEU U = G).. Obviously lUI ~ 
1>'1, and it is easily checked that {U IG>. I U E U} is a fundamental system of 
open neighborhoods of the identity in GIG>. (see Proposition 2.1.5)j therefore 
wo(GIG>.) ~ 1>'1. Suppose now that>. is a limit ordinal. By hypothesis, if 
v < >., then there exists a set Uv of open subgroups of G containing Gv such 
that {U IGv I U E Uv } is a fundamental system of open neighborhoods of the 
identity in GIGv and IUvl :::; Ivl· Put u). = Uv<>' Uv . Then nUEu>. U = G).j 
hence, the set U of finite intersections of groups in U). form a fundamental 
system of open neighborhoods of the identity in GIG>. (see Proposition 2.1.5). 
Furthermore, 
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lUI = IU>.I :::; L IUIII :::; IAI, 
11<>' 

since A is infinite. o 

The next result is partly a consequence of the theorem above and partly 
a refinement of it. 

Corollary 2.6.5 Let C be a formation of finite groups closed under taking 
normal subgroups. Assume that G is a pro -C group and let H be a closed 
normal subgroup of G. Then there exists an ordinal number fJ. and a chain of 
closed pro -C subgroups H>. of H 

H = Ho ~ HI ~ ... ? H>. ~ ... ~ HI-' = 1 

indexed by the ordinals A :::; fJ., such that 

(a) H>. <l G and H>.I H>.+I E C, for each A < fJ.i 
(b) Either H>'+1 = H>. or the group H>.+I is a maximal subgroup of H>. with 

respect to property (a) i 

(c) If A is a limit ordinal, then H>. = nll<>' Hili 
(d) If either H or G / H is an infinite group, then 

wo(G) = wo(H) + wo(G/H); 

(e) Assume that H is infinite. Let M be a closed normal subgroup of G con
taining H. If wo(M/H) < wo(G), then wo(M/H>.) < wo(G) whenever 
A < fJ.. 

Proof If H is finite, the result follows from Theorem 2.6.4: using the notation 
of that theorem, denote the (finite!) collection of subgroups {HnG). I A :::; JL} 
of H by {Hb, HL ... , HH, where H = Hb ~ Hf ~ ... H: = 1. Then condition 
(a) holds for this collection; if (b) fails, one can easily add to this collection 
finitely many subgroups so that the new collection satisfies (a) and (b). 

Assume that H is infinite. Let U be the set of all open normal subgroups 
of G. The collection U(H) = {U n H I U E U} is a fundamental system of 
open neighborhoods of 1 in H. The cardinality of this collection is wo(H). 
Let fJ. be the smallest ordinal whose cardinality is IU(H)I. Index the distinct 
elements of U(H) by the ordinals less than fJ., say {U>. I A < fJ.}. For each 
A:::; fJ., let H>. = nll<>' UII • Then H>. is normal in G, and so it is pro-C (see 
Proposition 2.2.1). Clearly (a) and (c) are satisfied. Adding finitely many 
subgroups between H>.+I and H>. if necessary, we may assume that (b) holds. 
Next we prove (d). By Theorem 2.6.4 and the above, there exists a chain 

G = Go ~ G I ~ ... ~ Gil = H = Ho ~ ... ~ HI-' = 1 

of closed normal subgroups of G satisfying conditions (a) and (b) of Theorem 
2.6.4; hence wo(G) :::; wo(H) + wo(G/H). Now, note that 
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{U/H I U E U,U 2:: H} 

is a fundamental system of open neighborhoods of 1 in G / Hand 

{HnUluEu,Uf,H} 

is a fundamental system of open neighborhoods of 1 in H. Hence wo(G) 2:: 
wo(H)+wo(G/H). Thus wo(G) = wo(H)+wo(G/H). Part (e) is proved as in 
the theorem: assume A < J.l.; observe that {UV/HA I v < A} is a fundamental 
system of open normal subgroups of H/HA· Therefore, wo(H/HA) ::; IAI < 
1J.l.1 = wo(G), where if p is an ordinal, then Ipi denotes its cardinality. Thus, 
wo(M/HA)::; wo(M/H) +WO(HA/H) < wo(G). 0 

Corollary 2.6.6 Let C be a formation of finite groups closed under taking 
normal subgroups. Let G be a profinite group and let X be a system of gen
erators converging to 1. Then IXI ::; ~o if and only if G admits a countable 
descending chain of open normal subgroups 

G = Go 2:: G l 2:: ... 2:: Gi 2:: ... 

such that n:o Gi = 1, that is, if and only if the identity element 1 of G 
admits a fundamental system of neighborhoods consisting of a countable chain 
of open subgroups. 

Proof. If IXI is infinite, then the result is a consequence of Proposition 2.6.2 
and Theorem 2.6.4. If IXI is finite this follows from Proposition 2.5.1. 0 

Remark 2.6.7 It is known that a topological group G is metrizable if and 
only if the identity element of G admits a countable fundamental system of 
neighborhoods (cf. Hewitt-Ross [1963]' Theorem 8.3). So, according to the 
corollary above, a profinite group is metrizable if and only if it has a finite 
or a countably infinite set of generators converging to 1. 

2.7 Pro cyclic Groups 

Recall that a pro cyclic group is an inverse limit of finite cyclic groups, or 
equivalently (see Lemma 2.5.3), a pro cyclic group is a profinite group that 
can be generated by one element. As with finite cyclic groups it is very simple 
to classify such groups in terms of their orders. 

Proposition 2.7.1 Let p be a prime number and pn a supernatural number 
(0::; n ::; 00). 

(a) There exists a unique procyclic group C of order pn up to isomorphism; 
namely, ifn < 00, C ~ Z/pnZ, and ifn = 00, C ~ Zp-
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(b) The group Zp has a unique closed subgroup H of index pn. Moreover, 
H = pnzp ~ Zp if n is finite, and H = 1 if n is infinite. 

(c) Every procyclic group of order pn appears as a quotient of Zp in a unique 
way. 

(d) Zp cannot be written as a direct product of nontrivial subgroups. 

Proof. Let C be a pro cyclic group of order poo, and let U and V be open 
subgroups of C with the same indexes; then U /U n V and V/U n V are 
subgroups of the finite cyclic group C /U n V with the same index, and so 
U = V. It follows that for each natural number i, the group C has a unique 
open subgroup Ui of index pi. Therefore, 

This proves (a). The above argument shows that Zp has a unique closed sub
group H of index pn if n is finite; so it must coincide with pnzp. Furthermore, 
in this case #H = poo by Proposition 2.3.2 and therefore H ~ Zp as shown 
in (a). To finish the proof of (b), assume that H is a closed subgroup of Zp 
of index poo. Put Ui = pi Zp (i = 1, 2, ... ). Then, by the definition of index, 
for each i E N there is some j E N such that Uj H ~ Ui ; therefore, 

00 

H = n UiH = 1. 
i=l 

Statement (c) follows from (b). 
To prove (d) observe that if A and B are nontrivial subgroups of Zp, then 

they have finite index and hence so does their intersection. Thus A n B ~ Zp 
according to (a). Therefore Zp '1E A x B. 0 

If G is a pro cyclic group then it is the direct product G TIp Gp of 
its p-Sylow subgroups (see Proposition 2.3.8). Clearly each Gp is a pro-p 
pro cyclic group. In particular, Z = TIp Zp. Conversely, the direct product 
G = TIp H(p) of pro-p procyclic groups H(p), where p runs through different 
primes, is a procyclic group; indeed, if U is an open subgroup of G, then G /U 
is a finite cyclic group. These facts together with the proposition above yield 
the following description for general procyclic groups. 

Theorem 2.7.2 Let n = TIppn(p) be a supernatural number. 

(a) There exists a unique procyclic group C of order n up to isomorphism. 

(b) The group Z has a unique closed subgroup H of index n. Moreover, 

where S = {p I n(p) < oo}. 
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(c) Every procyclic group of order n is a quotient of Z in a unique way. 

2.8 The Frattini Subgroup of a Profinite Group 

Let G be a profinite group. According to Proposition 2.1.4, every closed 
subgroup of G is the intersection of open subgroups; hence a maximal closed 
subgroup of G is necessarily open. Moreover, if G is nontrivial, it always has 
maximal open subgroups. Define the Frattini subgroup p( G) of G to be the 
intersection of all its maximal open subgroups. Observe that, unlike what 
could happen for abstract infinite groups, if G is a nontrivial profinite group, 
then one always has p( G) < G. Plainly p( G) is a characteristic subgroup of 
G, that is, for every continuous automorphism 'rf; of G, 'rf;(p(G)) = p(G). The 
quotient group G/p(G) is called the Frattini quotient of G. 

An element 9 of profinite group G is a nongenerator if it can be omitted 
from every generating set of G, that is, whenever G = (X,g), then G = (X). 

Lemma 2.8.1 The Frattini subgroup p( G) of a projinite group G coincides 
with the set S of all nongenerators of G. 

Proof. Let 9 E S. If H is a maximal open subgroup of G and g f/. H, then 
G = (H, g) but G =f. H; this is a contradiction since 9 is a nongenerator. Thus 
there is no such maximal subgroup H, and so g E p( G). 

Now, let 9 E p(G); we must show that 9 E S. Assume on the contrary 
that 9 f/. S, that is, assume that there exists a subset X of G such that 
G = (X,g), but G =f. (X). Observe that 

(X,g) = ((X),g). 

Since (X) is the intersection of the open subgroups of G containing (X) 
(see Proposition 2.1.4), there exists an open subgroup H of G maximal with 
respect to the properties of containing (X) and not containing g. Remark that 
H is in fact a maximal open subgroup of G; indeed, if H < K ~o G, then 
K ~ (X,g) and so K = G. Since 9 f/. H, we have 9 f/. p(G), a contradiction. 
Therefore, 9 E S as needed. 0 

Proposition 2.8.2 

(a) Let G be a projinite group. If N <lc G and N ~ p(G), then p(G/N) = 
p(G)/N. 

(b) If p : G ~ H is an epimorphism of projinite groups, then p(p(G)) ~ 
P(H). 

(c) If {Gi ,4'ij,!} is a surjective inverse system of projinite groups over the 
directed indexing set I, then 
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Proof. Part (a) follows immediately from the definition. Part (b) is clear since 
p-l(M) is a maximal subgroup of G whenever M is a maximal subgroup of 
H. 

(c) Put G = lim iE1Gi , and note that the canonical projection 
+--

is an epimorphism (see Proposition 1.1.10). By (b), <Pi(P(G)) ~ p(Gi ), for 
every i E I. Hence 

Consider now an element 

iEI iEI 

x = (Xi) E lim p(Gi ), 
+-
iEI 

and suppose X rt p( G). Then there is a maximal open subgroup M of G 
with x rt M. Hence, Xi rt <Pi(M) for some i E I. Since <pi(M) is a maximal 
subgroup of Gi , one has that Xi rt p(Gi ), a contradiction. Therefore X E p(G), 
and so 

iEI 

Corollary 2.8.3 If G is a profinite group, then 

Gjp(G) = lim (GjU)jp(GjU), 
+-

u 

where U runs through the open normal subgroups of G. 

Proof. Consider the short exact sequence 

1 ~ p(GjU) ~ GjU ~ (GjU)jp(GjU) ~ 1, 

apply (the exact functor) ~, and use Proposition 2.8.2. 

Corollary 2.8.4 If G is a profinite group, then p( G) is pronilpotent. 

o 

o 

Proof. This follows from Proposition 2.8.2 and the corresponding result for 
finite groups (cf. Hall [1959], Theorem 10.4.2). 0 
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Corollary 2.8.5 Let G be a profinite group, H :Sc G and Y ~ p(G). Assume 
that G = (H, V). Then G = H. In particular, if HP(G) = G, then H = G. 

Proof. Express G as 

G = lim GjU, 
~ 

u 

where U runs through the open normal subgroups of G. By Proposition 2.8.2, 
YUjU ~ p(GjU). Then, using Lemma 2.8.1, 

G = lJ!E. (HU jU, YU jU) = lJ!E. HU jU = H. 
u u 

o 

Lemma 2.8.6 Let G be a finitely generated profinite group. Then d( G) = 
d(Gjp(G)). 

Proof Obviously d(G) ~ d(Gjp(G)). Consider the canonical epimorphism 
'IjJ : G ~ Gjp(G). Let X ~ G be such that 'IjJ(X) is a minimal set of 
generators of Gjp(G). Then G = (X,p(G)) = (X)p(G) = (X) by Corollary 
2.8.5; so d(Gjp(G)) ~ d(G). 0 

For a pro-p group G the properties of its Frattini subgroup are particularly 
useful. We begin with the following lemma. As usual, if H, K are subgroups 
of a group G, we denote by [H, K] the subgroup of G generated by the 
commutators [h,k) = h-1k-1hk (h E H,k E K). 

Lemma 2.8.7 Let p be a prime number and let G be a pro-p group. 

(a) Every maximal closed subgroup M of G has index p. 

(b) The Frattini quotient Gjp(G) is a p-elementary abelian profinite group, 
and hence a vector space over the field F p with p elements. 

(c) p(G) = GP[G,G], where GP = {xP I x E G} and [G,G] denotes the 
commutator subgroup of G. 

Proof 

(a) Let MG = ngEG Mg be the core of Min G. Then MjMG is a maximal 
subgroup of the finite p-group GjMG and so normal ofindexp (cf. Hall [1959]' 
Theorem 4.3.2). Deduce that M is normal of index pin G. 

(b) 

Gjp(G) = Gjn M ~ II GjM, 

where M runs through the closed maximal subgroups of G. By (a) GjM ~ 
ZjpZ for each M, so the result follows. 
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(c) Put Go = GP[G,Gj. Since the Frattini quotient GjifJ(G) is elementary 
abelian, one has ifJ(G) :::: Go. To see that these two groups are in fact the 
same, consider an element x ~ Go. By compactness of Go there exists an open 
normal subgroup U of G such that xUnGoU = 0; then (GjU)j(GoUjU) is a 
finite abelian group of exponent p, and the image x of x in (G jU) j (GoU jU) is 
nontrivial. Since (G jU) j (GoU jU) is a finite direct sum ofthe form ffi ZjpZ, 
there is a maximal subgroup of (GjU)j(GoU jU) missing x. Hence there exists 
a maximal open subgroup of G missing x, and thus x ~ ifJ(G). 0 

Corollary 2.8.8 Let p be a prime number and 'IjJ : G1 -4 G2 a continuous 
homomorphism of pro-p groups. Then 

(a) 'IjJ(ifJ(Gd) :::; ifJ(G2 ). In particular, ifG1 :::; G2 , then ifJ(Gd:::; ifJ(G2 ); 

(b) If'IjJ is an epimorphism, then 'IjJ(ifJ(G1)) = ifJ(G2 ). In this case, 'IjJ induces 
a continuous epimorphism if; : GI/ifJ(G1) -4 G2 jifJ(G2 ). 

Proof. This follows immediately from Lemma 2.8.7(c). o 

We remark that if G1 :::; G2 are profinite groups, then it is not necessarily 
true that ifJ(G1) :::; ifJ(G2 ). For example, let G2 a finite nonabelian simple 
group and G1 a nonelementary abelian p-Sylow subgroup. 

Proposition 2.8.9 Let p be a prime number and let G be a pro-p group. 
Consider a family {Hi liE I} of closed subgroups of G filtered from below. 
Let H = niEI Hi' Then ifJ(H) = niEI ifJ(Hi)' 

Proof. By Corollary 2.8.8 ifJ(H) :::; ifJ(Hi) for each i E I; hence ifJ(H) :::; 
niEI ifJ(Hi)' To prove the opposite containment, let x E n iE1 ifJ(Hi)' Consider 
a maximal open normal subgroup U of H and denote by cp : H -4 HjU the 
canonical epimorphism. We must show that cp(x) = 1. Choose N <10 G so that 
N n H ::; U. Then there exists some Hk with Hk :::; N H (see Proposition 
2.1.5). Denote by 'IjJ the composition of natural maps 

Hk ~ NH -4 NHjN s=: HjN n H -4 HjU. 

Clearly cp is the restriction of 'IjJ to H. By Corollary 2.8.8, 'IjJ(x) = 1 since 
x E ifJ(Hk) and ifJ(HjU) = 1; therefore, cp(x) = 1. 0 

For a pro-p group G there is a very useful way of characterizing when G 
is finitely generated in terms of its Frattini subgroup. 

Proposition 2.8.10 Let p be a prime number. A pro-p group G is finitely 
generated if and only if ifJ( G) is an open subgroup of G. 

Proof. A maximal closed subgroup of a pro-p group G has index p (see Lemma 
2.8.7). Therefore if G is finitely generated, it has only finitely many maximal 
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closed subgroups (see Proposition 2.5.1). Hence their intersection has finite 
index, and so p( G) is open. Conversely, assume that 4>( G) is open. Then 
G/p(G) is a finite group; so there exists a finite subset X of G such that its 
image in G/p(G) generates this group, that is, G = (X)p(G). We deduce 
from Corollary 2.8.5 that G = (X). 0 

In contrast with this result, remark that Z is procyclic, but its Frattini 
subgroup p(Z) = TIp pZp has infinite index. However, if the order of an 
abelian group G involves only a finite number of prime numbers, the analog 
to Proposition 2.8.10 still holds. More generally, one has the following result. 
Recall that a finite group G is supersolvable if it admits a finite series G = 
Co 2: G1 2: ... 2: Gn = 1 such that Gi <l G and Gi/Gi+l is cyclic, for all i. 

Proposition 2.8.11 Let G be a prosupersolvable group whose order is divis
ible by only finitely many primes. Then G is finitely generated if and only if 
p( G) is open in G. 

Proof. If 4>( G) is open, then G /p( G) is a finite group. So G = X p( G) for some 
finite subset X of G. Hence G = (X). Conversely, assume that G is finitely 
generated. It is known (cf. Hall [1959]' Corollary 10.5.1) that the maximal 
subgroups of a finite supersolvable group are of prime index. It follows that 
the maximal open subgroups of the prosupersolvable group G have prime 
index as well. Since #G involves only finitely many primes, then the number 
of maximal open subgroups of G is finite. Hence their intersection p( G) is 
also open. 0 

Using this one can deduce the following proposition (d. Oltikar-Ribes 
[1978] for a detailed proof). 

Proposition 2.8.12 Let G be a finitely generated prosupersolvable group. 
Then every p-Sylow subgroup of G is finitely generated. 

For a profinite group G define pl(G) = p(G) and inductively pn+l(G) = 
p(pn(G)) for n = 1,2, .... The series 

G 2: p( G) 2: p2 (G) 2: ... 

is called the Frattini series. Clearly if pn(G) =J 1, [pn(G) : pn+1(G)] > 1; 
hence if G is a finite group, its Frattini series leads to 1 in a finite number of 
steps, that is, pn (G) = 1 for some n. 

Proposition 2.8.13 Let p be a prime number and G a finitely generated 
pro-p group. Then the Frattini series of G constitutes a fundamental system 
of open neighborhoods of 1 in G. 
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Proof. By Proposition 2.8.10 iJj(G) is open and hence finitely generated (see 
Proposition 2.5.5). We deduce inductively that each of the subgroups iJjn(G) 
is open and finitely generated. To complete the proof we must show that 
if U is an open normal subgroup of G, then U contains iJjn(G) for some n. 
Now, since GjU is a finite p-group, iJjn(GjU) = 1 for some n; finally observe 
that iJjn(GjU) = iJjn(G)UjU, as can be easily seen from Lemma 2.8.7 and 
induction on n. Thus iJjn(G) ~ U. 0 

Exercise 2.8.14 Let p be a prime number and G a pro-p group. Put 

P1(G) = G and Pn+1(G) = Pn(G)p[G,Pn(G)] for n = 1,2, ... 

Then 

(a) For K <Ie G, Pn(GjK) = Pn(G)KjK, (n = 1,2, ... ); 

(b) Pn (G) j Pn+1 (G) is an elementary abelian p-group; 

(c) [Pn(G) , Pm (G)] ~ Pn+m(G) for all natural numbers n, m; 

(d) The series 
G = P1(G) ~ P2(G) ~ ... ~ Pn(G) ~ ... 

is a central series, that is, Pn (G) j Pn+1 (G) is in the center of G j Pn+1 (G) 
for all n ~ 1 (this series is called the lower p-centml series of G); 

(e) Assume that G is in addition finitely generated as a pro-p group. Then 
the subgroups Pn(G) (n = 1,2, ... ) form a fundamental system of open 
neighborhoods of 1 in G. 

Lemma 2.8.15 Let cp : G ~ H be a continuous epimorphism of pro finite 
groups. Then there exists a minimal closed subgroup K of G such that cp( K) = 
H . Moreover, if 1jJ denotes the restriction of <p to K, then Ker( 1jJ) ~ iJj( K). 

Proof. We use Zorn's Lemma. Consider the collection £ of all closed subgroups 
L of G with cp(L) = H; certainly £ f= 0. Order £ by reversed inclusion. 
Consider a chain {Li liE I} in £ , that is, if i, j E I then either Li ~ L j 

or Li ~ L j . We must show the existence of some L E £ such that L ~ Li 
for all I E I. Define L = niEI L i . To see that L E £, we have to show that 
cp(L) = H, or equivalently, if h E H we need to prove that cp-l(h) n L f= 
0. Now, by assumption cp-l(h) n (njEJ L j ) f= 0, for any finite subset J 
of I. Then, by the finite intersection property of compact spaces, we have 
cp-l(h) n L = nJ~/I(cp-l(h) n (njEJ L j )) f= 0, as desired. Therefore the 
poset £ is inductive. The existence of K follows by Zorn's Lemma. 

Consider now a maximal closed subgroup M of K. If Ker(1jJ) i M, then 
MKer(1jJ) = K and so cp(M) = H, contradicting the minimality of K. Thus 
Ker(1jJ) ~ M for all maximal closed subgroups M of K, that is, Ker(1jJ) ~ 
iJj(K). 0 
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A continuous epimorphism 1jJ : K ~ H of profinite groups satisfying the 
conclusion of the lemma above (Le., such that Ker(1jJ) ~ 4>(K)) is called a 
Frattini cover of H. 

Proposition 2.8.16 Let p be a prime number and A = III ZjpZ a direct 
product of copies of ZjpZ. Then every closed subgroup B of A has a direct 
complement C, that is, C is a closed subgroup of A such that A = B x C. 

Proof. Consider the canonical epimorphism cp : G ~ GjB. By Lemma 
2.8.15, there exists a closed subgroup C of G such that cp(C) = GjB (that is, 
G= BC) and B n C ~ 4>(C). Since pC = 0, 4>(C) = o. Therefore, B n C = o. 
Thus A = B x C. 0 

2.9 Pontryagin Duality for Profinite Groups 

Let X, Y be topological spaces. We begin with a definition for the compact
open topology on the space of all continuous functions C(X, Y) from X to 
Y. For each compact subset K of X and each open subset U of Y, set 

B(K, U) = {J E C(X, Y) I f(K) ~ U}. 

Then the collection of all subsets of the form B(K, U) form a subbase for a 
topology on C(X, Y); this topology is called the compact-open topology on 
C(X, Y). If L is a subset of C(X, Y), this topology induces on L a topology 
which is called the compact-open topology on L. (For general properties of 
the compact-open topology see, e.g., Bourbaki [1989], Section X.3.4].) 

Denote by T the quotient group T = RjZ of the additive group of real 
numbers. Clearly T is isomorphic to the circle group, {e211"ix I x E R} con
sisting of all complex numbers of modulus 1. The dual group G* of a locally 
compact abelian topological group G is defined to be the group 

G* = Hom(G, T) 

of all continuous homomorphisms from G to T, endowed with the compact
open topology. It turns out that this topology makes G* into a locally compact 
topological group. Denote by G** the double dual of G, that is, 

G** = Hom(G*, T) = Hom(Hom(G, T), T). 

Given a group G, define a mapping 

ClO :G~G** 

by ClO(g) = g', where g' : G* ~ T is the map given by g'(J) = f(g) 
(J E G*). It is easy to check that ClO is a "natural" homomorphism, that is, 
it is a homomorphism, and whenever cp : G ~ H is a group homomorphism 
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and rp** : G** ~ H** the corresponding homomorphism of double duals, 
then the diagram 

G~G** 

~! !~ .. 
H ---o:;r H* * 

commutes (in the language of categories, this says that Q; is a morphism from 
the identity functor on the category of groups to the double dual functor 
Hom(Hom( -, T), T)). 

The celebrated Pontryagin-van Kampen duality theorem establishes that 
if G is a locally compact abelian group, then Q;c is an isomorphism of topolog
ical groups. A complete proof of this theorem requires considerable machinery 
and it is quite long. Proofs can be found for example in Hewitt-Ross [1963], 
Morris [1977], Dikrajan-Prodanov-Stoyanov [1990]. 

The purpose of this section is to give a simple proof of Pontryagin-van 
Kampen's theorem in the especial case when G is profinite abelian or discrete 
torsion abelian. In order to do this we need first some lemmas. 

Proposition 2.9.1 

(a) Every proper closed subgroup of T is finite. 

(b) If G is compact, then G* is discrete; and if G is discrete, then G* is 
compact. 

Proof. Let rp : R ~ T = R/Z denote the canonical epimorphism. 

(a) It is well-known (and easy to prove) that every proper nondiscrete 
closed subgroup of the group R of real numbers is dense. Let A be a proper 
closed subgroup of T. Then rp-l(A) is a proper closed subgroup of R. Note 
that rp-l(A) is not dense in R, for otherwise A would not be proper. Hence 
rp-l(A) is a discrete subgroup. Since rp is an open map, it follows that A is 
discrete. On the other hand, A is compact and thus finite. 

(b) Assume that G is compact. Consider the open subset 

U = rp(-1/3, 1/3) 

of T = R/Z. It is easy to see that the only subgroup of T contained in U 
is the trivial group {o}. Hence the subbasic open set B(G, U) of G* consists 
only of the zero map {o}. Thus G* is discrete. 

Assume now that G is discrete. Then the compact subsets of G are pre
cisely the finite subsets. Hence the compact-open topology on G* coincides 
with the topology induced on G* from the direct product TIc T = T C with 
the usual product topology. We claim that G* is a closed subset of TIc T. 
Indeed, suppose that f E (TIc T) - G*; then f : G ~ T is not a homo
morphism. Therefore there exists x, x' E G with f(xx') =I- f(x) + f(x'). 
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Choose disjoint open subsets U and V of T such that f(xx') E U and 
f(x) + f(x') E V. Next choose neighborhoods Wand W' of f(x) and f(x') 
respectively, such that a + a' E V whenever a E Wand a' E W'. Con
sider the open set H of TG consisting of all maps h : G ---+ T such that 
h(xx') E U, h(x) E Wand h(x') E W'. Then H is a neighborhood of f in 
TG such that H n G* = 0. This proves the claim. Then the compactness of 
TG implies that G* is compact. 0 

Lemma 2.9.2 Let G be a pro finite group and f : G ---+ T a continuous 
homomorphism into the circle group T = RjZ. Then 

(a) f(G) is a finite subgroup of Tj and 

(b) f factors through the inclusion QjZ '-+ T, that is, f(G) < QjZ. 

Proof. Since T is connected and f(G) totally disconnected, then T 1= f(G). 
Hence f(G) is finite (see Proposition 2.9.1{a)). Further, observe that the only 
torsion elements of T are those in QjZj so f{G) < QjZ. 0 

Lemma 2.9.3 

(a) Let {Gi , 'Pij, I} be a surjective inverse system of pro finite groups over a 
directed poset I and let G = lim iE1Gi be its inverse limit. Then there 

+---

exists an isomorphism 

G* = Hom( lim Gi , T) ~ lim Hom(Gi , T) = lim G:. 
+--- ---+ ---+ • 
iEI iEI iEI 

(b) Let {Ai, 'Pij, I} be a direct system of discrete torsion abelian groups over 
a directed poset I and let A = lim iEI Ai be its direct limit. Assume that 

---+ 

the canonical homomorphisms 'Pi : Ai ---+ A are inclusion maps. Then 
there exists an isomorphism of profinite groups 

A* = Hom( lim Ai, T) ~ lim Hom{Ai, T) = lim A:. ---+ +--- +--- • 
iEI iel iEI 

Proof· 

(a) Let 'Pi : G ---+ Gi denote the projection of G onto Gi (i E I). Let 
f : G ---+ T be a continuous homomorphismj then f( G) is a finite group by 
Lemma 2.9.2. Hence f factors through 'Pj for some j E I (see Lemma 1.1.16), 
that is, there exists a homomorphism f; : Gj ---+ T such that f = f;'Pj. 
Define 

ijj : G* ---+ lim G: 
---+ 
iEI 
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by ~(f) = h, where Ij is the element of !!s iE/G: represented by k This is 

well-defined, for if f factors also through Gk, say f = fkCPk, one easily checks 
that Ij = A. Plainly ~ is an onto homomorphism. It is also a monomorphism, 
for if ~(f) = Ij = 0, then f = frCPr = 0 for some r 2:: j (see Proposition 
1.2.4). 

(b) Denote by CPi : Ai ---+ A the canonical homomorphism. Let 

f : A = lim iE/Ai ---+ T 
---+ 

be a homomorphism. Denote by /j the composition 

A-~ALT J 

(j E I). Then (/j) E !!s iE/Hom(Ai , T). The map 

I/F : A* ---+ lim A:. 
+--
iEI 

given by f ~ (/j) is obviously an isomorphism of abstract groups. To see 
that I/F is a topological isomorphism, it suffices to show that it is a continuous 
map, because the groups A* and 1!!!! iE/A: are compact. Denote by 

Pj : 1!!!! A: ---+ Aj 
iEI 

the canonical projection (j E I). Then I/F is continuous if and only if Pjl/F is 
continuous for each j E I. Consider a subbasic open set B(K, U) of Aj, where 
K is a compact subset of Aj (hence finite) and where U is an open subset of 
T. We must show that (Pjl/F)-l(B(K, U)) is open in A*. Now, pjl(B(K, U)) 
consists of all (Ii) E ~ iE/A: such that /j E B(K, U). Identify K with 

its image in Aj (::; A). Then (pj l/F)-l(B(K, U)) consists of all continuous 
homomorphisms f : A ---+ T such that f(K) ~ U, that is, (pj l/F)-l(B(K, U)) 
is a subbasic open set of A*. 0 

To prove the following lemma one can use a slight variation of the above 
arguments. We leave the details to the reader. 

Lemma 2.9.4 

(a) Let {Gi liE I} be a collection of profinite groups. Then 

(II Gi )* 9:! E9 G:. 
iE/ iE/ 

(b) Let {Ai liE I} be a collection of discrete torsion groups. Then 
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(EBAi )* ~ II A;. 
iEI iEI 

Example 2.9.5 

(1) If G is a finite abelian group, then G* ~ G. To see this we may assume 
by Lemma 2.9.4 that G is cyclic. Say G is generated by x and the order of x 
is t. Let Rt be the unique subgroup of T consisting of the t-th roots of unity. 
Then Rt ~ G and Hom(G, T) = Hom(G,Rt) ~ G. 

(2) Z; ~ Cpoo and C;oo ~ Zp. Indeed, these two statements follow from 
the example above and Lemma 2.9.3. 

(3) Z* ~ Q/Z and (Q/Z)* ~ Z. To see this note that Z ~ TIp Zp and 
Q/Z ~ EBp Cpoo, and apply Lemma 2.9.4. 

Theorem 2.9.6 (Pontryagin Duality for Profinite Groups) 

(a) If G is either a profinite abelian group or a discrete abelian torsion group, 
then 

G* = Hom(G, T) ~ Hom(G, Q/Z). 

(b) The dual of a profinite abelian group is a discrete abelian torsion group, 
and the dual of a discrete abelian torsion group is a profinite abelian group. 

(c) Let G be either a profinite abelian group or a discrete abelian torsion 
group. Then the homomorphism 

GoG: G -4 G** 

is an isomorphism. 

Proof. Part (a) is essentially the content of Lemma 2.9.2. Part (b) follows 
from Lemma 2.9.2 and Proposition 2.9.1. To prove part (c), note first that 
the result is obvious for finite cyclic groups. If G1 and G2 are groups, one 
easily checks that aGl XG2 = aGl x aG2 • Since a finite abelian group is a 
direct product of cyclic groups, the result is valid for finite abelian groups. 

Consider now a profinite abelian group G and express it as 

G = lim Gi , 
+---
iEI 

where {G i , CPij,!} is a projective system of finite abelian groups. For each 
i E I we have a commutative diagram 
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Using Lemma 2.9.3, one deduces that 

aa = lim aa·. 
f-- ' 
iE] 

Since each aai is an isomorphism, so is aa. 
If, on the other hand, G is a discrete torsion abelian group, then G is the 

union of its finite subgroups, that is, 

G = lim Gi , 
--+ 
iE! 

where each Gi is a finite abelian subgroup of G. Then 

G* = Hom(G, T) ~ lim Hom(Gi , T). 
f-
iEi 

So, using again Lemma 2.9.3, 

G** = lim G** 
--+ l 

iEI 

and aa = lim iElaai; thus aa is an isomorphism since each aai is an 
--+ 

isomorphism. o 

Next we give some applications ofthis theorem that will be needed later. 

Lemma 2.9.7 Let G be a discrete torsion abelian group (respectively, profi
nite abelian group) , H a subgroup (respectively, a closed subgroup) olG, and 
9 E G - H. Then there exists a homomorphism (respectively, a continuous 
homomorphism) I: G --+ Q/Z such that I(H) = 0 and I(g) i= o. 

Proof. Replacing G by G / H if necessary, we may assume that H = 0, and we 
must show the existence of a (continuous) homomorphism I with I(g) i= o. 
If G is a discrete torsion abelian group, 9 has finite order; so there is a 
monomorphism (g) '--+ Q/Z. Since Q/Z is an injective abelian group (cf. 
FUchs [1970], page 99), this monomorphism can be extended to a homo
morphism G --+ Q/Z. If G is an abelian profinite group, consider a finite 
quotient Gi of G such that the image gi of 9 in Gi is not trivial; then it 
suffices to construct a homomorphism Ii : Gi --+ Q/Z with Ii(gi) i= O. This 
follows again from the injectivity of Q/Z. 0 

If G is a discrete torsion (respectively, profinite) abelian group and H is 
a subgroup (respectively, closed subgroup) of G, denote by Anna.(H) the 
annihilator of H in G* , that is, 

Anna. (H) = {J E G* I I(h) = 0 Vh E H}. 

As an immediate consequence of the lemma above we have 
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Corollary 2.9.8 Let G be a discrete torsion (respectively, projinite) abelian 
group and H is a subgroup (respectively, a closed subgroup) of G. Then 

H= n Ker(l). 
JEAnno> (H) 

Proposition 2.9.9 Let G be a discrete torsion (respectively, projinite) abelian 
group and H is a subgroup (respectively, closed subgroup) ofG. Then (Xc sends 
H to Annc> > (Annc> (H)) isomorphically. Equivalently, if we identify G with 
G** via the topological isomorphism (Xc, then 

{g E G I f(g) = 0 Vf E Annc>(H)} = H 

Proof. For 9 E G put g' = (Xc(g). Then 

Annc> > (Annc> (H)) = 

{g' E G** I g'(I) = 0 Vf E Annc·(H)} = 

{g' E G** I f(g) = 0 Vf E Annc>(H)} = 

{h' E G** I hE H} = (Xc(H), 

where the penultimate equality follows from Corollary 2.9.8. o 

Proposition 2.9.10 Let G be a discrete torsion (respectively, projinite) 
abelian group and let HI and H2 be subgroups (respectively, closed subgroups) 
ofG. Then 

(a) Annc> (HIH2) = Annc- (HI) n Annc- (H2); 

(b) Annc> (HI n H2) = Annc> (HI)Annc-(H2). 

Proof. Statement (a) is plain. According to Corollary 2.9.8, part (b) will 
follow if we can prove that 

Using part (a), Proposition 2.9.9 and the fact that (Xc is an isomorphism (the 
duality theorem), we have 

Annc--(Annc-(HI)Annc-(H2)) = 

Annc--(Annc> (HI)) n Annc>-(Annc-(H2)) = 

(Xc(HI) n (Xc(H2) = (Xc(HI n H2) = Annc-- (Annc. (HI n H2)), 

as needed. 

Let G be a group and n a natural number. Put 

o 
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Gn = {xn I X E G} 

and 
G[n] = {x E G I xn = I}. 

Observe that if G is abelian, then both Gn and G[n] are subgroups of G. 
If G is a pro finite abelian group, then both Gn and G[n] are closed subgroups 
ofG. 

Lemma 2.9.11 Let G be an abelian group which is either projinite or dis
crete. Fix a natural number n. Then 

(a) Annc.(Gn) = (G*)[n]; 

(b) Annc.(G[n]) = (G*)n. 

Proof 

(a) Annc·(Gn) = {f E G* I f(xn) = O,Vx E G} = {f E G* I (nf)(x) = 
0, Vx E G} = {f E G* I nf = O} = (G*)[n] 

(b) By Proposition 2.9.9 and part (a), we have (after identifying G and 
G**) 

(G*t = Annc. (Annc •• ((G*)n)) = Annc·(G**[n]) = Annc·(G[n]). 

o 

Recall that an abelian group G is divisible if for every natural number 
n and for every element x E G, there exists some element y E G such that 
yn = X. 

Theorem 2.9.12 Let G be an abelian group which is either discrete or proji
nite. Then G is divisible if and only if G* is torsion-free. 

Proof Assume that G is divisible. Then G = Gn for every natural number 
n. By Lemma 2.9.11, 

0= Annc.(G) = Annc_(Gn) = (G*)[n] 

for every natural number n. Therefore G* is torsion-free. 
To show the converse it suffices to prove, by Theorem 2.9.6, that if G is 

torsion-free, then G* is divisible. Assume that G is torsion-free. Then G[n] = 

1 for every natural number n 2: 2. Hence Annc- (G[n]) = G* for all n 2: 2. 
Therefore, by Lemma 2.9.11, 

(G*)n = G* 

for all n 2: O. Thus G* is divisible. o 
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2.10 Pullbacks and Pushouts 

In this section we establish the concepts of pullback and pushout diagrams. 
We do this only for profinite groups and we leave to the reader the devel
opment of the analogous constructions for other categories, like modules, 
graphs, etc. For a more general treatment of these concepts in a category, see 
for example Mac Lane [1971J. 

A commutative square diagram 

(4) 

of profinite groups and continuous homomorphisms is called a pullback dia
gram or a pullback of (31 and (32 if the following universal property is satisfied: 

whenever K is a profinite group and <Pi : K ~ Hi (i = 1,2) are contin
uous homomorphisms such that (31 <P1 = (32<P2, then there exists a unique 
continuous homomorphism <P: K ~ G such that a1<P = <P1 and a2<P = <P2. 

We say that <P is the canonical homomorphism determined by <P1 and <P2. 
Given two continuous homomorphisms of profinite groups (3i : Hi ~ H, 
there exists a (essentially unique) pullback of (31 and (32. Indeed, define 

and let Ii : P ~ Hi be given by Ii (hI, h2 ) = hi (i = 1,2). Then 

is a pullback diagram, as one easily checks. It is unique in the sense that if (4) 
is also a pullback of (31 and (32, then there exists a continuous homomorphism 

a:G~P 
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such that "tiC" = ai (i = 1,2); namely a is given a(g) = (al(g),a2(g)); 
moreover, one verifies with no difficulty that a is an isomorphism. 

Exercise 2.10.1 Let U, V be closed normal subgroups of a profinite group 
G. Then the commutative square of natural epimorphisms 

G/Unv---.G/U 

! ! 
G/V .. G/UV 

is a pullback diagram. 

Lemma 2.10.2 Assume that (4) is a pullback diagram of profinite groups. 
Let A be a profinite group and let 'Pi : A ---4 Hi (i = 1,2) be continuous 
epimorphisms such that {31 'PI = (32'P2 and Ker({31 'PI) = Ker( 'PI)Ker( 'P2)' 
Then the canonical homomorphism 'P : A ---4 G determined by 'PI and 'P2 is 
an epimorphism. 

Proof As pointed out above, G can be identified with 

and al and a2 with the natural projections. Note that in this case, 'P(a) = 
('PI (a), 'P2(a)), for all a E A. Since al'P = 'PI is onto, to prove that 'P is 
an epimorphism, it suffices to show that Ker(al) ~ 'P(A); in fact we shall 
show that Ker({3lad ~ 'P(A). Let (hI, h2) E Ker({3lad. We infer that hi E 

Ker({3i) (i = 1,2). Let a E A with 'PI(a) = hI. Then a E Ker({3I'PI) = 

Ker('PdKer('P2)' Hence a = klk2' where ki E Ker('Pi) (i = 1,2). Therefore, 
hI = 'Pl(k2). Similarly, h2 = 'P2(It) for some It E Ker('PI). Thus, 'P(Itk2) = 
(hI, h2)· Thus 'P is onto. 0 

The dual concept of pullback is that of pushout. Specifically, a commuta
tive square diagram 

of profinite groups and continuous homomorphisms is called a pushout dia
gram or a pushout of {31 and {32 if the following universal property is satisfied: 



70 2 Profinite Groups 

whenever K is a profinite group and 'Pi : Hi ---+ K (i = 1,2) are contin
uous homomorphisms such that 'PI(31 = 'P2(32, then there exists a unique 
continuous homomorphism 'P : G ---+ K such that 'Pal = 'PI and 'Pa2 = 'P2. 

The existence of pushout diagrams of profinite groups will be established 
in Chapter 9. 

2.11 Profinite Groups as Galois Groups 

In this section we show that profinite groups are precisely those groups that 
are Galois groups of (finite or infinite) Galois extensions of fields, with an 
appropriate topology. Historically, this is the original motivation for the study 
of profinite groups and Galois theory remains the main area of applications 
of results in profinite groups. 

Let KIF be an algebraic, normal and separable extension of fields, that 
is, a Galois extension. Consider the collection JC = {Ki liE I} of all interme
diate subfields F ~ Ki ~ K such that each Kif F is a finite Galois extension. 
Then 

Let G = GK / F and Ui = GK / Ki denote the Galois groups of KIF and KIKi 
(i E 1), respectively. Using elementary results in Galois theory, one sees that 

1) Ui<JG, and GIUi ~ GKi / F is finite for every i E Ij 
2) If i,j E I, then there exists some k E I such that Uk ~ Ui n Ujj and 
3) niE1 Ui = {I}. 

Then there is a unique topology on G, compatible with the group struc
ture of G, for which the collection {Ui liE I} is a fundamental system of 
neighborhoods of the identity element 1 of G (cf. Bourbaki [1989], Ch. III, 
Proposition 1). This topology is called the Krull topology of the Galois group 
G = GK / F . Note that if the Galois extension KIF is finite, then the Krull 
topology on G = GK / F is the discrete topology. 
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Theorem 2.11.1 The Galois group G = GK / F , endowed with the Krull 
topology, is a profinite group. Moreover, 

G K / F = ~ GK;jF. 
iEI 

Proof For each i E I, consider the finite Galois group Gi = GK;jF. Observe 
that, with the above notation, Gi ~ G lUi. Define a partial order relation ~ 
on the set I as follows. Let i,j E I; then 

i ~ j if Ki ~ K j , or equivalently if Ui = G K / Ki ~ Uj = G K / K;. Plainly 
(I,~) is a poset. In fact it is a directed poset. Indeed, if Ki , K j E IC, then 
there exist polynomials fi(X), h(X) E F[X] such that Ki and Kj are the 
splitting fields contained in K of fi(X) and h(X) over F, respectively. Let 
L be the splitting field over F of the polynomial fi(X)fj(X), with L ~ K. 
Then L E IC. Say L = Kt for some tEl. Then by definition t t i,j. 

If i ~ j, define 

CPji : Gj = GK;/F ---+ Gi = G Ki / F 

by restriction, that is, CPji(U) = UIKi , where U E GK;/F. Observe that CPji 

is well-defined, because U(Ki) = Ki since Kil F is a normal extension. We 
obtain in this manner an inverse system {G i , CPij, I} of finite Galois groups. 
Consider the homomorphism 

iP: G = GK / F ---+ ~ Gi ~ II Gi 

iEI iEI 

defined by 

We shall show that tP is an isomorphism of topological groups. It is a 
monomorphism since Ker(iP) = niE1 GKi / F = 1. The homomorphism iP is 
continuous since the composition 

G ---+ lim Gi ---+ Gi 
~ 
iEI 

is continuous for each i E I. Also, iP is an open mapping since 

Finally, iP is an epimorphism. Indeed, if (Ui) E lim G i , define U : K ---+ K 
~ 

by u(k) = ui(k) for k E Ki ; then U E G and iP(u) = (Ui). Thus we have 
proved that G ~ lim Gi . The result now follows from the characterization 

~ 

of profinite groups obtained in Theorem 2.1.3. D 
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Example 2.11.2 

1) Let p be a prime number, Fp the field with p elements, and let Fp be its 
algebraic closure. Then the Galois group of the extension F p/F p is Z. Indeed, 
from the theory of finite fields, for each positive integer n, there exists a unique 
Galois extension Kn/Fp of degree [Kn : Fp] = nand GKn / Fp ~ Z/nZ. Thus 
it follows from Theorem 2.11.1 that 

2) Let p and q be prime numbers. For each positive integer n, there is a unique 
field Ln with F p ~ Ln ~ F p, such that [Ln : F p] = qn . Then L = U:=1 Ln 
is a Galois extension of F p , and 

GL / F = lim GL /F = lim Z/qnz = Zq . 
p +-- np +--

The Krull topology on the Galois group G = G K/ F was introduced by 
W. Krull [1928]. His aim was to provide a generalization, to infinite Galois 
extensions, of the Galois correspondence between intermediate fields of (a 
finite Galois extension) K/ F and the subgroups of the group GK / F . 

Theorem 2.11.3 Let K/ F be a Galois extension of fields with Galois group 
G = GK/ F • Denote by F(K/F) the set of intermediate fields F ~ L ~ 
K. Endow G with the Krull topology and let S(G) denote the set of closed 
subgroups of G. Consider the map 

~: F(K/F) -t S(G) 

defined by 
~(L) = {O" E GK / F I O"IL = id£l. 

Then ~ is a bijection that reverses inclusion, that is, if L1 ~ L2 are fields in 
F(K/F), then ~(Lt) ~ ~(L2). The inverse of~ is the map 

1/1: S(G) -t F(K/F) 

given by 
I/I(H) = {x E K I O"(x) = x, "10" E H}. 

Moreover, L E F(K/F) is a normal extension of F if and only if~(L) is a 
normal subgroup of G, and if that is the case, GL/ F ~ G/~(L). 

Proof It is clear that ~(L) reverses inclusion. Observe that ~(L) = GK/Lj 
furthermore, the Krull topology on GK / L is the topology induced from G = 
GK / F , and since, according to Theorem 2.11.1, GK / L is compact, then it is 
closed in Gj therefore ~(L) E S(G). Next, we check that I/I~(L) = L for all 
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L E F(K/F). Obviously wcp(L) = w(GK/d :2 L. Finally, if y E K and y is 
fixed by every automorphism (J' E G K/ L, then the minimal polynomial of y 
over L must be of degree 1; so y E L. 

Conversely, let us show that CPW(H) = H for every closed subgroup H of 
G. Put L = W(H). Plainly, cpw(H) = GK/L :2 H. To see that GK/L = H, it 
will suffice to show that H is dense in GK / L , since H is closed. Now, let N be 
an intermediate extension of K / L such that N / L is a finite Galois extension. 
Let 1" E GK/L; we need to show that 1"GK/N nH 1= 0. Remark that if (J' E H, 
then (J'(N) = N, so {(J'IN I (J' E H} is a group of automorphisms of N fixing 
the elements of L; hence, by the fundamental theorem of Galois theory for 
finite field extensions (cf. Bourbaki [1967]' V,1O,5, Theorem 3), 

{(J'IN I (J' E H} = GN / L . 

Then there exists some (J' E H such that 1"IN = (J'IN; therefore, (J' E 1"GK/N , 

as desired. 
Assume now that L E F(K/F) and L/F is a normal extension. Let 

(J' E GK/L,1" E GK/F . Evidently, 1"-1(J'1" E GK/L and so cp(L) = GK/L <J 

GK / F = G. Recall that every F-automorphism of L can be extended to 
an F-automorphism of K (cf. Bourbaki [1967], V,6,3, Proposition 7). On 
the other hand, if L/F is normal, then 1"(L) = L, for all 1" E G = GK/F . 

Therefore there is a natural epimorphism 

G = GK/F --+ GL/F 

given by restriction 1" t--+ 1"IL. The kernel ofthis epimorphism is CP(L) = GK/L; 
thus GL/F ~ G/cp(L). 

Conversely, ifcp(L) = GK/L<JGK/ F = G, it follows that 1"(L) = L for each 
1" E G = GK / F . This implies that L/F is a normal extension (cf. Bourbaki 
[1967], V,6,3, Proposition 6). 0 

Exercise 2.11.4 Let p be a prime number. Let F v be the field with p ele
ments, and F v its algebraic closure. Prove that the Galois group G"F /F ~ Z 

p p 

is topologicaly generated by the Frobenius automorphism cp : F v --+ F v 
given by cp(x) = xv. Exhibit explicitly a nonclosed subgroup H of G"F /F 

p p 

whose fixed field is F v (the fixed field of G"F /F ). 
p p 

As we have seen in Theorem 2.11.1, every Galois group can be interpreted 
as a profinite group. In the next theorem we show that, conversely, every 
profinite group can be realized as a Galois group of an appropriate Galois 
extension of fields. 

Theorem 2.11.5 Let G be a projinite group. Then there exists a Galois 
extension of jields K/L such that G = GK / L . 
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Proof. Let F be any field. Denote by T the disjoint union of all the sets GIU, 
where U runs through the collection of all open normal subgroups of G. Think 
of the elements of T as indeterminates, and consider the field K = F(T) of 
all rational functions on the indeterminates in T with coefficients in F. The 
group G operates on T in a natural manner: if'Y E G and 'Y'U E GIU, then 
'Y('Y'U) = 'Y'Y'U. This in turn induces an action of G on K as a group of 
F -automorphisms of K. Put L = KG, the subfield of K consisting of the 
elements of K fixed by all the automorphisms 'Y E G. We shall show that 
K I L is a Galois extension with Galois group G. 

If k E K, consider the subgroup 

Gk = bEG I 'Y(k) = k} 

of G. If the indeterminates that appear in the rational expression of k are 
{ti E G lUi I i = 1, ... , n}, then 

Therefore Gk is an open subgroup of G, and hence of finite index. From 
this we deduce that the orbit of k under the action of G is finite. Say that 
{k = kl' k2' ... , kr } is the orbit of k. Consider the polynomial 

r 

f(X) = IT (X - ki ). 

i=l 

Since G transforms this polynomial into itself, its coefficients are in L, 
that is, f(X) E L[X]. Hence k is algebraic over L. Moreover, since the 
roots of f(X) are all different, k is separable over L. Finally, the exten
sion L( kl' k2' ... , kr ) I L is normal. Hence K is a union of normal extensions 
over Lj thus KIL is a normal extension. Therefore KIL is a Galois exten
sion. Let H be the Galois group of KILj then G is a subgroup of H. To 
show that G = H, observe first that the inclusion mapping G <-+ H is con
tinuous, for assume that U <]0 H and let K U be the subfield of the elements 
fixed by Uj then K U IL is a finite Galois extension by Theorem 2.11.3j say, 
K U = L(kL ... , k~) for some kL ... , k~ E K. Then 

s 

GnU~ nGk;. 
i=l 

Therefore GnU is open in G. This shows that G is a closed subgroup of H. 
Finally, since G and H fix the same elements of K, it follows from Theorem 
2.11.3 that G = H. 0 
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2.12 Notes, Comments and Further Reading 

As pointed out in Section 2.11, interest about general profinite groups ap
peared first among algebraic number theorists. W. Krull [1928] defined a 
natural topology on the Galois group GKIF (usually called now the Krull 
topology) with the idea of making precise the generalization of the funda
mental theorem of Galois theory in the case of extensions of infinite degree 
(see Theorem 2.11.3). With this topology the Galois group becomes a profi
nite group (see Theorem 2.11.1). 

Profinite groups were first called 'groups of Galois type'; the first sys
tematic presentation of these groups appeared in the influential book Coho
mologie Galoisienne by J-P. Serre [1995] whose first edition is of 1964; this 
book has served as a source of information and inspiration to mathemati
cians, including the authors of the present book, since then. In this book 
Serre refers to these groups as 'profinite' and 'pro-p' groups to the exclusion 
of any other terminology. Serre's book contains a systematic use of properties 
of profinite and pro-p groups to field theory. It is a short volume, written in 
a very terse style, that contains a wealth of results and information. Books 
published later by Poitou [1967], Koch [1970]' Ribes [1970], Shatz [1972]' 
Fried-Jarden [1986] and most recently, Dixon-du Sautoy-Mann-Segal[1999], 
Klass-LeedhamGreen-Plesken [1997], Wilson [1998] concentrate on special as
pects of the theory, and are generally more detailed. Serre's book is the best 
source for certain material, e.g., nonabelian cohomology and applications to 
field theory. 

Some particular profinite groups have a much older history, also rooted in 
number theory. The group Zp of p-adic integers was first defined by Hensel 
during his studies of algebraic numbers; see Hensel [1908]. Theorem 2.11.5 
was first proved by Leptin [1955]; see also Waterhouse [1972]. The proof of 
this theorem that we present here is taken from Ribes [1977]. 

Proposition 2.2.2, Exercise 2.2.3, Corollary 2.3.6 and Proposition 2.4.4 
appear in Douady [1960]' where they are attributed to J. Tate. Many of the 
basic results about profinite groups, including cohomological ones, were first 
established by Tate, but he has not published much on the subject; see Lang 
[1966], Tate [1962]. The notion of 'supernatural number' is due to Steinitz 
[1910], page 250; he uses instead the term 'G-number', but we have decided 
to stay with the terminology of 'supernatural' because it is well-entrenched 
by now in the literature and because it is very expressive. 

Corollary 2.3.7 can be found in Bolker [1963]. Exercise 2.3.14 appears in 
Gilotti-Ribes-Serena [1999]; this paper contains results relating to fusion and 
transfer in the context of profinite groups. Exercise 2.3.17 appears in Lim 
[1973a]. 

Proposition 2.5.4 was proved in Gaschiitz [1956] for finite groups. The 
proof that we give here is attributed to P. Raquette in Fried-Jarden [1986]. 
Corollary 2.6.6 is due to K. Iwasawa [1953]. The basic properties of the Frat-
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tini subgroup in the context of pro finite groups are given in Gruenberg [1967]. 
Propositions 2.8.2(c) and 2.8.11 appear in Oltikar-Ribes [1978]. Proposition 
2.8.9 was proved by Lubotzky [1982]. Lemma 2.8.15 and the concept of Frat
tini cover can be found in Cossey-Kegel-Kovacs [1980]; for additional informa
tion on results and applications of Frattini covers, see Ershov [1980], Ershov
Fried [1980], Haran-Lubotzky [1983], Cherlin-van den Dries-Macintyre [1980]' 
Ribes [1985]. 

2.12.1 Analytic Pro-p Groups 

Let G be a finitely generated profinite group. According to Proposition 2.5.5, 
every open subgroup U of G is also finitely generated. However the minimal 
number d(U) of generators of U is usually unbounded (see Theorem 3.6.2(b) 
for the case of free profinite groups). More generally, if H is a closed subgroup 
of G, then one can usually say little about d(H). Nevertheless, there is an 
important class of finitely generated profinite groups G for which 

max{d(H) I H ~c G} = r(G) < 00. 

(The number r( G) thus defined is sometimes called the 'rank' of the group 
G; we refrain from this terminology to avoid confusion with the concept of 
rank of a free group which will be introduced in Chapter 3.) 

A representative example of such groups is G = GLn(Zp). This group 
contains an open pro-p subgroup Kl of index (pn _1)(pn-l_1)'" (p-1) (see 
Exercise 2.3.12). One can then prove the following result (see, e.g., Dixon-du 
Sautoy-Mann-Segal [1991], Theorem 5.2): 

Theorem 2.12.1a r(Kl) = n2 • Consequently, r(G) < 00. 

Profinite groups satisfying conditions analogous to those mentioned above 
for GLn(Zp) are called p-adic analytic groups. Explicitly, a profinite group G 
is p-adic analytic if it contains an open pro-p subgroup H such that r(H) < 
00. The reason for this terminology is the following theorem due to M. Lazard 
(see Lazard [1965], III, 3.4). Let Qp be the field of p-adic numbers, that is, 
the field of quotients of Zp. 

Theorem 2.12.1h Let G be a Hausdorff topological group. Then G is p-adic 
analytic if and only if G is compact and admits a structure of a Qp-manifold 
in such a way that multiplication and inversion in G are analytic functions. 

Research in the theory of profinite p-adic analytic groups and related 
topics is presently very active. An excellent modern exposition can be found 
in Dixon-du Sautoy-Mann-Segal [1991]. See also Lazard [1965], [1954] (these 
two works are contain a large amount of information on these and other 
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topics rarely found elsewhere), Lubotzky-Mann [1989]' Mann-Segal [1990], 
du Sautoy [1993], Shalev [1992]. 

2.12.2 Number of Generators of a Group and of its Profinite 
Completion 

Let G be a finitely generated residually finite abstract group and consider 
its profinite completion G. We denote by d(G) the minimal cardinality of a 
set of generators of G as an abstract group; while d( G) denotes the minimal 
cardinality of a set of generators of G as a profinite group. Obviously d( G) ~ 
d(G). Put f(G) = d(G) - d(G). Then one has the following results. 

Theorem 2.12.2a (Noskov [1981]) For each natural number n, there exist a 
finitely generated abstract metabelian group Gn such that f(Gn ) ~ n. 

On the other hand, for polycyclic groups G one has 

Theorem 2.12.2b (Linnell-Warhurst [1981]) IfG is a polycyclic group, then 
f(G) ~ 1. 
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3.1 Profinite Topologies 

Let N be a nonempty collection of normal subgroups of finite index of a group 
G and assume that N is filtered from below, i.e., N satisfies the following 
condition: 

whenever N1 , N2 E N, there exists N E N such that N ~ Nl n N2. 

Then one can make G into a topological group by considering N as a funda
mental system of neighborhoods of the identity element 1 of G (cf. Bourbaki 
[1989]. Ch.3, Proposition 1). We refer to the corresponding topology on G 
as a profinite topology. If every quotient GIN (N EN) belongs to a certain 
class C, we say more specifically that the topology above is a pro -C topology. 

Let C be a formation of finite groups, and let G be a group. Define 

Nc(G) = {N <Jf G I GIN E C}. (1) 

Then Nc(G) is nonempty and filtered from below. The corresponding profi
nite topology on G is called the pro -C topology of G or, if emphasis is needed, 
the full pro -C topology of G. Note that the pro - C topology of G is Hausdorff 
if and only if n N=l. (2) 

NENc(G) 

A group G is called residually C if it satisfies condition (2). 

Remark 3.1.1 Assume that a profinite topology on G is determined by a 
collection N of normal subgroups of finite index filtered from below. Consider 
the set C of all groups G 1M, where M ranges over all open normal subgroups 
of G. Then C is a formation of finite groups, and the given topology on G is 
a pro - C topology of G, although not necessarily the full pro - C topology of 
G. 

If C is the class of all finite groups (respectively, all finite p-groups, or 
all finite solvable groups, etc.), then, instead of residually C, we say that 
G is a residually finite group (respectively, a residually finite p-group or a 
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residually finite solvable group, etc.). The corresponding topology on G is 
called the (full) profinite topology on G (respectively, the (full) pro-p topology, 
the (full) prosolvable topology etc. on G). We remark that, for example, the 
full pronilpotent topology on a group G is a prosolvable topology on G, but 
it is not necessarily its full prosolvable topology (although in some cases it 
may be). 

Next we describe some basic properties of the pro-C topology of a group 
G. Recall that the core Ha of H in G is the intersection of all conjugates of 
H in G. Observe that if H 5:f G, then H has only finitely many conjugates; 
so, 

Ha = n H9 <If G. 
gEa 

Lemma 3.1.2 Let C be a formation of finite groups. Assume that G is an 
abstract group and let H 5:f G. Then 

(a) H is open in the pro -C topology of G if and only if GI Ha E C. 
(b) H is closed in the pro -C topology of G if and only if H is the intersection 

of open subgroups of G. 

Proof. 
(a) If GIHa E C, then Ha is open; hence so is H. Conversely, if His 

open, then so is every conjugate Hg of H in G; moreover, H 5:f G, and so H 
has only finitely many conjugates. Therefore, Ha is open. Hence there exists 
some N <If G with GIN E C and N 5: Ha. Then there is an epimorphism 
GIN ---+ G/He; thus G/He E C. 

(b) Since an open subgroup has finite index, it is necessarily closed; there
fore the intersection of open subgroups is closed. Conversely, assume H is a 
closed subgroup of G, and let x E G - H. Then there exists some N E ,Nc(G) 
such that xN n H = 0. Hence x ~ HN; so 

H= n HN. 
NENc(a) 

Since H N is open, the result follows. o 

Example 3.1.3 Let C be a formation of finite groups, and assume that the 
group G is residually C. If H 5: G, the pro-C topology of G induces on H a 
pro - C topology, but this is not necessarily the full pro - C topology of H, as 
the following examples show. 

(1) Assume that C is the formation of all finite groups, G = F is a free group 
of rank 2, and H = F' the commutator subgroup of F. It is known that F' 
is a free group of countably infinite rank (cf. Magnus-Karras-Solitar [1966]). 
Let X be the topology induced on F' by the profinite topology of F. It is plain 
that there are only countably many open subgroups in X, while the profinite 
topology of F' has uncountably many open subgroups. 
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(2) Let G = (a,b I b2 = 1,bab = a-I) be the infinite dihedral group, and let 
H = (a). Then the pronilpotent topology of G induces on H only its pro-2 
topology. 

Next we indicate some cases where the induced pro - C topology on a 
subgroup coincides with the full pro - C topology of the subgroup. 

Lemma 3.1.4 

(a) Let C be an extension closed variety of finite groups and G a residually C 
group. Let H be a subgroup of G, open in the pro - C topology of G. Then 
the pro -C topology of G induces on H its full pro -C topology. 

(b) Let C be an NE-formation of finite groups and G a residually C group. 
Let H be a normal subgroup of G, open in the pro -C topology of G. Then 
the pro -C topology of G induces on H its full pro -C topology. 

Proof. 

(a) It suffices to show that if N <I Hand HjN E C, then there exists 
some M <I G such that GjM E C and M ::::: N. We claim that we may take 
M = N a , the core of N in G. Observe that if we put K = Ha n N, then 
HjK ::::: HjHa x HjN, and hence HjK E C. Choose gl,." ,gr E G so 
that Ka = n~=IK9i. Then K9i <I Ha and HajK9i E C. Now, HajKa ::::: 
HajK9l x··· x HajK9 r ; and hence HajKa E C. Thus the extension GjKa 
of HajKa by GjHa belongs to C. Finally, note that Na = Ka, so that we 
can take M = N a , as asserted. 

(b) Let N <I H with HjN E C. Choose g1,'" ,gr E G so that Na = 
n~=IN9i. We claim that HjNa E C. Note first that HjN9l S:! HjN E C. 
Moreover NYl j NYl n N S:! NYl N j N <I H j N; hence N9l j N9l nNE C, since C 
is closed under taking normal subgroups. It follows from the exactness of 

that H j N9l nNE C, because C is also extension closed. The claim is now 
clear by induction. Next, observe that GjH E C, since H is open in the 
topology of G (see Lemma 3.1.2). Hence from the exactness of 

1 ---+ HjNa ---+ GjNa ---+ GjH ---+ 1 

we deduce that GjNa E C. Consequently N a , and thus N, are open in the 
pro-C topology of G. 0 

Lemma 3.1.5 Let C be a variety of finite groups. Let G = K >4 H be a 
semidirect product of the group K by the group H. Then 

(a) The pro-C topology ofG induces on H its full pro-C topology. 
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(b) Assume, in addition, that G is residually C. Then H is closed in the 
pro - C topology of G. 

Proof. 

( a) Since C is subgroup closed, the pro - C topology of H is finer than 
the topology induced from G. Conversely, let N <If H with HjN E C. Then 
KN<lfG and GjKN E C, since GjKN ~ HjN. Next note that KNnH = N. 

(b) Consider the continuous maps 

Gb G r.p , 

where ~ is the identity, r.p(kh) = h (k E K, hE H), and G is assumed to have 
the pro - C topology. Then H = {g E G I ~(g) = r.p(g)}. Hence H is closed, 
since the topology of G is Hausdorff. D 

Corollary 3.1.6 Let C be a variety of finite groups. Let G = L * H be a free 
product of groups. Then 

(a) The pro - C topology of G induces on H its full pro - C topology. 

(b) Assume, in addition, that G is residually C. Then H is closed in the 
pro - C topology of G. 

Proof. Denote by K the normal closure of Lin G. Then G = K )<I H. Hence 
the results follow from the lemma above. D 

3.2 The Pro-C Completion 

Let G be a group and let N be a nonempty collection of normal subgroups of 
finite index of G filtered from below. Consider the topology on G determined 
by N as indicated in 3.1. The completion of G with respect to this topology 
is 

Then KN( G) is a profinite group, and there exists a natural continuous 
homomorphism 

~ = ~N: G ~ KN(G), 

induced by the epimorphisms G ~ GjN (N EN). Namely, ~(g) = 
(gN)NEN, for each g E G. Observe that ~(G) is a dense subset of KN(G) 
(see Lemma 1.1.7). The map ~ is injective if and only if nNENN = 1. 

Suppose that M is a sub collection of N which is also filtered from below. 
Then the epimorphisms 

KN(G) ~ GjM (M E M) 



3.2 The Pro - C Completion 83 

induce a continuous epimorphism 

that makes the following diagram commutative 

Let C be a formation of finite groups and let Nc (G) be the collection 
of normal subgroups of G defined in (1). Then the completion KNc(G)(G) is 
just the pro - C completion of G as defined in Example 2.1.6. In this case we 
usually denote the completion KNc(G)(G) by Kc(G) or by Gt. If C is the 
formation of all finite p-groups, for a fixed prime number p, then one often 
uses the n..:>tation Gp for the corresponding completion. We shall reserve the 
notation G for the profinite completion of G, Le., the completion Gt, where 
C is the formation of all finite groups. 

Lemma 3.2.1 Let C be a formation of finite groups and let G be a group. 
Then the pro - C completion G t of a group G is characterized as follows. G t 
is a pro -C group together with a continuous homomorphism 

~:G---+Gt 

onto a dense subgroup of G t, where G is endowed with the pro - C topology, 
and the following universal property is satisfied: 

.~ 

G----H 
'P 

whenever H is a pro - C group and cp : G ---+ H a continuous homomorphism, 
there exists a continuous homomorphism cp : Gt ---+ H such that cp~ = cp. 
Moreover, it suffices to check this property for HE C. 

Proof We verify first that the completion Gt, as defined above, together 
with the map ~ satisfy the indicated universal property. Let r.p : G ---+ H be 
a continuous homomorphism into a pro - C group H. Set U = {U I U <lo H} 
and let U E U. Define Nu = cp-l(U). Then there is a composition of natural 
continuous homomorphisms 

CPu : Gt ---+ G/Nu ---+ H/U. 
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Then the maps CPu (U E U) are compatible. Hence they define a continuous 
homomorphism 

UEU 

such that cpuvrp = cpv whenever U, V E U and U ~ V, where 

CPuv : HjU -+ UjV 

is the canonical epimorphism. Then one verifies without difficulty that rp£ = 
cpo 

The fact that this universal property characterizes the completion follows 
a standard argument that we only sketch. Say that K is a pro - C group and 

/'i,:G-+K 

is a continuous homomorphism whose image is dense in K. Assume that the 
pair (K, /'i,) also satisfies the required universal property. Then there exist 
continuous homomorphisms t : K -+ G c and K, : G C -+ K such that 
t/'i, = £ and K,£ = /'i,. Since £(G) and /'i,(G) are dense in Gc and K, respectively, 
it follows that £/'i, and K,t are the identity maps on G c and K, respectively. 
Therefore t is a continuous isomorphism. 

The last statement of the Lemma is clear from the construction of rp in 
the first part of the proof. 0 

Proposition 3.2.2 Let C be a formation and assume that G is a residually 
C group. Identify G with its image in its pro -C completion Gc. Let X denote 
the closure in G c of a subset X of G. 

(a) Let 
if>: {N I N ~o G} -+ {U I U ~o Gc} 

be the mapping that assigns to each open subgroup H of G its closure fi 
in Gc. Then if> is a one-to-one correspondence between the set of all open 
subgroups H in the pro -C topology of G and the set of all open subgroups 
of G c. The inverse of this mapping is 

U f---+ Un Gj 

in particular, Un G = U if U ~o Gc. 

(b) The map if> sends normal subgroups to normal subgroups. 

(c) The topology of Gc induces on G its full pro -C topology. 

(d) If H, K E {N I N ~o G} and H ~ K, then [K : HJ = [K: fiJ; moreover, 
if in addition H <J K, then KjH ~ Kjfi. 

(e) if> is an isomorphism of lattices, i. e. , if H, K E {N I N ~o G}, then 
HnK = finK and (H,K) = (H,K). 
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Proof. Denote by N, as usual, the collection of all open normal subgroups of 
G in its pro-C topology, Le., the collection of those normal subgroups of G 
such that GIN E C. 

(a) Let U be an open subgroup of Gc. Since G is dense in Gc' it follows 
that GnU is dense in U. Hence U n G = U. Conversely, assume that H is 
an open subgroup of G (in the pro-C topology of G). We must show that 
H = GnHj plainly, H:::; GnH . Let 9 E GnH. Recall that G is embedded 
in G c via the identification 

9 f-+ (gN) E Gc = l!!!! GIN. 
N 

Now, according to Corollary 1.1.8, 

H= lim HNIN. 
t--
NeN 

So 9 E HN for every N EN. Since Ha EN, it follows that 9 E HHa = H. 
Thus H ~ G n H, as desired. 

(b) If H<JG, then HNIN<JGIN for each N E Nj hence ii<JGc. Conversely, 
if U <Jo Gc then Un G <J Gj therefore the function ~ maps normal subgroups 
to normal subgroups. 

( c) This follows from (a). 

(d) It suffices to show that if HE {N I N :::;0 G}, then [G : H] = [Gc : ii]. 
Say n = [Gc : ii]j since G is dense in Gc' we deduce that Gii = Gc. Let 
tb ... , tn E G be a left transversal of ii in Gc. Then we have a disjoint union 

Gc = t1iil:.J .. ·l:.Jtnii. 

If t E G, it follows from part (a) that tii n G = tHj therefore, 

G = (t1Hl:.J .. ·l:.JtnH) n G = t1Hl:.J·· ·l:.JtnHj 

thus n = [G: H]. 
Now, if H <JK and H,K E {N I N:::;o G}, the natural homomorphism 

K ---+ [(Iii has kernel K n ii = H. From [[( : ii] = [K: H], we infer that 
the induced homomorphism K I H ---+ [(Iii is an isomorphism. 

(e) This follows from (a) and (d). 0 

The Completion Functor 

Let cp : G ---+ H be a group homomorphism. We wish to define canonically 
a corresponding continuous homomorphism 
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whenever possible. The idea is to define compatible continuous homomor
phisms G -- H/N (N E Nc(H)), and then use Lemma 3.2.1. We shall do 
this in a completely explicit manner. 

Consider the collection M = {<p-l(N) I N E Nc(H)} of normal sub
groups of G. Clearly M is filtered from below. Assume that 

<p-l(N) E Nc(G) for all N E Nc(H). (3) 

Note that this is the case if, for example, one of the following conditions is 
satisfied 

- C is a variety of finite groups; 
- C is a formation of finite groups and <p is an epimorphism; 
- C is a formation of finite groups closed under taking normal subgroups, 

and <p(G) <J H. 

Then M determines a pro - C topology on G. For each N E Ne (H) one 
has a composition of natural homomorphisms 

JCM(G) -- G/<p-l(N) -- <p(G)/N n <p(G) "-+ H/N. 

These maps, in turn, induce continuous homomorphisms 

NEN NEN NEN 

where N = Nc(H), <Pl is an epimorphism, <P2 an isomorphism, and <P3 an 
inclusion (see Proposition 2.2.4). On the other hand, since M is a subset 
of Nc(G) , there exists an epimorphism Gc -- JCM(G) as indicated above. 
Define 

<Pc = JCc(<p) : Gc -- Hc 

to be the composition homomorphism 

From now on, whenever we write <Pc' it is assumed that this map is defined, 
i.e., that condition (3) is satisfied. 

It is plain that if id : G -- G is the identity homomorphism, then 
idc : G c -- G c is the identity homomorphism. Furthermore, if <p : G -- H 
and 'IjJ : H -- K are group homomorphisms, then ('IjJ<P)c = 'ljJc<Pc. whenever 
the maps ('IjJ<P)c' 'ljJc and <Pc are defined. Therefore we have, in particular, 

Lemma 3.2.3 Let C be a variety of finite groups. Then, pro-C completion 
( - )c is a functor from the category of abstmct groups to the category of 
pro -c groups and continuous homomorphisms. 

Let <p : G -- H be a group homomorphism. It follows from the definition 
of <Pc that the diagram 
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commutes. Since t(H) is dense in He' one deduces that (tcp)(G) is dense 
in cpe(Ge ). On the other hand CPe(Gc) is closed by the compactness of Ge. 
Therefore, cpe(Ge ) is the closure of (tcp)(G) in He' We record this in the 
following lemma. 

Lemma 3.2.4 Let C be a formation of finite groups. Let cP : G ---+ H be a 
homomorphism of groups and assume that CPe : Ge ---+ He is defined. Then 

where (tcp)(G) denotes the closure of (tcp) (G) in He' 

Proposition 3.2.5 Let C be a formation of finite groups closed under taking 
normal subgroups. Then the functor (-)e is right exact, that is, if 

l---+K~G~H---+l 

is an exact sequence of groups, then 

cp' 'Ij;. 
Ke ~ Ge ~ He ---+ 1 

is an exact sequence of pro- C groups. 

Proof. Let N = Nc(G). Then we get in a natural way a corresponding exact 
sequence of inverse systems (indexed by N) 

{Klcp-l(N) IN E N} ~ {GIN I N E N} ~ {Hj'ljJ(N) IN E N} ---+ 1. 

Observe that 

On the other hand, CPe is the composition of the epimorphism 

Ke ---+ ~ Klcp-l(N) 
NEN 

and lim <po Our result follows now from the exactness of the functor lim 
f--- f---

(see Proposition 2.2.4). o 
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A necessary and sufficient condition for the completion functor (-)c to 
preserve an injection " : K ~ G is stated in the next lemma. 

Lemma 3.2.6 Let C be a variety (respectively, a formation closed under 
taking normal subgroups) of finite groups. Assume that K ::; G (respectively, 
K <l G), and let" : K ~ G denote the inclusion map. Then 

"c :Kc ~Gc 

is injective if and only if the pro -C topology of G induces on K its full pro -C 
topology. 

Proof. Let N <If G be such that G/N E C. Then K/K nNE C. Therefore, 
there exists a natural epimorphism Kc ~ K/K n N. The map "c is the 
composition 

Kc~ ~ K/KnN~ ~ G/N=Gc· 
NENC(G) NENC(G) 

The map on the right is always an injection. Hence "c is an injection if and 
only if the epimorphism 

lim K/KnN 
~ 

NENC(G) 

is injective, i.e., an isomorphism. If the pro-C topology of G induces on K 
its full pro - C topology, then the collection of normal subgroups 

{K n N I N E Nc(G)} 

is cofinal in Nc(K); hence p is an isomorphism (see Lemma 1.1.9). Conversely, 
if p is an isomorphism, then {K n N I N E Nc(G)} is a fundamental system 
of neighborhoods of 1 in K (see Lemma 2.1.1); in other words, the pro-C 
topology of G induces on K its full pro-C topology. 0 

In the next result, we indicate how possibly different groups could have 
the same completions. 

Theorem 3.2.7 Let C be a formation of finite groups. Let Gl, G2 be groups. 
Denote by Ui the collection of all normal subgroups U of Gi with Gi/U E C 
(i = 1,2). Assume that 

(a) For each natural number n, there exist only finitely many U E Ui such 
that [Gi : U] ::; n; and 

(b) {GdU I U E Ul} = {G2/V I V E U2}. 

Then 
lim GI/U ~ lim G2 /V. 
~ ~ 

UEUl VEU2 
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Proof. For each n E N, let 

Then Un E UI and Vn E U2· So there exists some K E UI with GI/K ~ 
GdVn. It follows from (b) that K is the intersection of groups U E UI with 
[G : U] ::; n; therefore K ~ Un. Hence, IGI/Unl ~ IG2/Vnl. By symme
try IGI/Unl ::; IG2/Vnl. Thus GI/Un ~ G2/Vn. Let Xn be the set of all 
isomorphisms from GI/Un to G2/Vn. Observe that if an+! E Xn+b then 
a(Un/Un+l ) = Vn/Vn+!; hence an+l induces an isomorphism 

Denote by 
CPn+l,n : X n+l ---t Xn 

the map defined by an+! 1-+ an. Then {Xn, CPn+!,n} is an inverse system of 
finite nonempty sets. Hence there exists some (an) E lim Xn (see Proposition 

+--

1.1.4). On the other hand, 

{GI/Un}~=l and {G2/Vn}~=1 

are in a natural way inverse systems of groups; furthermore, {an}~=l is an 
isomorphism of these systems. Finally, it follows from Lemma 1.1.9 that 

since {GI/Un}~=l and {G2/Vn}~=1 are cofinal subsystems of {GI/U I U E 
UI } and {G2 /V I V E U2 }, respectively. D 

Corollary 3.2.8 Let Gb G.1. be finitely genemted abstmct groups with the 
same finite quotients, then GI ~ G2' 

Using a slight variation of the argument in Theorem 3.2.7, we obtain 

Theorem 3.2.9 Let G I be a finitely genemted profinite group and let G2 be 
any profinite group. Assume that GI and G2 have the same finite quotients, 
i.e., {GI/U I U <]0 G I } = {G2/V I V <]0 G2}. Then G I ~ G2. 
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3.3 Free Pro - C Groups 

Unless otherwise specified, throughout this section C denotes a formation of 
finite groups, i.e., we assume that C is a class of finite groups closed under 
taking quotient groups and finite subdirect products; moreover, we asume that 
C contains a group of order at least two. 

A topological space X with a distinguished point * is called a pointed 
space. We shall denote such a space by (X,*). Sometimes it is convenient to 
think of a profinite group as a pointed space with distinguished point 1. A 
mapping of pointed spaces 

<p: (X, *) ~ (X', *') 

is simply a continuous mapping from X into X' such that <p(*) = *'. 
Let X be a pro finite space, F a pro - C group and L : X ~ F a continuous 

mapping such that F = (L( X)). We say that (F, L) is a free pro -C group on the 
profinite space X or, simply, F is a free pro - C group on X, if the following 
universal property is satisfied: 

ip 
F······ .. ···>G 

~l /. 
X 

whenever <p ; X ~ G is a continuous mapping into a pro-C group G such 
that <p(X) generates G, then there exists a (necessarily unique) continuous 
homomorphism I{; ; F ~ G such that the above diagram commutes: I{;L = <po 

One defines a free pro - C group on a pointed profinite space (X, *) in an 
analogous manner: one simply assumes in the description of the universal 
property that the maps involved are maps of pointed spaces. 

Note that if the profinite space X is empty, then a free pro - C group 
on X must be the trivial group. If X contains exactly one element and C 
does not contain nontrivial cyclic groups, then the free pro - C group on the 
profinite space X is the trivial group. Similarly, if a profinite pointed space 
(X, *) contains exactly one point, then free pro - C group on the pointed space 
(X, *) is the trivial group. If (X, *) has exactly two points and C does not 
contain nontrivial cyclic groups, then a free pro - C group on the pointed space 
(X, *) is the trivial group. 

To avoid trivial counterexamples to some of the statements in this chapter, 
from now on we shall tacitly assume that if C does not contain nontrivial 
cyclic groups, then we only consider free pro -C groups on profinite spaces 
X that are either empty or of cardinality at least 2 (respectively, we only 
consider free pro -C groups on profinite pointed spaces (X, *) such that either 
IXI = 1 or IXI ~ 3). 
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Observe that one needs to test the universal property in the definition of 
free pro - C groups only for finite groups G in C, for then it holds automatically 
for any pro - C group G, since G is an inverse limit of groups in C. 

From the universal definition, one deduces in a standard manner that if 
a free pro - C group exists, then it is unique. We shall denote the free pro
C group on a profinite space X by Fe(X), and the free pro-C group on a 
pointed profinite space (X, *) by Fe(X, *). 

Lemma 3.3.1 Let (F,~) be a free pro -C group on the profinite space X 
(respectively, a free pro-C group on the pointed profinite space (X, *)), then 
the mapping ~ is an injection and 1 f/. ~(X) (respectively, ~ is an injection) . 

Proof We give a prooffor the nonpointed case. If X = {x} has cardinality 1, 
then, by our standing assumptions, there exists a nontrivial finite cyclic group 
(a) E C. Let c.p : X -- (a) be given by c.p(x) = a. Let rp : F -- (a) be the 
continuous homomorphism such that c.p(~(x)) = a. It follows that ~(x) =1= 1. 
Assume now that IXI 2: 2. Consider the set R of all equivalence relations Ron 
X whose equivalence classes are clopen subsets of X. According to Theorem 
1.1.12, the clop en subsets of X form a base for the topology of X. Therefore, 
if x =1= yare points of X, there exists R E R such that xR =1= yR. Let G E C 
be generated by two distinct nontrivial elements, say, a and b (such a group 
exists: indeed, let H E C be a nontrivial groupj let S be a quotient of H such 
that S is a simple groupj if S is nonabelian, then it is a two generator group, 
by the classification of finite simple groups, and then put G = Sj while if S 
is cyclic, take G = S x S). Consider the continuous mapping 

where 'l/JR is the canonical quotient map, and p any map such that p(xR) = a 
and p(yR) = b. Since 'l/J is continuous, there exists a corresponding continuous 
homomorphism if; : F -- G such that if;~ = 'l/J. It follows that 1 =1= ~(x) =1= 

~(y) =1= 1, and so ~ is one-to-one and 1 f/. ~(X). 0 

Next we show the existence of free pro - C groups. 

Proposition 3.3.2 For every profinite space X (respectively, pointed profi
nite space (X, * )), there exists a unique free pro -C group Fe( X) on X 
(respectively, there exists a unique free pro -C group Fe(X, *) on the pointed 
profinite space (X, *)). 

Proof We leave the uniqueness to the reader. For the construction of Fe(X) , 
let D be the abstract free group on the set X. Consider the following collection 
of subgroups of D 

N = {N <JD I DIN E CjXndN open in X ,Vd ED}. 
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Observe that N is nonempty and filtered from below. Define Fe(X) to be 
the completion of D with respect to N 

Fe(X) = l!!!! DIN. 
NEN 

Let t : X --+ Fe(X) be the restriction to X of the natural homomor
phism D --+ Fe(X). Remark that the composition of t with each projection 
Fe(X) --+ DIN, N EN, is continuous, and hence, so is t. Next we show that 
(Fe(X) , t) is a free pro-C group on X. Indeed, let G E C and let cp : X --+ G 
be a continuous map such that G = (cp(X)}. Since D is a free abstract group 
on X, there exists a homomorphism (of abstract groups) CPl : D --+ G that 
extends cpo In fact CPl is an epimorphism. Put K = Ker(cpt}. Then KEN. 
Therefore, we have a continuous homomorphism 

rp: Fe(X) --+ DIK --+ G. 

Then rpt = cpo 
The construction of Fe (X, *) is as follows: let D be the abstract free group 

on the set X - {*}, and let 

if = {N <JD I DIN E Cj(X - {*}) ndN open in X - {*} ,Vd ED}. 

Put 
Fe(X, *) = lim DIN. -NEN 

Then one checks as above that (Fc(X, *), t.) satisfies the universal property 
of a free pro - C group on the pointed profinite space (X, *). 0 

We shall refer to the pro finite space X (respectively, (X, * » as a topological 
basis of Fe(X) (respectively, of Fe(X, *)). 

If X is a profinite space, one can associate with it a pointed profinite space 
(X l:J {*}, *), by simply adding to X a new point * and endowing X l:J {*} with 
the coproduct topology, i.e., * is an isolated point in X l:J {*} and a subset 
Y of X l:J { *} is open if and only if Y n X is open in X. Then one easily sees 
that Fe( X) = Fe( X l:J { * }, * ). Thus, we can think of a free pro - C group on 
a profinite space as particular instance of a free pro-C group on a pointed 
profinite space. 

Exercise 3.3.3 Let (X, *) be a pointed topological space, not necessarily 
profinite. 

(a) Mimic the definition above to establish the concept of a free pro-C 
group (Fc(X, *), t) on the pOinted space (X, *). As a special case of the above 
definition, explain the concept of free pro-C group (Fc(X), t) on a topological 
space X. 

(b) Define 
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where R is the collection of all closed equivalence relations R of X such that 
the quotient pointed space (X, * ) / R is finite and Hausdorff. Let T : X ----+ X 
be the natural mapping. Show that there exists a unique continuous mapping 
of pointed spaces L: (X, *) ----+ Fc( X, *) such that L = LT. 

(c) Prove that IRI = p( X), the cardinality of the collection of all clopen 
subsets of X. 

(d) Show that Fe (X, *) is a free pro-C group on a pointed profinite space; 
specifically, prove that (Fc( X, * ), n is the free pro - C group on the pointed 
profinite space (X, *). 

Free Pro - C Group on a Set Converging to 1 

If X is a set, we say that a map J.L : X ----+ G from X to a profinite group G 
converges to 1 if the subset J.L(X) of G converges to 1, that is, if every open 
subgroup U of G contains all but a finite number of the elements of J.L(X). 

Assume now X to be a set, which we wish to view as a topological space 
with the discrete topology. Let X = X l:J {*} denote its one-point compact
ification (recall that, by definition, a subset T is open in X if either it is 
contained in X or {*} E T and X - T is a finite set; see, e.g., Bourbaki 
[1989], r,9,8). Then Xl:J{*} is a profinite space. Observe that if X is a set 
and X l:J {*} is its one-point compactification, then the map 

converges to 1. We shall still denote this map by L-

To avoid trivial cases, from now on we shall assume that if C does not 
contain nontrivial cyclic groups, then IXI =f=. 2. 

Then (see Lemma 3.3.1) L is a topological embedding, and we identify X 
with its image in Fc(X l:J {*}, *). The free pro-C group Fc(X l:J {*}, *) on this 
pointed space (X l:J { * }, *) plays a special role because, as we shall see later 
(Proposition 3.5.12), every free pro - C group on a (pointed) topological space 
is in fact a free pro-C group Fc(X l:J {*}, *) on the one-point compactification 
space (X l:J {*}, *) of some set X. 

Let X be a set. By abuse of notation, we denote the free pro - C group 
Fc(X l:J {*}, *) on the one-point compactification space (X l:J {*}, *) of X, 
as Fc( X) rather than Fc( X l:J { * }, *). To avoid confusion, if X is a set, we 
refer to Fc( X) in that case as the free pro - C group on the set X converging 
to 1 t. If, on the other hand, X (respectively, (X, *)) is a profinite space 

t Some authors refer to what we call the free pro - C group on the set X 
converging to 1 as a restricted free pro - C group on the set X, and they 
denote it by Fc (X) 
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(respectively, a pointed profinite space), then Fe(X) (respectively, Fe (X, *)) 
has a unique possible meaning, and we refer to it as the free pro - C group 
on X or on the space X (respectively, the free pro-C group on (X, *) or on 
the pointed space (X, *)). If X is a finite subset of a profinite group, then X 
converges to 1; so in this case the meaning of Fe(X) is unambiguous, and we 
refer to it as the free pro - C group on X. 

The following lemma gives a characterization of the free group on a set 
converging to 1 in terms of a universal property. We leave its easy proof to 
the reader (it follows immediately from the definition offree pro-C group on 
a pointed space in the special case where the pointed space is the one-point 
compactification of a discrete space). 

Lemma 3.3.4 The following properties characterize the free pro -C group 
Fe(X) on the set X converging to 1: 

(a) Fe(X) contains the set X as a subset converging to 1, and 
(b) Whenever fl. : X --+ G is a map converging to 1 of X into a pro -C 

group G and fl.(X) is a set of generators of G, then there exists a unique 
homomorphism p,: Fe(X) --+ G that extends fl.. 

We shall refer to the subset X of Fe(X) as a basis converging to 1 or 
simply as a basis of the free pro-C group Fe(X). As we have indicated 
before, we shall prove later (see Proposition 3.5.12) that every free pro-C 
group on a topological space (or a pointed topological space) is in fact also a 
free pro - C group on a set converging to 1. So from now on in this book the 
word "basis" for a free pro - C group will be used only in the sense of being a 
basis converging to 1 of a free pro-C group. Any other type of basis will be 
qualified, for example ''topological basis". 

Lemma 3.3.5 

(a) Let F = Fe( X) be a free pro -C group on a set X converging to 1. If F is 
also free pro -C on a set Y converging to 1, then the bases X and Y have 
the same cardinality. 

(b) Let F be a free pro -C group on a finite set X = {Xl, ... , X n }. Then, any 
set of generators {YI, ... , Yn} of F with n elements is a basis of F. 

Proof. 

(a) Say X and Y are two bases of F. If both X and Yare infinite, the 
result follows from Proposition 2.6.2. Say that X = {Xl> ... , xn} is finite and 
assume that WI > n . We show that this is not possible. Indeed, choose a 
subset X, = {xL ... ,x~} of Y, and define a map fl. : Y --+ F by fl.(xD = Xi 

(i = 1, ... , n) and fl.(Y) = 1 if Y E Y - X'. Since fl. converges to 1, it extends 
to a continuous epimorphism p, : F --+ Fj then, by Proposition 2.5.2, p, is 
an isomorphism, a contradiction. 
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(b) Consider the continuous epimorphism 'l/J : F ---t F determined by 
'l/J(Xi) = Yi (i = 1, ... , n). Then'l/J is an isomorphism by Proposition 2.5.2. 0 

If F = Fc(X) is a free pro-C group on the set X converging to 1, the rank 
of F is defined to be the cardinality of X. It is denoted by rank(F). Given a 
cardinal number m, we denote by Fc(m) or F(m) a free pro-C group (on a 
set converging to 1) of rank m. 

We state the next result for easy reference. It follows immediately from 
the definition of rank given above and the construction of free pro - C groups 
in the proof of Proposition 3.3.2. 

Proposition 3.3.6 Let if! be an abstract free group on a finite basis X. Then 
the pro -C completion <Pc of if! is a free pro -C group on X. In particular, 
rank(if!) = rank(<pc)' 

Exercise 3.3.7 Show that if F = Fc(X,*) is the free pro-C group on the 
pointed profinite space (X, *) and F is finitely generated, then IXI is finite, 
and F is the free pro-C group ofrank IXI- 1. 

Example 3.3.8 

(a) The free profinite group of rank 1 is Z. Observe that Z is the free pro
solvable (or proabelian, pronilpotent, etc.) group of rank 1, as well. 

(b) If p is a prime number, then Zp is the free pro-p group of rank 1. 

(c) Let X be any set. Then the free proabelian group on the set X converg
ing to 1 is the direct product TIx Z of copies of Z indexed by X. The 

canonical map ~ : X ---t TIx Z sends x E X to the tuple (ay) E TIx Z 
such that ay = 0 for y =f x and ax = 1. One sees this easily. Indeed, 
if cp : X ---t A is a map converging to 1 onto a finite abelian group A, 
let Y be a finite subset of X such that cp(x) = 0 for all x E X - Y. 
Then TIx Z = (ffiy Z) EB (TIx _ y Z). Define the corresponding continu

ous homomorphism rj; : TIx Z ---t A to be 0 on TIx-y Z, and the natural 

extension homomorphism on the finite indexed direct sum ffiy Z. 
(d) Similarly, let C be the class of all finite abelian groups of exponent p, 

where p is a prime. Then the free pro-C group on the set X converging 
to 1 is the direct product TIx Z/pZ of copies of Z/pZ indexed by X. 

(e) (cf. Douady [1964]' Harbater [1995]; see also Ribes [1970]' p. 70; van den 
Dries-Ribenboim [1986]) Let F be an algebraically closed field, and denote 
by F(t) the algebraic closure of the field F(t), where t is an indetermi
nate. Then the Galois group GF(t)/F(t) is a free profinite group on a set 
converging to 1 of rank IFI. 

Proposition 3.3.9 Let (X, *) be a pointed profinite space. 
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( a) Assume that 

tel 

where {(Xi, *), .,pij} is a surjective inverse system of pointed pro finite 
spaces. Then 

(b) 

F = Fc(X,*) = lim Fc(Xi,*). 
+--
tel 

F = Fc(X, *) = lim Fc(Yi), +---
iel 

where each Yi is a finite space, and (X, *) = lim (Yi L:J { * }, * ) . 
+--
tel 

Proof. 
(a) The inverse system {(Xi, *), .,pij} determines an inverse system of free 

groups {Fc(Xi,*),-r,bij}' For each i E I, denote by.,pi: (X,*) ~ (Xi,*) the 
canonical epimorphism (see Proposition 1.1.10). Correspondingly, one has 
epimorphisms of groups iiii : Fe(X,*) ~ Fe(Xi,*), which are compatible 
with the mappings iiiij' These epimorphisms induce then an epimorphism of 
groups 

.,p : Fc(X, *) ~ lim Fe (Xi, *). 
+---
tel 

Denote by /..' the restriction of .,p to X j note that /..' is a mapping of pointed 
spaces. It suffices to show that 

(lim Fc(Xi , *), /..') 
+--
iel 

satisfies the required universal property of a free pro - C group on the pointed 
space X. Let J.t : X ~ G be a continuous mapping with J.t( *) = 1, where 
GEe and J.t(X) generates G. Since G is finite, there exists some j E I 
and a continuous mapping of pointed spaces J.tj : (Xj , *) ~ (G,l) such 
that J.tj.,pj = J.t (see Lemma 1.1.16). Now, J.tj extends to a homomorphism 
jij: Fe(Xj ,*) --+ G. Define 

ji: lim Fc(Xi , *) ~ G 
+--
tel 

by ji = jijiiij. Then clearly ji/..' = J.t. The uniqueness of ji follows from the fact 
that /..'(X) generates lim Fe (Xi, *). 

+---
i.E1 

(b) By definition we can express (X, *) as an inverse limit of finite pointed 
spaces 

(X,*) = lim (Xi,*). 
+--
i.eI 
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Put Yi = Xi - {*}. Clearly Fc(Xi ,*) = Fc(Yi). The result follows then from 
~rl(~. 0 

Let X be a set and let {Xi liE I} be the collection of all finite subsets 
of X. Make I into a poset by defining i ::5 j if Xi ~ Xj. If i ::5 j define 
CPji : Fc(Xj) ----+ Fc(Xi) as the epimorphism that carries x to x, if x E Xi, 
and x to 1, if x E Xj - Xi (x E X). Observe that ~ (Xi l:J {I}, 1) is the 

one-point compactification of X. Then from Proposition 3.3.9 we deduce 

Corollary 3.3.10 Let X be a set and let {Xi liE I} be the collection of all 
finite subsets Xi of X. Then 

(a) For eachi E I, Fc(Xi) is a closed subgroup of the free pro-C group Fc(X) 
on the set X converging to 1; 

(b) 

iEI 

where the canonical homomorphism 

is the extension of the mapping X ----+ Fc(Xi ) that sends x to x for 
x E Xi, and x to 1 for x E X - Xi (x EX). 

This corollary can be improved in such a way that for a given open sub
group H of Fc(X), the mappings CPi preserve the index of H. Before we make 
this precise, we need the following 

Lemma 3.3.11 Let Y ~ X be sets and let Fc(X) and Fc(Y) be the corre
sponding free pro -C groups on the sets X and Y converging to 1, respectively. 
Consider the epimorphism 

defined by 

cP: Fc(X) ----+ Fc(Y) 

{
X ifxEY 

cp(x)= 1 ifx~Y. 

Then the following is a split exact sequence 

1 ----+ N ----+ Fc(X) ~ Fc(Y) ----+ 1, 

where N is the smallest closed normal subgroup genemted by X - Y. (This 
means that there is a continuous section ofcp which is a homomorphism, i.e., 
that Fc(X) is a semidirect product of N by a closed subgroup isomorphic to 
Fc(Y).) 
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Proof Define a continuous homomorphism cr : Fe(Y) ~ Fe(X) by cr(y) = y, 
for all y E Y. Then cr is a section of <po Let K = Ker(<p). After identifying 
Fe(Y) with cr(Fe(Y)), we have F = NFe(Y) = KFe(Y). Since 

N n Fe(Y) = K n Fe(Y) = 1 and N ~ K, 

it follows that N = K. o 

Proposition 3.3.12 Let Fe(X) be a free pro -C group on a set X converging 
to 1 and H ~o Fe( X). Then there is a collection {Xj I j E J} of finite subsets 
of X such that 

(a) {Fe( X j ), <Pjk,J} is an inverse system of free pro -C groups, where if Xj 2 
X k, the epimorphism <Pjk : Fe(Xj) ~ Fe(Xk) is defined by 

{
X if X E Xk 

<pjk(X) = 1 ;1 X X 
2J X E j - k; 

(b) 
Fe(X) = ~ Fe(Xj)j and 

jEJ 

(c) 
[Fe(Xj) : <pj(H)] = [Fe(X) : H], 

for every j E J, where <pj : Fe(X) ~ Fe(Xj) is the canonical projection. 

Proof. Put F = Fc(X). Let HF = n/EF f- 1 H f (the core of H in F). Then 
HF is an open normal subgroup of F contained in H. Let {Xi liE I} be the 
collection of all finite subsets of X. Make I into a directed poset by defining 
i ::S j if Xi ~ Xj (i,j E I). Set 

J = {i E I I X - Xi ~ HF}. 

Clearly J is a cofinal subset of the poset I since X - (X n HF) is a finite 
set. Statement (a) is clear. Part (b) follows from Corollary 3.3.10 and Lemma 
1.1.9. To prove (c), just observe that according to Lemma 3.3.11, Ker(<pj) ~ 
HF~H. 0 

Proposition 3.3.13 Let F = Fc(X, *) be the free pro -C group on a pointed 
profinite space (X, *). Assume that every abstract free group of finite rank 
is residually C. Then the abstract subgroup of F generated by X is a free 
abstract group on X - { * }. 

Proof. Let D = D(X - {*}) be the abstract free group on X - {*}, and 
denote by 'ljJ : D ~ F the natural homomorphism induced by the canonical 
injection i : (X, *) ~ F. We must show that 'ljJ is a monomorphism. Let 
w = X11 ... x~r be a reduced word on X - {*}, i.e., Xi E X - {*}, Ei = ±1, Ei =I=-
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-fi+! if Xi = Xi+! (i = 1, ... ,r). Choose a clopen equivalence relation R of 
X such that if x,y E {XI, •.• ,xr } and X 1= y, then xR 1= yR in XjR. Then 
the corresponding element Wi = X~l R· .. x~r R of the abstract free group 
D = D(Xj R - {*R}) is also in reduced form. Hence if w 1= 1, then Wi 1= 1. 
So, from the commutativity of the diagram 

D(X - {*}) _'1/J_~ .. Fc(X,*) 

! ! 
we deduce that we may assume that X is a finite space. Now, from the 
construction of F (see the proof of Proposition 3.3.2), we get that 

Ker("p) = n{N <JD I DjN E C}, 

since X is finite. Therefore Ker("p) = 1, for D is residually C. o 

Corollary 3.3.14 Let F = Fc(X) be a free pro -C group on a set X con
verging to 1. Assume that every abstract free group of finite rank is residually 
C. Then the abstract subgroup of F generated by X is a free abstract group 
onX. 

We remark that the hypotheses in Proposition 3.3.13 and Corollary 3.3.14 
are valid for many classes C of interest, as we show in the following proposi
tion. 

Proposition 3.3.15 Let iP be an abstract free group and let S be a finite 
simple group such that the rank of ~ is at least d(S) t. Assume that C is a 
formation that contains all S-groups. Then iP is residually C. In particular, 
if C is a nontrivial NE-formation of finite groups, then every abstract free 
group is residually C. 

Proof. The last statement is a consequence of the first part of the lemma, 
since a nontrivial NE-formation of finite groups contains all S-groups for 
some finite simple group S. To prove the first part, it suffices to show that iP 
is residually a finite S-group. We may assume that iP has finite rank. 

Case 1: S = Cp for some prime p. 

We use the well-known fact that the matrices 

[~ ~] and [~ i] 
t By the classification theorem of finite simple groups d(S) = 2 for a non

abelian finite simple group S. 
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generate an abstract free subgroup of SL2(Z) of rank 2. Let r(pi) be the 
kernel of the natural map SL2(Z) ~ SL2(Z/piZ). It follows that P can 
be embedded as a subgroup of rep). Hence, it suffices to prove that rep) 
is residually a finite p-group. Remark that the elements of r(pi) are those 
elements in SL2(Z) the form 1 + pi A, , where 1 is the identity matrix and A 
is a 2 x 2 matrix over Z. Clearly n:l r(pi) = {I} and each quotient group 
SL2(Z)/r(pi) is finite. Next, observe that for 1 +piA E r(pi), one has 

(1 + piA)P = t (~) (pk A)j == 1 (mod r(pi+l)). 
j=O J 

One deduces that r(p)/ r(pk) is a finite p-group for all k = 2,3, .... 

Case 2: S is a nonabelian simple group. 

Set MO = P, and in general, Mn+l = Ms(Mn), the intersection of all nor
mal subgroups N of Mn with Mn / N ~ S. Clearly each Mn is a proper 
characteristic subgroup of P of rank at least d(S), and Mn /Mn+l is a finite 
S-group. By a result of Levi (cf. Lyndon-Schupp [1977]' Proposition 1.3.3), n:=o M n = 1. Thus P is residually a finite S-group. 

D 

Theorem 3.3.16 Let G be a pro -C group. Then there exists a free pro-C 
group F on a set converging to 1 and a continuous epimorphism F ~ G. 
Furthermore, if G is generated by a finite set with n elements, then F can 
be chosen to have rank n; while if G is not finitely generated, then F can be 
chosen to have mnk equal to wo(G), the smallest cardinal of a fundamental 
system of neighborhoods of 1 in G. 

Proof. By Proposition 2.4.4, G admits a set of generators X converging to 
1. Consider the free pro-C group F = Fc(X) on the set X converging to 1, 
where X is a set with the same cardinality as X. Say that t.p : X ~ X is a 
bijection. Then the composite 

is a mapping converging to 1, and so it extends to an epimorphism 

r:p : F(X) ~ G. 

If X is infinite, then IXI = wo(G) by Proposition 2.6.1, and therefore, 
rank(F(X)) = wo(G). D 
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3.4 Maximal Pro - C Quotient Groups 

In this section we establish a relationship between free groups over the same 
space when the formation C changes. First we define a subgroup of a profinite 
group associated with the class C. 

Let C be a formation of finite groups. For a profinite group G, define 

Rc(G) = n{N I N <lo G, GjN E C}. 

Remark that Rc(G) is a characteristic subgroup of G. If p is a fixed prime 
number and C consists of all finite p-groups, we write Rp(G) rather than 
Rc(G). The subgroups Rc(G) playa role similar to verbal subgroups in the 
theory of abstract groups. 

Lemma 3.4.1 Let G and H be profinite groups. Let C be a formation of 
finite groups. 

(a) G j Rc (G) is the largest pro -C quotient group of G, i. e., if K <lc G and 
GjK is a pro-C group, then K ~ Rc(G). 

(b) If <p : G --+ H is a continuous epimorphism, then <p(Rc(G)) = Rc(H). 

(c) Assume that C is, in addition, closed under taking subgroups, i.e., C a 
variety of finite groups. Then, if <p : G --+ H is a continuous homomor
phism, then <p(Rc(G)) ::; Rc(H). 

(d) Suppose that the formation C is closed under taking normal subgroups 
and extensions (i.e., C is an NE-formation). Then, if Rc(G) ::; K <lc G, 
one has Rc(G) = Rc(K). 

(e) Suppose that C is an NE-formation of finite groups. If L <lc Rc(G) and 
Rc(G)jL is a pro-C group, then L = Rc(G). 

Proof. Part (a) is plain. 

(b) Since C is a formation, the collection of all closed normal subgroups 
N of G such that GjN is a pro-C group is filtered from below. Hence part 
(b) follows from Proposition 2.1.4(b). 

(c) Put B = <p(G). Note that 

BjB n Rc(H) 9'! BRc(H)jRc(H) '-+ HjRc(H). 

Since C is a variety, we have that B j B n Rc( H) is a pro - C group. Hence, 
Rc(B) ::; B n Rc(H). By part (b), Rc(G) = Rc(B). Thus, Rc(G) ::; Rc(H). 

(d) Put R = Rc(G). Observe that KjR<JGjR. Hence KjR is a pro-C 
group. Therefore, Rc(K) ::; R. Since Rc(K) is a characteristic subgroup of 
K and K is normal in G, it follows that Rc (K) <l G. Since C is extension 
closed, Gj Rc(K) is a pro-C group. Thus Rc(K) = R. 

(e) This is clear from part (d) since Rc(Rc(G)) = Rc(G). D 
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Proposition 3.4.2 Let C' and C be formations of finite groups with C' ~ C. 
Let F = Fc(X, *) be a free pro -C group on the pointed space (X, *). Then 

Proof Let t : (X, *) ~ Fc(X, *) be the canonical embedding and 

the natural epimorphism. Then one easily checks (using Lemma 3.4.1) that 
the pair 

(Fc(X, *)1 Re, (Fc(X, *)), JU), 

where 
JU: (X,*) ~ Fc(X,*)IRe,(Fc(X,*)), 

satisfies the universal property of a free pro - C' group on the pointed space 
(X,*). 0 

We say that a variety of finite groups C is closed under 'extensions with 
abelian kernel' if whenever 

1~A~G~H~1 

is an exact sequence of finite groups such that A, H E C and A is abelian, 
then G E C. 

Lemma 3.4.3 Let C be a variety of finite groups and let Ce be the smallest 
extension closed variety of finite groups containing C. For a given pointed 
profinite space (X, *), denote by Kx the kernel of the natuml epimorphism 

cpx: Fc.(X,*) ~ Fc(X,*). 

Then, Kx is perfect (i.e., Kx = [Kx, Kx]) for every profinite space X if 
and only if C is closed under extensions with abelian kernel. 

Proof Express (X, *) = lim (Xi, *) as a surjective inverse limit of pointed 
f---

finite discrete spaces. Then Kx = ~ K x ,. Hence one may assume that X 

is finite and discrete (non pointed). 
Suppose that C is closed under extensions with abelian kernel. Choose a 

finite discrete space X. We have to show that Kx is perfect. Put K = Kx 
and cp = cp x. Then, one has a short exact sequence 

1 ~ KI[K, K] ~ Fc,(X)/[K, K] ~ Fc(X) ~ 1. 

From the definition of Ce and the assumption on C, one sees that C and Ce 

contain the same abelian groups. Hence, K I[K, K] is a pro - C group. Again, 
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from our assumption on C, it follows that Fc.(X)/[K,K] is a pro-C group. 
Therefore, there exists a continuous epimorphism 

J1. : Fc(X) -- FCe (X)/[K, K]. 

By Proposition 2.5.2, the epimorphism 

Fc(X) ~ Fce(X)/[K,K]-- Fce(X)/K ~ Fc(X) 

is an isomorphim. Thus, K = [K, K]. 
Conversely, suppose that C is not closed under extensions with abelian 

kernel. Consider a short exact sequence 

1 -- A -- G ~ H -- 1, 

where A, HE C, A is finite abelian and G ¢ C. We shall show that Kx is not 
perfect for a certain finite discrete space X. Choose X to be such that IXI = 
d(G). Choose a continuous epimorphism /3: Fc(X) -- H. By a property of 
free pro-C groups that we prove in the next section (see Theorem 3.5.8), one 
has a continuous epimorphism 1jJ : Fc.(X) -- G such that o:1jJ = /3cpx. This 
implies that 1jJ(Kx) is contained in A. We claim that Kx is not perfect. To 
see this, it suffices to show that 1jJ(Kx) =1= 1, since A is abelian. Now, if we 
had 1jJ(Kx) = 1, then 1jJ would factor through Fc(X). Thus, G would be in 
C, a contradiction. 0 

3.5 Characterization of Free Pro - C Groups 

Definition 3.5.1 Let G be a profinite group. Let £ be a nonempty class of 
continuous epimorphisms 

(4) 

of profinite groups. Denote by £1 the subclass of £ consisting of those epi
morphisms (4) such that K = Ker(o:) is a finite minimal normal subgroup of 
A. 

(a) An £-embedding problem for G is a diagmm 

or, written more explicitly, 

G 

!~ 
l--K--A~B--l 

(5) 
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with exact row, where 0: E £ and cp is a continuous epimorphism of profi
nite groups. We say that the £-embedding problem (5) is 'solvable' or that 
it 'has a solution' if there exists a continuous epimorphism 

such that o:<p = cpo The above £-embedding problem is said to be 'weakly 
solvable' or to have a 'weak solution' if there is a continuous homomor
phism 

such that o:<p = cpo 

(b) The kernel of the £-embedding problem (5) is the group K = Ker(o:). We 
say that the £-embedding problem (5) has 'finite minimal normal kernel' 
if 0: is in £f. 

(c) The nonempty class £ of extensions is 'admissible' if whenever 

o::A---+B 

is in £, so are the corresponding epimorphisms 

A ---+ AjN and AjN ---+ B, 

for any closed normal subgroup N of A contained in Ker(o:). 

(d) An infinite profinite group G is said to have the 'strong lifting property' 
over a class of epimorphisms £ if every £-embedding problem (5) with 
wo(B) < wo(G) and wo(A) ~ wo(G) is solvable. 

Remark 3.5.2 The term 'embedding problem' has its origins in Galois the
ory. Denote by F an algebraic separable closure of a given field F. The Galois 
group Gp/F of the extension FjF is called the absolute Galois group of F. 
Let K j F be a Galois extension of fields and let 0: : H' ---+ H be a continuous 
epimorphism of profinite groups. Assume that H = GK / F , the Galois group 
of K j F. Then there is an epimorphism 

cp: Gp/F ---+ H = GK / F 

defined by restricting the automorphisms in G P / F to K. One question that 
arises often in Galois theory is the following: does there exist a subfield K' of 
F containing K in such a way that H' = G K' / F and the natural epimorphism 
G K' / F ---+ G K/ F is precisely o:? Observe that this question is equivalent to 
asking whether there is a solution of the following embedding problem: 
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This question is sometimes refered to as the 'inverse problem of Galois theory' 
Let Q, the field of rational numbers. A well-known question in algebraic 

number theory is whether every finite group appears as a Galois group of a 
Galois extension of Q. Or, equivalently, 

Open Question 3.5.3 Is every finite group a continuous homomorphic im
age of the absolute Galois group GQ/ Q of the field Q of rational numbers? 

For some additional information on this question see Section 3.7. 

Let C be a formation. Observe that if & is an admissible class, then so is 
&/. The class of all continuous epimorphisms of pro-C groups is an example 
of admissible class that we shall use frequently. 

Lemma 3.5.4 Let & be an admissible class of continuous epimorphisms of 
profinite groups and let G be a profinite group. The following conditions are 
equivalent. 

( a) G has the strong lifting property over &; 

(b) G has the strong lifting property over & / . 

Proof. The implication (a) =? (b) is obvious. 

(b) =? (a): Suppose G has the strong lifting property over &/ and let (5) be a 
&-embedding problem with wo(B) < wo(G) and wo(A) :5 wo(G). By Corol
lary 2.6.5, there exist an ordinal number J.L and a chain of closed subgroups 
of K (see diagram (5)) 

K = Ko > K1 > ... > K>.. > ... > K,.,. = 1 

such that 

(i) each K>.. is a normal subgroup of A with K>../ K>"+1 finite; moreover, 
K>"+1 is maximal in K>.. with respect to these properties; 

(ii) if >. is a limit ordinal, then K>.. = n,,<>.. K,,; and 
(iii) if wo(A) = wo( G) (therefore K is an infinite group and wo(Aj K) < 

wo(A)), then wo(AjK>..) < wo(A) whenever>' < J.L. 

We must prove that there exists an epimorphism t{; : G ~ A such that 
at{; = cpo To do this we show in fact that for each>' :5 J.L there exists an 
epimorphism 

cp>..:G ~AjK>.. 

such that if >'1 :5 >. the diagram 
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commutes, where the horizontal mapping is the natural epimorphism. Then 
we can take r:p = CPw To show the existence of CP>.., we proceed by induction 
(transfinite, if K is infinite) on A. Note that AI Ko = B; so, put CPo = cpo 
Let A :::; JL and assume that CPv has been defined for all v < A so that 
the above conditions are satisfied. If A is a limit ordinal, observe that since 
K>.. = nv<>.. Kv, then 

in this case, define CP>.. = lim CPv' 
f---
v<.>. 

If, on the other hand, A = (J + 1, we define CP>.. to be a solution to the 
e rembedding problem with finite minimal normal kernel 

To see that such a solution exists, we have to verify that wo(AIK(j) < wo(G) 
and wo(AI K>..) :::; wo(G). If wo(A) < wo(G), these inequalities are clear. On 
the other hand, if wo(A) = wo(G), we have 

wo(AIK>..) = wo(AIK(j) < wo(A) = wo(G), 

since K(j I K>.. is a finite group and since condition (iii) above holds. 
It is clear that in either case CP>.. satisfies the required conditions. 0 

Next we consider equivalent conditions to weak solvability of embedding 
problems for some special types of admissible classes. 

Lemma 3.5.5 Let C and C' be varieties of finite groups. Let e be the class of 
all continuous epimorphisms (4) ofpro-C groups such that Ker(a) is pro-C', 
and let t consist of those epimorphisms (4) in e for which Ker(a) is finite. 
Let G be a profinite group. The following conditions are equivalent. 

(a) Every e-embedding problem (5) for G has a weak solution; 

(b) Every t-embedding problem (5) for G has a weak solution; 

(c) Every ta-embedding problem (5) for G has a weak solution, where ta 
consists of those epimorphisms (4) in t such that Ker(a) is a finite abelian 
minimal normal subgroup of A. 

Proof The implications (a) =?- (b) =?- (c) are clear. 

(b) =? (a): Consider the embedding problem (5) with a E e. Define a set P 
to consist of all pairs (K', r/), where K' is a closed normal subgroup of A 
contained in K, and r/ : G -* AI K' is a continuous homomorphism such 
that the diagram 
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G 

Y!~ 
A/K'~B 

commutes. The set P is nonempty since (K, cp) E P. Define (K', rO -< 
(K", r/') if K' ~ K" and 

G 

Y!rylf 
A/K'-A/K" 

commutes. Then P is an inductive poset. Indeed, if {( Kf, 17~) h is a totally 
ordered subset of P, put 

K' = n K{ and 17' = ~ 17:; 

then (K', 17') E P and (K',17') t (Kf,17D for all i. 
Let (K, ij) be a maximal element of P. We shall show that K = 1. Suppose 

K f- 1; then there exists an open normal subgroup L of K which is normal 
in A, such that L f- K (if K f- 1, it contains a proper open subgroup K n U 
where U is open in A; then U contains an open normal subgroup V of A; put 
L = KnV). 

Since K / L is finite, it follows from (b) that there exists a continuous 
homomorphism 

'IjJ:G -+A/L 

such that 
G 

Y!ry 
A/L~A/K 

commutes. Hence, (L, 'IjJ) E P and (L, 'IjJ) >-- (K, ij), contradicting the maxi
mality of (K, ij). Thus K = 1. 

(c) ::::} (b): We show in fact something stronger, namely that if (c) holds 
and we have a diagram (5) with a E t and K finite, then there exists a 
continuous homomorphism r:p : G -+ A making the diagram commutative. 
We prove this by induction on the order of K. We distinguish two cases 
depending on whether K is minimal normal in A or not. Suppose first the 
latter. Then there exists a normal subgroup Kl of A such that 1 < Kl < K. 

~_ ..... G! 
.... ~ 

"' .... ~1 
A'~A/Kl~B a1 
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Let 0:1 : AIK1 -4 B be the epimorphism induced by 0:. Then, by induc
tion, there exists a continuous homomorphism <PI : G -4 AI K1 such that 
0:1 <PI = <po Let (3 : A -4 AI K 1 be the canonical epimorphism, and set 
A' = (3-1(<p1(G)). By induction again, there exists a continuous homomor
phism rjJ : G -4 A' such that (3IA,rjJ = <Pl. If we think of rjJ as a mapping 
G -4 A, then rjJ is the desired lifting. 

Next assume that K is finite minimal normal in A. Consider the F'rattini 
subgroup 4i(A) of A, and recall that 4i(A) is pronilpotent (see Corollary 
2.8.4). By the minimality of K, either K ::s; 4i(A) or K n 4i(A) = 1. Assume 
first that K ::s; 4i(A). Hence K is nilpotent, since it is finite. Observe that 
[K, K] = 1, for otherwise [K, K] = K, contradicting the nilpotency of K. 
Therefore, K is abelian. Then the existence of rjJ follows from (c). Suppose 
now that K n 4i(A) = 1. Then there exists a maximal open subgroup M of 
A such that K 1, M. Hence K n M < K. Thus, by induction, there exists a 
continuous homomorphism <PI : G -4 M making the diagram 

G 
<P1 .•..... ·/ I <p 

)/ t 
1-KnM-M-B-l 

commutative. Finally, define rjJ : G -4 A to be the composition 

G~M<-tA. 

o 

Having the strong lifting property over a suitable class of epimorphisms 
is a powerful property for a profinite group; in the following result it is used 
as a key tool to determine when two groups are isomorphic. 

Proposition 3.5.6 Let t: be an admissible class of continuous epimorphisms 
of pro finite groups and let G1 and G2 be infinite profinite groups with the 
strong lifting property over t: and such that wo(G1) = wo(G2 ) = m. Assume 
that Ni <Ie Gi such that wo(GilNi ) < m and that the epimorphisms 

Gi -4 GdNi-41 

belong to t: (i = 1,2). Then, any isomorphism <P : GdNl -4 G21N2 lifts to 
an isomorphism rjJ : G 1 -4 G2 such that the diagram 

commutes. 
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Proof 
Let fL be the smallest ordinal with cardinality m. By Corollary 2.6.5, there 

exists a chain of closed normal subgroups of Gi (i = 1,2) 

Ni = Ni,o ~ Ni,l ~ ... ~ Ni,A ~ ... ~ Ni,JL = 1 

indexed by the ordinals A ::; fL, such that 

(i) Ni,A/Ni,A+1 is finite for A ~ 0; 

(ii) if A is a limit ordinal, then Ni,A = nV<A Ni,v, and 

(iii) wo(Gi/Ni,A) < m, for A < fL. 

We shall use transfinite induction to construct chains of closed normal 
subgroups of Gi (i = 1,2) 

N. = N ' O > N'l > ... > N ' , > ... > N' = 1 
« t, - 1., - - t,A - - t,M 

satisfying conditions analogous to (i), (ii), (iii), and in addition 

(iv) NI,A ::; Ni,A and wo(Gi/NI,A) < wo(Gi/Ni,A)' for all A (i = 1,2). 

Note that conditions (iii) and (iv) imply that wo(Gi/NI,A) < wo(Gi) for 
all A < fL (i = 1,2). 
Furthermore, we construct isomorphisms 

for each A ::; fL, in such a way that if A < v ::; fL, then the diagram 

commutes. Set NI,o = Ni,o = Ni (i = 1,2), and let <Po: Gl/NLo ~ G2/N2,O 
be the given isomorphism <po Let p ::; fL and assume we have constructed 
chains indexed by A < p 

N = N' 0 > N'l> ... > N ' , > . . . (i = 1,2) 
1, t, - t, - - t,.I\ - , 

as well as isomorphisms <PA (A < p), satisfying the above conditions. Next we 
indicate how to construct NI,p (i = 1,2) and an isomorphism <pp such that 
the above conditions still hold. If p is a limit ordinal, put 

NI,p = n NI,A (i = 1,2). 
A<P 

Observe that 
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GdN{,p = ~ GdN{,>. (i = 1,2). 
)o.<p 

In this case, define 
CPp = ~ CP>. . 

By Theorem 2.6.4, one has that 

wo(Gi/N:) :::; L wo(GdNi ,>.) = WO(GdNi,p). 
>'<p 

If p = 0"+1 for some ordinal 0", we proceed as follows: put M = Ni,unNl,p 
and P = N;',u n N2 ,p' Observe that [Nl,u : M] < 00 and [N;',u : P] < 00. 

Let the continuous epimorphism ¢ : G2 ---t GdM be a solution to the 
E-embedding problem for G2 

...... G2 

~.......... ~ J 
Gl/M --GdN{ u -- GdN;' u --1 ,cpu ' 

SetR = PnKer(¢). Then ¢induces a natural epimorphism G2/R ---t GdM. 
Let the continuous epimorphism, : G l ---t Gd R be a solution to the E
embedding problem for G l 

(such a solution exists since wo(GdM) < wo(G2 )). Set S = Ker('). Therefore 
, induces an isomorphism 15 : Gd S ---t G2 / R. Set Nl,p = S, G~,p = R, and 
CPp = 15. Then Nl,p :::; Nl,p , N;',p :::; N2,p and 

commutes. Finally, observe that wo(GdNl,p) < wo(Gd and wo(G2/N;') < 
wo(G2), as desired. D 

The following useful special case is obtained by putting Ni = Gi (i = 1,2). 

Corollary 3.5.7 Let C be a formation of finite groups. Let Gl and G2 be 
infinite pro -C groups, with wo(Gl ) = WO(G2). Assume that Gl and G2 have 
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the strong lifting property over the class of all continuous epimorphisms of 
pro - C groups. Then G1 and G2 are isomorphic. 

Next we present two results that characterize free pro -C groups on a set 
converging to 1 in terms of embedding problems. The first one is about free 
groups of finite rank. As we shall see in many occasions, the second result is 
a most useful tool whenever one wants to investigate whether an infinitely 
generated pro-C group is free pro-C. 

Theorem 3.5.8 Let C be a formation of finite groups and let G be a pro -C 
group. Assume that d( G) = m is finite. Let e = ec be the class of all epimor
phisms of pro -C groups. Then, the following two conditions are equivalent 

(a) G is a free pro-C group of rank mi 

(b) Every e -embedding problem for G 

G 

!~ 
l-K-A~B-l 

with d(B) :::; d(G) and d(A) :::; d(G), has a solution. 

Proof. 

(a) => (b) This implication follows immediately from Proposition 2.5.4. 

(b) => ( a) Consider a free pro -C group F of rank m, and let a : F - G be 
a continuous epimorphism. By (b) there exists an continuous epimorphism 
<p : G - F such that a<p = ida. Then <p is a monomorphism, and thus an 
isomorphism. 0 

Theorem 3.5.9 Let C be a formation of finite groups and let G be a pro
C group. Assume that d( G) = m is infinite. Let e = ec be the class of 
all epimorphisms of pro-C groups. Then, the following two conditions are 
equivalent 

(a) G is a free pro -C group on a set converying to 1 of rank mi 

(b) G has the strong lifting property over e. 

Proof. 

(a) => (b) Let G be a free pro-C group of rank m on the set X converging 
to 1. Then IXI = wo(G) (see Proposition 2.6.2). Consider the e-embedding 
problem 

G 

!~ 
l-K-A~B-l 
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with wo(B) < wo(G) and wo(A) ::; wo(G). We must show that there exists 
a continuous epimorphism rj; : G - A such that arj; = cpo According to 
Lemma 3.5.4, we may assume that K is finite. Put Xo = X n Ker(cp). Let 
U be the collection of all open normal subgroups of B. By our assumptions, 
lUI < m. Observe that, since X converges to 1, 

IX - Ker(cp)I = IX - n cp-I(u)1 = I U (X - cp-I(U))I = lUI· 
UEU UEU 

Therefore, IXol = m. Let Z be a set of generators of Kj since Z is finite, we 
may choose a subset Y of Xo such that IZI = IVI. By Proposition 2.2.2, there 
exists a continuous section 0" : B - A of a. Think of K as a subgroup of 
A. Define CPI : X - A as a map that sends Y to Z bijectively, and such 
that CPI = O"cp on X - Y. Since X is a set converging to 1 and cp and 0" 

are continuous, the mapping CPI converges to 1. Therefore, CPI extends to a 
continuous homomorphism rj; : G - A with arj; = cpo Finally note that rj; is 
onto since CPI(X) generates A. 

(b) =} (a) This follows immediately from Corollary 3.5.7. 0 

Combining the theorem above with Lemma 3.5.4, we get the following 
characterization of free pro -C groups of infinite countable rank. 

Corollary 3.5.10 Let C be a formation of finite groups and let G be a pro-C 
group with Wo (G) = No. Then G is a free pro -C group on a countably infinite 
set converging to 1 if and only if every embedding problem of the form 

G 

!~ 
1-K-A~B-1 

has a solution whenever A is finite. 

The next result provides another characterization of free pro - C groups 
from a slightly different point of view. 

Proposition 3.5.11 Let C be a formation of finite groups and let G be a 
pro -C group. Assume that d( G) = m is infinite. Then G is a free pro -C 
group of rank m if and only if the following condition is satisfied: 

(*) every embedding problem of pro -C groups 

G 

!~ 
1-K-C~D-1, 
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with 1 i= C E C, has m different solutions 'l/J : G -----4 C. 

Proof. Assume that G is a free pro-C group on a set X converging to 1 with 
IXI = m. Consider an embedding problem for G as above, with C finite. 
Since D is finite, U = Ker( <p) is open in G. Hence, X - U is finite and 
IX n UI = m. Since K is finite, there exists an indexing set I of cardinality m 
and a collection {XdiEI of distinct subsets of xnU, each of them of size IKI. 
Let (7 : D -----4 C be a section of a. For each i E I, define a map <Pi : X -----4 C 
as follows: <Pi = (7<P on X - U, <Pi sends Xi to K bijectively (we think of K 
as a subgroup of C), and <Pi(X n U - Xi)) = 1. Clearly, <Pi(X) generates C. 
Thus <Pi extends to a continuous epimorphism 'l/Ji : G -----4 C with a'l/Ji = <po 
Furthermore, the maps 'l/Ji (i E I) are all distinct. 

Conversely, assume that condition (*) holds. Consider an embedding prob
lem 

G 

!~ 
1-K-A~B-1, 

where A and Bare pro-C groups and where wo(B) < m and wo(A) :::; m. 
According to Theorem 3.5.9, it suffices to show that such an embedding 
problem has a solution. By Lemma 3.5.4, we may assume that K is a finite 
minimal normal subgroup of A. Let V <10 A be such that V n K = 1. Consider 
the commutative diagram 

G 

!~ 
1 ~K ~A a ~B ~1 

!~IK !~ !~ 
1---Kv = KV/V --A/V ~B/a(V) _1, 

where (3 and , are the canonical epimorphisms, av is the epimorphism in
duced by a and Kv = Ker(av). One shows easily that the maps a,{3,av" 
form a pullback diagram (see Exercise 2.10.1); moreover, {3IK is an isomor
phism and K v is minimal normal in A/V. 

By assumption, since A/V E C, there exists an indexing set I with III = m 
and distinct continuous epimorphisms 'l/Ji : G -----4 A/V such that av'l/Ji = ,<p 
(i E I). By definition of pullback, for each i E I, there exists a unique 
continuous homomorphism <Pi : G -----4 A such that a<pi = <P and (3<Pi = 'l/Ji. 
The proof will be finished if we can prove that <pj is an epimorphism for 
some j E I. Observe that for this it suffices to prove the following claim: 
Ker(<p) "/; Ker('l/Jj), for some j E I. Indeed, if the claim holds, 'l/Jj(Ker(<p)) 
is a nontrivial normal subgroup of A/V. Hence either Kv n 'l/Jj(Ker(<p)) = 1 
or Kv ~ VJj(Ker(<p)), since Kv is minimal normal in A/V. On the other 
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hand, av(1/Jj(Ker('P») = b'P)(Ker('P)) = Ij so, we deduce that 1/Jj(Ker('P)) = 
Kv. Therefore, Ker(av1/Jj) = Ker('P)Ker(1/Jj). Thus, by Lemma 2.10.2, rpj is 
surjective. 

It remains to prove the claim. Let N = nEI Ker(1/Ji). It follows that 
wo(GjN) = m. Indeed, assume that wo(GjN) = n < mj then GjN is a 
quotient of a free pro - C group F of rank nj so, F would have m distinct 
continuous epimorphisms onto the finite group A, which is plainly impossible, 
since each such an epimorphism is completely determined by its values on 
a finite subset of a basis of F. Therefore, wo(GjN) = wo(G) > wo(B) = 
wo(GjKer('P». This implies that Ker('P) 1: Ker(1/Jj), for some j E I. 0 

Next we prove that all free pro-C groups are in fact free pro-C groups 
on some set converging to 1. Nevertheless, it is sometimes more natural and 
more convenient to describe certain free pro - C group as being free on a 
topological space, rather than on a set; this becomes apparent when one 
studies subgroups of free groups (see Section 8.1) or profinite graphs (cf. 
Ribes-Zalesskii [2001]). 

Proposition 3.5.12 Let C be a formation of finite groups and let F = 
Fc(X,*) be a free pro-C group on a pointed profinite space (X,*). Then 
F is a free pro -C group on a certain set converging to 1. Furthermore, let 'R 
be the collection of all equivalence relations R on X such that the quotient 
space Xj R is finite and discrete. Then if'R is finite, so is the rank of F, and 
if'R is infinite, rank( F) = I'RI. 

Proof If X is finite, there is nothing to prove. So, we assume from now on 
that (X, *) is an infinite pointed profinite space. Clearly I'RI = p(X), where 
p(X) denotes the cardinality of the set of clop en subsets of X. We seek to 
prove that F = Fc(X,*) is a free pro-C group on a set of cardinality p(X) 
converging to 1. Let & = &c be the class of all epimorphisms of pro - C groups 
and consider an &-embedding problem 

F 

!~ 
l-K-A~B-l 

(6) 

where wo(B) < wo(F) and wo(A) :::; wo(F). According to the characterization 
of free pro-C groups on a set converging to 1 established in Theorem 3.5.9, 
we must show that there exists a continuous epimorphism rp : F ~ A such 
that arp = 'P. By Lemma 3.5.4, we may assume that the kernel K is finite. 

Put Y = cp( X), and let 'I/J : X ~ Y be the restriction of cp to X. Note that 
1/J is a mapping of pointed spaces, if we think of 1 as the distinguished point 
ofY. It follows from Proposition 2.6.2 and our hypotheses that p(Y) < p(X). 
In particular, if Y is finite, then 1/J-l(y) is infinite for some y E Y. 
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So in any case we may choose points Yl, ... ,Ym E Y, and for each i = 
1, ... ,m, points Xi,O, ... ,xi,ni E 1/J-l(Yi), none of them equal to *, such that 
nl + ... + nm = JKJ- 1. Represent the set of elements of K as 

{1}U{ki,j J i = 1, ... ,mjj =O, ... ,ni}. 

Choose clopen subsets U and Ui,j of X such that * E U, Xi,j E Ui,j (i = 
1, ... , mjj = 0, ... , ni) and X = U l:J Ul,O l:J •.• l:J Um,n",. Define 

as follows: 8(x) = 1 if x E U or if x E Ui,o (i = 1, ... , m), and 8(x) = ki,j if 
x E Ui,j (i = 1, ... , mjj = 1, ... , ni). Then 8 is a continuous mapping. Next, 
consider a continuous section 

of a such that cr(1) = 1 (see Proposition 2.2.2), and define 

~:X--A 

by ~(x) = 8(x)cr(1/J(x)) for x E X. Plainly, ~ is continuous and ~(*) = 1. 
Therefore there exists a continuous homomorphism 

e:F--A 

extending ~. Observe that a(e(x)) = 1/J(x) for all x E X. It follows that 
ae = ~. We claim that rp = e is the desired solution of the e-embedding 
problem (6). To verify this claim it remains to show that e is an epimorphism. 
Note first that 

e(Xi,j)e(Xi,O)-l = 8(Xi,j)cr().(Xi,j))(8(Xi,O)cr(1/J(Xi,O)))-1 = ki,j 

(i = 1, ... , mj j = 1, ... , ni)j therefore, K ~ '(F). On the other hand, 
a(e(F)) = B, and thus e(F) = A, as required. 0 

The proof of the theorem above is not constructive, in the sense that it 
does not exhibit an explicit basis of F converging to 1. So, one may ask the 
following 

Open Question 3.5.13 Let F be a free profinite (or, more genemlly, pro - C) 
group on a profinite space X. Is there a canonical way of constructing a basis 
converging to 1 for F '? 

Exercise 3.5.14 Let C be a nontrivial formation of finite groups and X a 
set. Prove 

(a) If X =1= 0 is finite, JFc(X)J = 2No • 
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(b) Let C be a finite cyclic group in C, and let G = IIx C be the direct 
product of IXI copies of C. Then G can be generated by a set converging 
to 1 of cardinality IXI. 

(c) If X is infinite and let F be the free pro - C group on the set X converging 
to 1, then IFI = 21xl. (Hint: use Proposition 2.6.2.) 

(d) Assume that X is infinite and let if> = if>(X) be a free abstract group on 
X. Then the pro-C completion of if> is a free pro-C group of rank 21XI. 
(Hint: see Exercise 3.3.3.) 

(e) Let m be an infinite cardinal and let p be a fixed prime number. Consider 
the direct sum A = EBm ZjpZ of m copies of ZjpZ. Then d(A) = 2m. 

(f) Let Y be an infinite topological space with the discrete topology. Show 
that 

In Proposition 3.3.9 we saw that an inverse limit offree pro-C groups is a 
free pro - C group if the canonical mappings in the inverse system send bases 
to bases. As we shall exhibit later (see Example 9.1.14), a general inverse limit 
G of free pro-C groups need not be free pro-C. However, in the following 
theorem we show that if, in addition, G has a countable fundamental system 
of neighborhoods of the identity (Le., wo(G) = No), then G is free pro-C. 

Theorem 3.5.15 Let 

iEi 

be an inverse limit of a surjective inverse system of free pro -C groups (Fi' CPij) 
indexed by a poset I. Assume that G admits a countable set of generators 
converging to 1 (i. e., G is second countable as a topological space). Then G 
is a free pro -C group. 

Proof Suppose first that G is finitely generated. Then the free groups Fi 
have finite rank bounded by d(G), the minimal number of generators of G. It 
follows that there exists some io E I such that rank(Fi) = rank(FiJ if i ~ i o . 

Therefore, by the Hopfian property (see Proposition 2.5.2), CPiio : Fi -4 Fio 

is an isomorphism for each i ~ i o . Thus G ~ Fio is a free pro-C group. 
Assume next that G admits an infinite countable set of generators con

verging to 1. Let & = &c be the class of all epimorphisms of pro -C 
groups. Then, according to Corollary 3.5.10, it suffices to prove that every 
&-embedding problem for G of the form 

G 

!~ 
l-K-A~B-l 
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has a solution, whenever A is a finite group. 
Denote by 

'Pr: G ~ Fr 

the canonical epimorphism. Since B is finite, there exists some rEI and an 
epimorphism 

1/Jr :Fr ~B 

such that 'P = 1/Jr'Pr (see Lemma 1.1.16). Since G is not finitely generated, 
we may choose r in such a way that rank(Fr ) > IAI. By Theorem 3.5.8, 
there exists an epimorphism J.L : Fr ~ A such that ClJ.L = 1/Jr. Therefore, 
J.L'Pr : G ~ A is the desired solution to the above embedding problem. 0 

3.6 Open Subgroups of Free Pro - C Groups 

In this section we begin the study of the structure of closed subgroups of free 
pro - C groups. Unlike the situation for subgroups of abstract free groups, a 
closed subgroup of a free pro - C group is not necessarily a free pro - C ~roup. 
For example, Zp is a closed subgroup of the free profinite group of Z, but 
obviously Zp is not a free profinite group. Nevertheless, we shall describe 
several types of closed subgroups of a free pro - C group, and we shall see that 
in some cases they are free pro - C. We revisit this topic at other places in this 
book; in particular, in Chapter 7, where we deal with subgroups of free pro-p 
groups, and in Chapter 8, where we study normal subgroups of free pro - C 
groups. 

Before we state the next theorem, we fix notation and recall some re
sults about subgroups of abstract free groups. For the details one can consult 
Magnus-Karras-Solitar [1966], Lyndon-Schupp [1977], or Serre [1980], for ex
ample. Let D be an abstract free group on a set X, and let L be a subgroup 
of D. Recall that a right transversal T of L in D is a complete system of 
representatives of the right cosets of L in D, so that D = l:.JtET Lt; we shall 
assume that 1 E T. Write t ETas a reduced word in term of the elements 
of X, i.e., t = X~l ... x~r for some Xl, ... , Xr E X, with fi = ±1 for all 
i = 1, ... ,r, and fi = fi+l if Xi = Xi+! (i = 1, ... ,r - 1). We refer to the 
elements X~l ... X~i (i = 0, ... , r) as the initial segments of t = X~l ... x~'·. We 
say that the transversal T is a right Schreier transversal if whenever t is in T, 
so is any initial segment of t. Every subgroup L of D admits a right Schreier 
transversal. A final piece of notation: if fED, denote by j the unique ele
ment JET such that Lj = Lf. Then one has the following theorem due to 
Nielsen and Schreier. 

Theorem 3.6.1 Let D be an abstract free group on a set X, L a subgroup 
of D, and let T be a right Schreier transversal of L in D. Then L is a free 
group on the set 
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{tX(tX)-l I X E X, t E T, tX(tx)-l i I}. 

Furthermore, if L has finite index in D, then 

rank(L) - 1 = [D: L](rank(D) - 1). 

Theorem 3.6.2 Assume that C is an extension closed variety of finite groups 
(respectively, an NE-formation of finite groups). Let F be a free pro-C group 
on a set X converging to 1, and let H be an open (respectively, open normaQ 
subgroup of F. Then 

(a) The set 
Z = {tX(tx)-l I x E X, t E T, tx(tx)-l i I}, 

converges to 1, where T is an appropriate right transversal of H in F; 
moreover, H is a free pro -C group on the set Z. 

(b) If rank(F) is infinite, then rank(H) = rank(F); while if rank(F) is fi
nite,then so is rank(H), and 

rank(H) - 1 = [F: H](rank(F) - 1). 

Proof. Let D be the abstract subgroup of F generated by X. By Corollary 
3.3.14 and Proposition 3.3.15, D is an abstract free group with basis X. 
Choose a Schreier transversal T of D n H in D. 

Case 1. X = {XI, ... , xn } is finite. 
As pointed out above, DnH is a free abstract group. By Proposition 3.2.2, 

D n H = H. By Lemmas 3.1.4, 3.2.4 and 3.2.6, H is the pro-C completion 
of D n Hj hence H is a free pro-C group. Then, by Theorem 3.6.1, 

{tx(tX)-l I x E X, t E T, tX(tX)-l i I} 

is a basis of D n H, and so of H (see Proposition 3.3.6). Therefore, using 
again Theorem 3.6.1, rank(H) - 1 = [F: H](rank(F) - 1), as desired. 

Case 2. X is an infinite set. 

By Proposition 3.3.12, we may express the free pro-C group F = Fc(X) 
on the set X converging to 1 as an inverse limit 

F = !!!!! Fc(Xj ), 
jeJ 

with [Fc(Xj) : <pj(H)] = [F : H], for every j E J, where each Xj is a finite 
subset of X, and <pj : F ----t Fc(Xj) denotes the canonical epimorphism. Let 
Dj be the abstract subgroup of Fc(Xj) generated by Xj (j E J). Therefore, 
<pj(T) = {<pj(t) I t E T} is a Schreier transversal of the subgroup Dj n <pj(H) 
in D j (j E J). Put X = Xu {I} and Xj = Xj U {I} (j E J). Then Fc(Xj) = 

Fc(Xj, 1). By Case 1, <pj(H) is a free pro-C group on the finite pointed space 
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(Yi, 1) = ({x'Pj(t)(x'Pj(t))-l I X E Xj, t E T}, 1). 

Observe that 'Pjk(Yj, 1) = CYk, 1) (j t k), and that 

H = ~ 'Pj(H). 
iEJ 

Hence, by Proposition 3.3.9, H is a free pro-C group on the pointed topo
logical space 

(Y, 1) = (~ Yj, 1). 
jEJ 

It remains to prove that Y is the one-point compactification of the set Z 
in the statement. Clearly Z is a discrete subspace of F since X is discrete and 
T is finite. Moreover, Z U {I} is compact (it is the continuous image of the 
compact space (X U {I}) x T), in fact, it is the one-point compactification of 
Z. Since 'Pj(ZU {I}) = Yj (j E J), we infer that Zu {I} = Y (see Corollary 
1.1.8). This proves the theorem. 0 

Corollary 3.6.3 Let G be a finitely generated profinite group with d( G) = d 
and let U So G. Then U is also finitely generated as a profinite group and 
d(U) S 1 + [G : U](d - 1). 

Proof. Consider a free profinite group F of rank d and an epimorphism 

'P:F~G. 

Then 'P('P-1(U)) = u. So the result follows from Theorem 3.6.2 applied to 
the open subgroup 'P-l(U) of F. 0 

A subgroup H of a group G is called subnormal if there exists a finite 
chain of subgroups of G 

H = G n <l Gn-l <l'" <l G 1 = G. 

If G is pro finite and H is closed, we only refer to H as subnormal if there is 
a chain as above with every Gi closed. 

Corollary 3.6.4 

(a) For r, i E N, define T(r, i) = 1 + i(r -1). If r, i,j EN, then 

T(T(r, i), j) = T(r, ij). 

(b) Let C be an NE-formation of finite groups. Let F be a free pro -C group 
of finite rank r, and let H be an open subnormal subgroup of F. Then H 
is a free pro -C group of rank 1 + [F : H](r - 1). 

Proof. Part (a) is a routine calculation. Part (b) follows from the theorem 
and an easy induction. 0 
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3.7 Notes, Comments and Further Reading 

Profinite topologies are used sometimes to express some algebraic facts in a 
succint manner. For example, an abstract group G is called LERF or subgroup 
separable if every finitely generated subgroup of G is closed in the profinite 
topology of G (cf. Scott [1978]). In Hall [1949] Theorem 5.1, it is proved that 
finitely generated subgroups of abstract free groups are closed in the profinite 
topology. For a study of the induced topology on the Fitting subgroup of 
certain groups, see Pickel [1976] and Kilsch [1986]. 

Lemma 3.1.5 and Corollary 3.1.6 appear in Ribes-Zalesskii [1994]. Corol
lary 3.2.8 was proved by Dixon, Formanek, Poland and Ribes [1982]. Theorem 
3.2.9 appears in Fried-Jarden [1986]. 

Free pro-C groups appear in Iwasawa [1953]' where C is a variety of fi
nite groups, although he does not use the name 'free pro - C'. In the same 
paper (Theorem 8) Iwasawa proves a precursor of the results of Douady and 
Harbater mentioned in Example 3.3.8(e): let F be an algebraically closed 
countable field and let K be the maximal solvable extension of F(T); then the 
Galois group of the extension K / F(T) is a free prosolvable group of countable 
rank. The first explicit reference to the universal property of freeness for pro-p 
groups seems to appear in the first edition of Serre's Cohomologie Galoisienne. 
The first systematic study of free pro - C groups over topological spaces was 
began by Gildenhuys-Lim [1972]. At the time it was known, using cohomo
logical methods, that every free pro-p group on a topological space is free on 
a set converging to 1 (Tate); see Section 7.6. Proposition 3.5.12, showing that 
this is also the case for general pro-C groups, was proved by Mel'nikov [1980]. 
Proposition 3.3.11 appears in Gildenhuys-Lim [1972]. Proposition 3.3.12 was 
established in Gildenhuys-Ribes [1973]. A version of Theorem 3.3.16 is shown 
in Iwasawa [1953]. 

The embedding problem, as indicated in 3.5.2, seems to have been posed 
first in Brauer [1932]. The literature about the inverse problem of Galois 
theory is very extensive. Open Question 3.5.3 has been partially answered in 
many special cases. Shafarevich [1954] answered it for finite solvable groups 
(this paper had a difficulty related to the prime number 2, but Shafarevich in
dicated how to overcome this difficulty shortly after); see Schmidt-Wingberg 
[1998] for a simplified proof of Shafarevich result. The book of Matzat [1987] 
describes the construction of field extensions corresponding to some finite 
simple groups. See Pop [1996] for the study of embedding problems over cer
tain fields. For a general survey of results and methods see Serre [1992] and 
V6lklein [1996]. 

Iwasawa [1953] makes a pioneering use of embedding problems for groups 
to characterize free pro-C groups of countable rank (see Corollary 3.5.10). 
This was generalized by Mel'nikov [1978] (see Theorem 3.5.9). 

Proposition 3.5.11 was proved by Chatzidakis in her 1984 thesis and ap
pears in Chatzidakis [1998]; this paper contains several other results on free 
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profinite groups. In Jarden [1995], profinite groups with solvable finite em
bedding problems (Le., embedding problems such as (1) of Section 3.5, where 
A is finite) are studied. Theorem 3.5.15 is due to Mel'nikov [1980]. Theorem 
3.6.1 appears in Binz-Neukirch-Wenzel [1971]. 

3.7.1 A Problem of Grothendieck on Completions 

The following problem was posed by Grothendieck [1970]: Assume that cp : 
G1 --+ G2 is a homomorphism of finitely generated residually finite abstract 
groups such that the corresponding homomorphism rp : 81 --+ 82 of the 
profinite completion is an isomorphism. Is cp necessarily an isomorphism? 

Here we indicate some results related to this question as well as some 
references. The motivation of Grothendieck was the study of the functor 
induced by cp 

cp* : RePA(G2) --+ RePA(G1), 

where A is a coomutative ring and Rep A (G) stands for the the category of 
finitely presented A-modules on which the group G operates. Grothendieck 
[1970], Theorem 1.2, proved that if rp is an isomorphism, then cp* is an equiv
alence of categories. In this connection see also Lubotzky [1980]. 

In Platonov-Tavgen [1986] an example was found that answers negatively 
the question of Grothendieck. This example is based on a construction by G. 
Higman [1951] of an infinite finitely presented group with no nontrivial fi
nite quotients. Let F be a free abstract group on a basis {XbX2,X3,xd. 

Let N be the smallest normal subgroup of F containing the elements 
-1 -2 -1 -2 -1 -2 -1 -2 Th t t d 

X2X1X2 Xl , X3 X 2X 3 X2 , X4 X 3X 4 X3 , X1 X 4X 1 X4' e group cons ruc e 
by Higman is F / N. Denote by Ll the diagonal subgroup of the direct prod
uct F x F, and consider the subgroup G1 = (N x {1})Ll of G2 = F x F. 
Then Platonov and Tavgen show that the inclusion G 1 --+ G 2 induces an 
isomorphism 81 --+ 82 , 

Platonov-Tavgen [1990] contains several results showing that in some in
teresting cases the question of Grothendieck has a positive answer. For ex
ample they prove 

Theorem 3.7.1a Grothendieck's problem has a positive solution if G2 is a 
subgroup of SL2 (K), where K is either the field of real or rational numbers. 

In connection with Theorems 3.2.7 and 3.2.8, one may ask 

Open Question 3.7.2 What pro -C groups are pro -C completions of finitely 
generated abstract groups? 

For partial answers to this question see Segal [2001]. 
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4.1 Powers of Elements with Exponents from Z 

Let G be a profinite group and x E G. Since Z is a free profinite group on 
{I}, there is a unique epimorphism 

<p: Z -- (x) 

such that <p(l) = x. Given>. E Z, define xA = <p(>,). 
Consider the decomposition of Z as the direct product of it p-Sylow sub

groups, Z = I1 Zp, after identifying the group of p-adic integers Zp with the 
p 

p-Sylow subgroup of Z. If 1 denotes the canonical generator of Z, then 1 
can be thought of as infinite tuple 1 = (lp), where Ip denotes the canonical 
generator of Zp, for each prime p. Moreover, 1 = Ip + Ipl, where Ipl is the 
canonical generator of the p'-Hall subgroup I1 Zq. 

q#p 

Lemma 4.1.1 Let G be a profinite group. Let X,y E G and >.,j.t E Z. Then, 

(a) If nb n2, ... E Z is a sequence of integers converging to >.. in Z, then 

lim xn ; = xA• 
i-+oo 

(b) If x and y commute, then (xy)A = xAyA. 

(c) XA+IL = XAXIL. In particular, x = xlpxlpl . 

(d) x1p is a generator of the p-Sylow subgroup of (x). 

Proof. Part (a) is clear since Z and (x) are metric spaces. Parts (b) and (c) 
are obviously true if the exponents are integers; so the result follows from 
(a). Part (d) is just the fact that the continuos epimorphism <p above maps 
the p-Sylow subgroup of Z onto the p-Sylow subgroup of (x). 0 

We recall that a net {Xi} in a topological space X consists of collection 
of elements Xi of X indexed by a directed poset {I, ::H. Such a net converyes 
to an element x of X if for each neighborhood U of x there exists some j E I 
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such that Xk E U whenever k t j. A point y E X is a cluster point of this 
net if for every neighborhood U of y and each i E I, there is some j E I with 
j t i and Xj E U. It is well-known that X is compact if and only if every net 
in X has a subnet converging to a point in X. 

Let e be a profinite group and p a prime number. We say that an element 
x E e is a p-element if it generates a pro-p subgroup. 

Lemma 4.1.2 Let e be a profinite group and {Xi} a net in e that converges 

to a p-element x of e. Then {x~P} is a net of p-elements of e converging to 
x. 

Proof It suffices to show that for any element y E e and any U <lo e, one 
has that yU = xU implies ylpU = xU. To see this, remark first that by 
Lemma 4.1.1, if yU = xU, then 1U = x-IyU = x-IyIpyIp! U. Next observe 
that ylpU E (yU) = (xU); hence X-IyIpU is a p-element. Therefore, yIp! U 
is both p-element and a p'-element in the finite group e /U, i.e., yIp! U == 1U. 
Thus yU = ylpU. D 

4.2 Subgroups of Finite Index in a Profinite Group 

The purpose of this section is to present some profinite groups whose topolog
ical structure is completely determined algebraically. We say that a profinite 
group e is strongly complete if every subgroup of finite index is open. 
Equivalently, G is strongly complete if it coincides with its profinite com
pletion (thinking of e as an abstract group): G = e. It is not hard to find 
examples of profinite groups that are not strongly complete (see Example 
4.2.13), but none is known among the finitely generated ones. Theorem 4.2.6 
exhibits a large class of finitely generated groups that are strongly complete; 
this includes all finitely generated pro-p groups. 

Throughout this section we use the following notation, some of it new. If 
e is a profinite group, 

c(e) = {[x, y] = x-Iy-Ixy I x, Y E e} 

is the set of all commutators of e; [e, e] is the commutator subgroup of e 
as an abstract group, i.e., [e, e] consists of all elements of e that can be 
written as a finite product of commutators; and [e, e] is its closure in e. For 
a subset X of e, Prt(X) is the set of all products of the form xr l ... X;I, 
where t is a natural number. 

Proposition 4.2.1 Let e be a profinite group and let N be a subgroup (not 
necessarily closed) of e of finite index. Then [e : N] divides #e. 
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Proof. Replacing N by its core Nc , we may assume that N is normal. Let p 
be a prime divisor of [G : N]. We assert that then p is also a divisor of #G. 
Indeed, choose x E G - N such that xP E N. Then x has order p in the group 
(x)/(x)nN. Now, (x)nN is open in (x). Indeed, put t = [(x): (x)nN]; then 

(xt) :::; (x) n N, 

and clearly (xt) is open in (x). Therefore p divides #(x), and so p divides 
#G (see Proposition 2.3.2), proving the assertion. 

Next, let pn be the largest power of p dividing [G : N]; we must show 
that pn also divides #G. Assume on the contrary that the largest power of 
p dividing #G is pm, with 1 :::; m < n. Since m is finite, there exists an 
open subgroup U of G such that pm divides [G : U]; so p A' #U. Hence, by 
the above assertion, p A' [U : U n N]. Therefore pm is the largest power of p 
dividing [G: Un N]. This contradicts the fact that pn divides [G: U]. D 

Corollary 4.2.2 Let G be a prosolvable group, and let N be a normal sub
group (not necessarily closed) of G of finite index. Then GIN is a finite 
solvable group. 

Proof. Let p be a prime number. It suffices to prove that GIN has a p
complement (cf. Hall [1959]' Theorem 9.3.3). According to Proposition 2.3.10, 
G = BpBpl, where Bp is a p-Sylow subgroup and BpI a p'-Hall subgroup of G. 
Then 

GIN = BpBplNIN = (BpNIN)(BpININ). 

By Proposition 4.2.1 BpNIN ~ BplN n Bp is a finite p-group and BplNIN ~ 
BpI INn BpI a finite p'-group; hence BpN IN is a p-Sylow subgroup of GIN 
and BpI N INa p-complement. D 

For a profinite group G and each x E [G, GJ, there is some natural number 
t such that x E Prt(c(G)); clearly this number t depends on x and on G. 
However, for some types of finitely generated profinite groups, there is a 
number t valid for all x, which depends only on the minimal number d(G) of 
(topological) generators of those groups G. We are interested in these groups 
because of the following result. 

Lemma 4.2.3 Let C be a formation of finite groups closed under taking 
normal subgroups. The following conditions are equivalent: 

(a) For every finitely generated pro -C group G, [G, G] is closed; 

(b) There exists an integer-valued function f such that for each natural num
ber k and for each group H E C that can be generated by k elements, one 
has [H,H] = Prf(k)(c(H)). 

Proof. Note that for a profinite group G, the set c(G) is compact, hence so 
is Prr(c(G)), for each r. Assume that condition (b) holds, and let G be a 
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finitely generated pro - C group with d( G) = d. Express G as an inverse limit 
of finite quotient groups 

iEI 

with canonical epimorphisms rpi : G ~ Gi . Clearly 

[G, G] = ~ [G i , Gi ] 

iEI 

and rpi(Prt(C(G))) = Prt(c(Gi)), for each natural number t. By (b), 

Prf(d)(c(Gi)) = [Gi, Gi]. 

Hence Prf(d)(c(G)) is dense in [G,G], according to Lemma 1.1.7. Since 

Prf(d)(c(G)) is closed, it follows that Prf(d)(c(G)) = [G,G]. Plainly, 

Prf(d)(c(G)) ~ [G, G]; 

therefore [G, G] = [G, G]. 
Suppose now that (a) holds. Let k be a natural number and let F be 

the free pro - C group of rank k. Clearly [F, F] is generated, as an abstract 
group, by c(F). Since by our assumption [F, F] is a profinite group, it follows 
from Lemma 2.4.6 that [F, F] = Prm(c(F)), for some natural number m. 
Define f(k) = m. Now, if H is a group in C that can be generated by k 
elements, then there is an epimorphism rp : F ~ H; consequently [H, H] = 
rp([F,F]) = rp(Prf(k) (c(F))) = Prf(k) (c(H)). D 

Proposition 4.2.4 Let A be a finitely genemted abelian profinite group. Then 
every subgroup N of finite index in G is open. 

Proof. We may assume that A is a free proabelian group of finite rank, say 
n. Then A = E9~=1 (ai) where (ai) = Z. Let N be a subgroup of A of index 
t. Then tA = E9~=1 (tai) is open in A, and plainly tA ::; N. Thus N is open. 
D 

Proposition 4.2.5 Let G be a finitely genemted prosolvable group such that 
[G, G] is closed. Then every subgroup N of finite index in G is open. 

Proof. Replacing N by its core Na in G, we may assume that N is normal in 
G. We shall use induction on the index of N in G. By Corollary 4.2.2, GIN 
is a finite solvable group. If GIN is not of prime order, there exists some 
H with N < H < G. By induction H is open. According to Lemma 2.5.5, 
H is also a finitely generated profinite group. So, again by induction, N is 
open in H, and hence in G. Assume now that the order of GIN is p. Then 
N 2: [G, G]. Since [G, G] is closed, we may assume that G is abelian. The 
result follows then from Proposition 4.2.4. D 



4.2 Subgroups of Finite Index in a Profinite Group 127 

A recent result of D. Segal [2000] proves the existence of a function, for 
the class C of all finite solvable groups, such as the one described in Lemma 
4.2.3. Explicitly he proves 

Proposition 4.2.6 In a finite d-generated solvable group H, every element 
of the derived subgroup [H, H] is equal to the product of f(d) = 72d2 + 46d 
commutators. 

This together with Lemma 4.2.3 and Proposition 4.2.5 results in the fol
lowing 

Theorem 4.2.7 Let G be a finitely generated prosolvable group. Then every 
subgroup of G of finite index is open, i.e., G is strongly complete. 

We refer the reader to Segal [2000] for a complete proof of this theorem. 
Instead, we offer here a relatively short proof of Theorem 4.2.7 for a smaller 
class of prosolvable groups; this class includes all prosupersolvable groups 
and in particular all pro-p groups. To describe this class we introduce the 
following terminology and notation. Given a natural number e 2: 1, we say 
that a finite group G is in the class N£, if G admits a normal series (Le., 
Gi <j G for all i) 

(1) 

such that GilGHl is nilpotent (i = 0, ... ,e - 1). Note that this condition 
on G is equivalent to simply assuming that the series (1) is subnormal (Le., 
GHl <j G i for each i) rather than normal; indeed, if (1) is subnormal, replace 
each Gi in (1) by its core ngEG Gf in G; then ngEG Gf<jG and Gi-d ngEG Gf 
is a subgroup of 11 Gi-dGf, which is nilpotent. 

gEG 

We claim that the class N£ is a formation of finite groups. Indeed, the 
class N£ is closed under taking quotient groups, because this is the case 
for the class of nilpotent groups. To see that N£ is closed under sub direct 
products, let G be a finite group, and assume that Ni <j G with G I Ni E N£ 
(i = 1,2); then GINl nN2 "--> GINl x GIN2 . Since N£ is clearly closed under 
taking subgroups and finite direct products, we have that G I Nl n N2 E N£. 

The following are examples of classes of finite groups consisting of groups 
in N£, for some fixed e: 

- The class of all finite p-groups for a fixed prime p (e = 1). 

- The class of all finite nilpotent groups (e = 1). 

- The class of all finite supersolvable groups (e = 2); this is because the 
commutator subgroup of a supersolvable group is nilpotent: see Hall [1959]' 
Theorem 10.5.4. 
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Theorem 4.2.8 Let G be a finitely generated profinite group such that there 
exists some fixed f with G / N E Ni, whenever N <lo G. Then every subgroup 
of G of finite index is open, i.e., G is strongly complete. 

The proof of this result will require first some preliminary lemmas. 

Lemma 4.2.9 Let K E Ni, with f > 1. Then K contains a smallest normal 
subgroup H such that K/H E Ni-I. Moreover 

(a) H is nilpotent; and 

(b) [K,H] = H. 

Proof Certainly K contains normal subgroups L such that K/L E Ni-I, 
e.g., Ki-I; an easy induction shows that the intersection of two such normal 
subgroups of K has the same property; H is the intersection of all such 
normal subgroups of K. Part (a) is plain since H ~ Ki-I. Now, it is clear 
that [K, H] ~ Hand [K, H] <l K. Moreover, if 

K = Ho ~ HI ~ ... ~ Hi-2 ~ Hi- I = H 

is a normal series and each HdHi+1 is nilpotent (i = 0, ... ,f - 2), then 

K = Ho ~ [K, HI] ~ ... ~ [K, Hi-2] ~ [K, Hi-I] = [K, H] 

is a normal series; further [K, Hil![K, Hi+l] is nilpotent since it is isomorphic 
to a subgroup of HdHi+1 (i = 1, ... ,f - 2), and K/[K,HI] is nilpotent 
since K/Hl is nilpotent. Hence K/[K,Hl E Ni-I. Thus, [K,Hl = H by the 
minimality of H. This proves (b). 0 

Proposition 4.2.10 Let K = (Xl' ... ' xr) be a finitely generated abstract 
group. 

(a) If A is an abelian normal subgroup of K, then every element of [A, K] 
can be expressed in the form 

(ab . .. ,ar E A). 

(b) Assume that H is a nilpotent normal subgroup of K. Suppose that H is 
generated by YI. ... , Ys as a normal subgroup, i.e., H = (yI. ... , Ys)K. 
Then every element of [H, K] can be expressed in the form 

[hl,XI]··· [hr,xr][h~'YI]··· [h~,ys] 

(hI. . .. , hn hi ... ,h~ E H). 

(c) Assume that K is nilpotent. Then every element oJ[K, K] can be expressed 
in the form 
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(kt, ... , kr E K). 

Proof 

(a) Using the commutator identity 

lab, c] = [a, c]b[b, c], (2) 

one deduces that [A, Xi] = {[a, Xi] I a E A} is a subgroup of A (i = 
1, ... ,r). Put L = [A,Xl]··· [A,xr]. Since aX; == a mod(L) for each a E A 
(i = 1, ... , r), it follows that K centralizes A modulo L, i.e., [A, K] ::; L. 
On the other hand, it is obvious that L ::; [A, K]. Hence [A, K] = L = 
[A,Xl]··· [A,xr]. 

(b) We use induction on the nilpotency class c of H. If c = 1, H is abelian; 
then the result follows from part ( a) . 

Assume now that c > 1. Consider the lower central series 

H = Tl(H) > T2(H) > ... > TC-l(H) > Tc(H) > Tc+1(H) = 1 

of H. Put B = TC-l(H) and A = Tc(H). Then, by definition, [B, H] = A and 
[A, H] = 1. So, A is central in H. By part (a), 

[A,K] = [A,Xl]··· [A,xr ], 

since A abelian and normal in K. 
By the centrality of A in H, one obtains from (2) that 

[B, Yi] = {[b, Yi]1 bE B} 

is a subgroup of A = [B, K] (i = 1, ... , s). Put J = [B, Yl]··· [B, Ys]; then 
J ::; A. 

We claim that A = [A, K]J, i.e., every element of A can be written in the 
form 

[at, xI] ... [aT! Xr][bl, Yl]· .. [bs, Ys], 

for some at, ... , ar E A, bl, ... ,bs E B. Plainly [A, K]J ::; A. Note that 
[A,K]J <l K, for [J,K] ::; [A,K]. Now, Yi centralizes BI[A,K]J, for each 
i = 1, ... , s, since [B, Yi] ::; J; hence so does every conjugate yf of Yi in 
K, for BI[A,K]J is normal in KI[A,K]J. This means that H centralizes 
B I[A, K]J, i.e., A = [H, B] ::; [A, K]J. This proves the claim. 

Let U E [H, K]. By induction 

U == [ht,Xl]··· [hr,xr][h~'Yl]··· [h~'Y8] mod(A), 

where hl , ... , hr, hi ... ' h~ E H. Therefore, by the above claim, 

where at, ... ,ar E A, bt, ... ,bs E B. Finally, since A is central in H we obtain 
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u = [hlal,XIJ'" [hrar,xr][h~bl'YIJ'" [h:bs,Ys], 

using the identity (2) again. 

(c) We proceed by induction on the nilpotency class c of K. If c = 1, K 
is abelian and the result is trivial. Suppose next that c> 1. Put A = lc(K) 
and B = lc-I(K). By the claim in part (b), every element of a E A can be 
written in the form a = [bl , XIJ ... [br , Xr], where bI, ... ,br E B, since in this 
case A is central in K and we can take {YI,"" Ys} = {Xl, ... , xr }. 

Let g E [K, KJ. By induction, 

(kl ... kr E K). Therefore, 

g = [kl,XIJ··· [kr,xr][bI,XIJ'" [br,xr], 

for some bl , ... ,br E B. Since [bI, Xl], ... , [bTl Xr J are in the center of K, we 
can use (2) to get 

o 

Lemma 4.2.11 Let K = H ~ L. If K can be generated by d elements, then 
there are d elements of H that generate it as a normal subgroup of K. 

Proof. Say K = (kl , ... , kd)' Then ki = hiXi, for some hi E H, Xi E L 
(i = 1, ... , d). Consider the normal subgroup N of K generated by all the 
conjugates hf (i = 1, ... , d; g E K). Clearly N :s H; furthermore, K = N L 
since N L contains each ki. Thus N = H. In other words, H = (hI, ... , hd)K. 
o 

Finally, before we prove Theorem 4.2.8, we need a result on the splitting 
of some finite groups. 

Lemma 4.2.12 Let KENt and let H be a minimal normal subgroup of K 
such that K j H E Nt-I. Assume further that H is abelian. Then there exists 
some subgroup L of K such that K = H ~ L. 

The proof of this result can be found in, for example, Doerk-Hawkes 
[1992]' Theorem IV.5.18, where it is stated in the more general setting of 
"saturated formations". The class Nt is a formation. Moreover being "sat
urated" means that if L is a finite group and its Frattini quotient Ljif>(L) 
belongs to Nt, then LENt; this is certainly so since the Frattini subgroup 
of a finite group is nilpotent (cf. Hall [1959J, Theorem 10.4.2). 

Proof of Theorem 4.2.8: According to Proposition 4.2.5, it suffices to show 
that [G, GJ is closed in G; and by Lemma 4.2.3, this would follow if we 
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prove that there is an integer-valued function f such that if K E N'- can be 
generated by k elements, then every element in [K, K] is the product of f{k) 
commutators. We shall show specifically that f{k) = k + (l - 1)2k. 

We argue by induction on i. If l = 1, then K is nilpotent and f{k) = k 
by part (c) of Proposition 4.2.10. Suppose now that l > 1 and that the result 
holds for l - 1. By Lemma 4.2.9, there exists a smallest normal subgroup 
H of K such that K/ H E N'--l; moreover H is nilpotent and [H, K] = H. 
It follows that the abelian group H/[H, H] is the minimal normal subgroup 
of K/[H,H] with quotient in N'--l. Then we infer from Lemma 4.2.12 that 
K/[H, H] = H/[H, H] ~ L/[H, H] for some subgroup L such that [H, H] :::; 
L:::; K. By Lemma 4.2.11, there are elements Yl, .. ' ,Yk E H such that H = 
[H, H](yt, ... ,Yk)K. Since H is nilpotent, [H, H] :::; cp{H) (cf. Hall [1959]' 
Theorem 10.4.3); hence H = (Yl, ... ,Yk)K (see Corollary 2.8.5). Then we 
can apply Proposition 4.2.1O{b) to deduce that every element of [H, K] = H 
is the product of 2k commutators. Let 9 E [K, K]; by induction, the element 
gH E K/H is the product of k + {l - 2)2k commutators of K/H; therefore 
9 = vh, where v is the product of k+{l-2)2k commutators of K, and h E H. 
Thus 9 is the product of k + {l - 1)2k commutators of K, as claimed. D 

Example 4.2.13 A nonstrongly complete group. 

Let I be an infinite set, T a fixed nontrivial finite group and let F an ultrafilter 
on I containing the filter of all cofinite subsets of I (see, e.g., Bourbaki [1989]' 
I, 6, 4). Consider the profinite group G = TIl T, the direct product of III 
copies of T. Denote the elements of G by g = (gi)' We shall construct a 
nonopen subgroup H of index ITI in G. Define H to be the collection of all 
elements h = (hi) of G such that {i E I I hi = I} E F. Plainly H is a proper 
normal subgroup of G. Moreover, it is dense in G since F contains all cofinite 
subsets of I. For t E T, define t E G as the element of G whose components 
ti are all equal to t. To see that [G: H] = ITI, it suffices to show that every 
element g EGis congruent to some such t modulo H. Now, fix g E G; for 
t E T define It = {i E I I gi = t}. Then 

I=Uft. 
tET 

Since F is an ultrafilter, It E F for some t E T. Therefore, gt-1 E H, i.e., 
g EGis congruent to t modulo H, as desired. Finally note that H is not 
open, since it is proper of finite index and it is dense. 

Open Question 4.2.14 Let G be a finitely generated profinite group. Is G 
strongly complete? 

See related questions in Section 4.8. Note that for a general variety C, 
Question 4.2.14 has a positive answer for all d-generated pro-C groups if and 
only if it has a positive answer for the free pro - C group of rank d. 
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The method employed here to prove Theorems 4.2.8 and 4.2.7 is valid only 
for prosolvable groups because it is based on Proposition 4.2.5. For a general 
finitely generated profinite group, the following proposition may prove useful 
in connection to the question above. 

Proposition 4.2.15 Let G be a profinite group and let H be a normal sub
group of finite index. Then, H is open in G if and only if H n P is open in 
P for every p-Sylow subgroup P of G. 

Proof In one direction the result is evident. Conversely, let us assume that 
H n P is open in P for each p-Sylow subgroup P of G. We must show that 
H = H. Suppose on the contrary that H # Hj then there exists a element 
x E H - H such that its image x in the finite group H / H has order p for 
some prime p. We shall get a contradiction from the existence of such x. 
The induced homomorphism (x) ---+ H / H is continuous since (x) is strongly 
completej hence, replacing x by x1p if necessary (see Section 4.1 for this 
notation), we may assume that x is a p-element. Let {Xi~ a net in H 
converging to x. Note that since (Xi) is strongly complete, (Xi) n H is open 

- - 1 
in (Xi)j hence (Xi) ~ H. It follows then from Lemma 4.1.2 that {x/} is a net 
consisting of p-elements of H converging to x. We would reach the desired 
contradiction if we could prove the following claim: the set T of p-elements 
of H form a compact set. For then the limit x of any subnet of {Xi} would 
have to be in H. Fix a p-Sylow subgroup P of G. To prove the claim, observe 
that T can be decomposed as 

T= U(Hnpy)= U(Hnp)Y, 
yEG yEG 

since H is normal in G. On the other hand, T is the image of the continuous 
map 

(Hnp) x G ---+ H 

given by (r,g) 1--+ rY • Since, by hypothesis, HnP is open in P, it is compact, 
and hence so is T. 0 

Exercise 4.2.16 

(a) Let G ---+ H be a continuous epimorphism of profinite groups. Prove that 
if G is strongly complete, so is H. 

(b) If the profinite group G is not strongly complete, then neither is any open 
subgroup of G. 

(c) Let G be a strongly complete profinite group and let H be a profinite 
group. Show that every homomorphism cp : G ---+ H is continuous. 

(d) Let 
1 ---+ G 1 ---+ G ---+ G2 ---+ 1 

be an exact sequence of profinite groups. Show that if G1 and G2 are 
strongly complete, so is G. 
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4.3 Profinite Abelian Groups 

In this section we study the structure of certain profinite abelian groups 
G. Namely those that are torsion-free or torsion or finitely generated. Our 
general approach consists of considering the Pontryagin dual group G* of 
G; then use structure theorems for abstract abelian groups to describe this 
group; and finally dualize again to obtain the structure of G ~ G**. Recall 
that a group G is called torsion if every element of G has finite order. If the 
orders of the elements of G are bounded, we say that G is of finite exponent; 
in that case, the least common multiple of all orders is called the exponent of 
G. 

For the benefit of the reader we state next two structure results for ab
stract abelian groups that will be used in the sequel. 

Theorem 4.3.1 (Fuchs [1970], Theorem 23.1; Hewitt-Ross [1963], Theorem 
A.14) Let D be a divisible abstmct abelian group. Then D is a direct sum of 
copies of Q and quasicyclic groups: 

D ~ [EB Q] EB [EB ( EB Cpoo )], 
n p m(p) 

where nand m(p) are cardinal numbers. 

Before stating the next theorem we need the concept of purity. A subgroup 
B of an abelian group G is called p-pure (in G) if for whenever x E G and 
xpn E B, then there exist some y E B such that ypn = xpn. 

Theorem 4.3.2 (Fuchs [1970], Theorem 32.3; Hewitt-Ross [1963]' Theorem 
A.24) Let G be an abstmct abelian group and let p be any prime number. 
Then G contains a subgroup B such that 

(a) B is a direct sum of cyclic groups; 

(b) B is p-pure; and 

(c) G / B is p-divisible. 

Now we can classify torsion-free abelian profinite groups. 

Theorem 4.3.3 Let G be a torsion-free profinite abelian group. Then G is 
the direct product of copies of Zp for all primes p: 

G ~ II ( II Zp), 
P m(p) 

where p mnges over all primes and each m(p) is a cardinal number. 
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Proof. Consider the dual group G* of G. By Theorems 2.9.6 and 2.9.12, G* 
is a discrete abelian torsion divisible group. Hence, by Theorem 4.3.1, 

G* ~ EB ( EB Cpoo). 
P m(p) 

Thus, by Theorem 2.9.6, Example 2.9.5 and Lemma 2.9.4, 

p m(p) P m(p) 

o 

Theorem 4.3.4 Let p be a fixed prime. 

(a) Let G be a finitely generated torsion-free pro-p abelian group. Then G is 
free (as a pro-p abelian group) of finite rank, i. e., 

m 

where m is a natural number. 

(b) Let G be a finitely generated pro-p abelian group. Then the torsion sub
group tore G) is finite, and 

G ~ F Efj tor(G), 

where F is a free pro-p abelian group of finite rank. 

Proof· 

(a) This follows immediately from Theorem 4.3.3. 

(b) Consider tore G) as an abstract group. By Theorem 4.3.2, G contains 
a subgroup B such that tor ( G) / B is divisible and B is a direct sum of cyclic 
p-groups. We claim that B is finite. Otherwise B = ffiiEI Li where each Li is 
a finite cyclic p-group and I is an infinite set. Now, for each finite subset J of 
lone has that ffijEJ Lj is a finite subgroup of G; hence ffijEJ Lj is closed in 
G. On the other hand, d(ffijEJ Lj ) = IJI; moreover d(ffijEJ Lj ) ::; d(G) since 
G is abelian. This is a contradiction since d( G) is finite and since J can be 
chosen of arbitrarily large cardinality. This proves the claim. Therefore G / B 
is profinite. Since tore G) / B is divisible and torsion, it follows from Theorem 
4.3.1 that either tore G) / B is trivial or Cpoo ::; G / B. The second alternative 
is not possible since every subgroup of a profinite group is residually finite. 
Hence tor ( G) = B is finite. 

Next observe that G /tor( G) is a finitely generated torsion-free pro-p 
abelian group. By part (a), G/tor(G) is a free pro-p abelian group of finite 
rank. Hence the short exact sequence 
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1 ~ tor (G) ~ G ~ Gjtor(G) ~ 1 

splits, that is, there exists a continuous homomorphism a : G jtor( G) ~ G 
such that cpa is the identity on Gjtor(G). Put F = a(Gjtor(G)). It follows 
that G = FEEl tor(G). 0 

We remark that since abelian pro-p groups are in a natural way Zp
modules, one can deduce the theorem above from the general structure of 
modules over principal ideal domains. 

Next we describe finitely generated profinite abelian groups. By Propo
sition 2.3.8 any such a group is the direct product of its pro-p components 
(p-Sylow subgroups). Hence its structure can be deduced immediately from 
the theorem above. We make it explicit in the following 

Theorem 4.3.5 Let G be a finitely generated profinite abelian group, with 
d( G) = d. Then, G is a direct sum of finitely many procyclic groups; more 
explictly, 

G ~ [EB ( EB Zp)] EEl [EB ( EB Li (P) ) ] , 
P m(p) p iElp 

where p ranges over all primes, each Li (p) is a finite cyclic p-group, each 
m(p) is a natural number with m(p) ~ d, and each Ip is a finite set with 
IIpl ~ d. 

Proposition 4.3.6 Let G be a finitely generated profinite abelian group, with 
d(G) = d. Let H be a closed subgroup ofG. Then, H is also finitely generated 
and d(H) ~ d. 

Proof. Say G = (91, ... , gd). Consider the chain of subgroups 

1 ~ G1 :S G2 :S ... ~ Gd = G, 

where Gi is the closed subgroup of G generated by g1, ... , gi. Clearly Gi+1/Gi 
is a pro cyclic group i = 1, ... ,d - 1. Set Hi = H n Gi. Then Hi+1/Hi a 
procyclic group since it is isomorphic to a subgroup of Gi+1/Gi (see Theorem 
2.7.2). For each i = 1, ... , d -1, choose hi+1 E Hi+1 so that hi+1Hi generates 
Hi+1j Hi' Then clearly H = (h1, ... , hd). Thus, d(H) :S d. 0 

We consider now profinite abelian torsion groups. 

Lemma 4.3.7 Let G be an abelian profinite torsion group. Then G is of 
finite exponent, i. e., there exists some integer t ~ 1 such that l = 1 for 
every g E G. 

Proof. Since G is torsion, then G = U~=1 G[n]. Observe that each G[n] is a 
closed subgroup of G. By Proposition 2.3.1, there is some m such that G[m] 
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has nonempty interior. Hence there exists an open normal subgroup U of G 
such that U ~ G[n]. Let r = [G : U] and put t = rm. Then l = 1 for all 
gEG. 0 

Theorem 4.3.8 Let p be a fixed prime number and let G be a torsion pro-p 
abelian group. Then there exist a natural number e such that 

e 

G ~ II (II Cpi), 
i=l m(i} 

where each m( i) is a cardinal number. 

Proof By Lemma 4.3.7, there exists some natural number e such that gpO = 1 
for all 9 E G. Consider the dual group G*. Then pe f = 0 for all f E G*, Le., 
G* is of finite exponent. According to Theorem 4.3.2, G* contains a subgroup 
B such that B is a direct sum of cyclic groups and G* / B is divisible. It follows 
from Theorem 4.3.1 that a divisible group of finite exponent must be trivial. 
Hence G* = B is a direct sum of cyclic groups. Hence 

e 

G* ~ EfHEBCpi), 
i=l m(i} 

where each m(i) is a cardinal number. The result follows now from Lemma 
2.9.4. 0 

Corollary 4.3.9 Let G be a torsion pro finite abelian group. Then there exists 
a finite set of primes II and a natural number e such that 

e 

G ~ II (II ( II Cpi)), 
pEII i=l m(i,p} 

where each m( i, p) is a cardinal number. In particular, G is of finite exponent. 

Proof Write G as a direct product G = TIp Gp of its p-components. By 
Lemma 4.3.7, there is some positive integer t 2:: 1 such that l = 1 for all 
9 E G. It follows that Gp = 1 if p > t. Then the result is now a consequence 
of Theorem 4.3.8. 0 

4.4 Automorphism Group of a Profinite Group 

Let G be a profinite group and denote by Aut ( G) the group of all continuous 
automorphisms of G. For a closed normal subgroup K of G, define 

AG(K) = {cp E Aut(G) I cp(g)g-l E K for all 9 E G}. 
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We make Aut(G) into a topological group by letting the sets Aa(U) serve 
as a fundamental system of neighborhoods of 1, where U ranges over the set 
of all open normal subgroups of G (cf. Bourbaki [1989], III,1.2, Proposition 
1). We term the corresponding topology the congruence subgroup topology of 
Aut(G). Note that Aa(U) is the subgroup consisting of those automorphisms 
of G that leave U invariant and induce the trivial automorphism on GjU. 
Remark that n Aa(U) = {id}, 

U<loa 

and therefore Aut(G) is totally disconnected (see Lemma 1.1.11). The next 
lemma shows that the congruence subgroup topology is the weakest topology 
on Aut ( G) such that the holomorph G ~ Aut ( G) is a topological group. [We 
refer the reader unfamiliar with actions of one group on another to Section 
5.6, and in particular to Exercise 5.6.2.] 

Lemma 4.4.1 Let G be a profinite group. 

(a) Consider Aut(G) as a topological group with the topology defined above. 
Then the natural action of Aut ( G) on G is continuous; 

(b) Suppose that Aut( G) is a topological group with respect to some topology 
and that the natural action of Aut(G) on G is continuous. Then Aa(U) 
is an open subgroup of Aut(G) for every open normal subgroup U of G. 

Proof 

(a) Define 
tJt: Aut(G) x G ---+ G, 

by tJt(cp,g) = cp(g). Choose g E G, U ~o G. We need to show that the 
preimage tJi"-l(gU) of gU is open in Aut(G) x G. Pick (<Po,go) E tJt-l(gU). 
It will suffice to find an open neighborhood of (<Po, 90) in Aut(G) x G whose 
image under tJt is contained in gUo Choose an open normal subgroup Uo of G 
such that Uo ~ U and <Po(Uo) ~ U (this is possible since <Po is a continuous 
automorphism of G). Then <poAa(Uo) xgoUo is clearly an open neighborhood 
of (<po, 90) in Aut(G) x G. We show that tJt(<poAa(Uo) x goUo) ~ gUo Indeed, 
let <P E Aa(Uo) and u E Uo. By the definition of Aa(Uo) , one has <p(u) E Uo 
and cp(go) E Uogo = goUo. Thus 

tJt(CPocp,gou) = (CPocp)(gOu) = (CPocp)(go)(CPoCP)(u) E CPo(go)U = gU, 

as required. 

(b) Since Aut( G) acts continuously on G, the map 

~: Aut(G) x G ---+ G, 

~(cp,g) = cp(g)g-l is continuous. Indeed, it is the composition 
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Aut( G) X G ~ G X G ~ G 

given by (r.p,g) f-t (r.p(g),g) f-t r.p(g)g-l, which is plainly continuous. 
Let U be an open normal subgroup of G. Since 4>(id, g) = 1 for every 

9 E G, there exist an open neighborhood Ag,u of the identity in Aut(G) and 
an open subgroup Vg,u of G such that 

4>(Ag,u X gVg,u) ~ U. 

Clearly, G = UgEC gVg,u. Since G is compact, there exist g1, . .. , gn E G 
such that G = U7=lgiVgi,u. Set A = n~lAgi'u. Then 4>(r.p,g) E U for all 
r.p E A and 9 E G. Thus, A is an open neighborhood of the identity in Aut(G) 
which is contained in Ac(U). Hence, since Ac(U) is a subgroup of Aut(G), 
we conclude that it is open. D 

Theorem 4.4.2 Let G be a profinite group. The congruence subgroup topol
ogy on Aut( G) defined above coincides with the compact-open topology of 
Aut(G). 

Proof Let U <lo G. We show first that Ac(U) is open in the compact-open 
topology. Recall (see Section 2.9) that a subbase for the compact open
topology consists ofthe sets B(K, V) = {f E Aut(G) I f(K) ~ V}, where K 
runs through all the compact subsets of G and V runs through all the open 
subsets of G. Choose a transversal g1, ... , gn of U in G. Then 

n 

Aa(U) = n B(9i U, 9i U), 
i=1 

so, Ac(U) is open. Thus the compact-open topology is stronger than the 
congruence subgroup topology. 

Conversely, let K be a compact subset of G, U an open normal subgroup 
of G and 9 an element of G. We need to show that B(K,gU) is open in the 
congruence subgroup topology of Aut(G). Pick r.po E B(K,gU). It suffices to 
show that Ac(U)r.po ~ B(K, gU). Indeed, for every r.p E Ac(U) and every 
k E K one has 

( r.pr.po) (k) E r.p(gU) ~ gUo 

D 

Next we give conditions on G for the group Aut( G) to be profinite. 

Proposition 4.4.3 Assume that a profinite group G admits a fundamental 
system Uc of open neighborhoods of 1 such that each U E Uc is a charac
teristic subgroup of G. Then there exists a topological isomorphism 

Aut(G) ~ lim Aut(G/U). 
+--
UEUc 
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In particular, Aut ( G) is profinite. 

Proof. Let U E Uc . Then Ac(U) is the kernel of the natural homomorphism 

wu : Aut(G) ---+ Aut(GfU). 

Hence Wu is continuous for each U E Uc• The homomorphisms {wu I u E Uc } 

are compatible in the sense that if U, V E Uc and V ~ U, then the diagram 

Aut(GfV) 

7 
Aut(G) 

~ 
Aut(GfU) 

commutes. Hence they induce a continuous homomorphism 

w : Aut(G) ---+ !!!!! Aut(GfU). 
Ueuc 

The map w is an injection since Ker(w) = nU<loc Ac(U) = {id}. To see that 
w is also an epimorphism, consider an element 

(fu) E !!!!! Aut(GfU). 
UEUc 

This means that if U, V E Uc and V ~ U, then the diagram 

G IV .-!:::... G IV 

! ! 
GfU~GfU 

commutes. In other words, 

is a map of inverse systems. Define 

f = lim fu· +--

Since each fu is a (continuous) automorphism, the map 

f = lim fu: G = lim GfU ---+ G = lim GfU +-- f--- f---



140 4 Some Special Profinite Groups 

is also a continuous automorphism. Obviously w(J) = (Ju). o 

Combining the proposition above with Proposition 2.5.1, we get 

Corollary 4.4.4 Let G be a finitely generated profinite group. Then Aut( G) 
is a profinite group. 

The following exercise indicates how to construct infinitely generated 
profinite groups satisfying the hypotheses of Proposition 4.4.3. 

Exercise 4.4.5 Let S be the set of all (nonisomorphic) finite simple groups. 
For each S E S, let Ps be a direct product of finitely many copies of S. Define 

G= II Ps· 
SES 

Prove that G is not finitely generated, but it has only finitely many open 
subgroups of any given index n. Deduce that Aut( G) is a profinite group. 

Next we present an example of a profinite group G to show that Aut ( G) 
need not be profinite. 

Example 4.4.6 Let C2 be the cyclic group of order 2 and let 

G = II Gi 

I 

be a direct product indexed by an infinite set I such that Gi ~ C2 for all 
i E I. Let U be a subgroup of G of index 2 containing all but one of the 
direct factors. Denote by Ci the generator of Gi (i E I), and let io E I be such 
that Cio rt U. We shall prove that Aut(G), with the congruence subgroup 
topology, is not compact. To see this it is enough to show that the open 
subgroup AG(U) has infinite index in Aut(G). For i E I, i i- io, denote by 
Ii the automorphism of G that permutes Cio and Ci and fixes the rest of the 
Cj (j E I). Then for any pair i i- j in 1- {i o }, one has fi- 1 f;(Ci) = Cio rt. u, 
i.e., f i- 1!; rt AG(U). This shows that the fi (io i- i E I) lie in different cosets 
of AG(U). Hence AG(U) has infinite index in Aut(G). Thus Aut(G) is not 
compact and therefore not profinite. 

Next we calculate the automorphism groups of Zp and Z. 

Theorem 4.4.7 Let p be a prime number. Then 

(a) Aut(Zp) ~ Zp x Cp-l, 

(b) Aut(Zp) ~ Zp x Cp- 1 , 

Proof By Corollary 4.4.4, 

if P =I- 2; and 

if p i- 2. 
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Denote by Rn the ring Zjpnz of integers modulo pn (n = 1,2, ... ). One easily 
checks that the automorphism group of the additive cyclic group Zjpnz can 
be identified with the multiplicative group R~ of units of the ring Rn. Recall 
that an integer represents a unit in Rn if and only if it is prime to p. Therefore, 
IRnI = pn-l(p - 1). 

For m 2: n, let 'Pm,n : Rm ~ Rn be the canonical epimorphism. Clearly 

'Pm,n(R:;J = R~. 

Next we prove the following 

Claim: 
if p # 2; 
if p = 2 and n 2: 3; 
if p = 2 and n = 2; and 
if p = 2 and n = 1. 

Before proving the claim, note that the theorem follows from the claim if 
p # 2. For p = 2, the theorem will also follow once we describe more precisely 
the two factors in R~ corresponding to the decomposition C2n-2 x02 (n 2: 3). 

Assume that Q is an integer and let i be a natural number such that 
Qi == 1 (mod pn). Then Qi == 1 (mod p); so p - 1 I i. Therefore the order 
of Q in R~ is a multiple of p - 1. Replacing Q by one of its powers, we deduce 
that there is an element of order p - 1 in R~ ; we denote this element still by 
Q. 

If x E Z satisfies x == 1 + rpt (mod pt+2) and t 2: 1, one can use the 
binomial expansion to get 

(3) 

If follows from this that if x == 1 (mod pt), then x P == 1 (mod pHl). If one 
assumes that either p # 2 or t > 1, then (3) implies that if x == 1 (mod pt) 
but x ¢ 1 (mod pt+l), then xP ¢ 1 (mod pt+2). 

We distinguish two cases. Assume first that p # 2. Then the above remarks 
together with an induction argument show that the element f3 = 1 + P has 
order pn-l in the group R~. Since the orders of Q and f3 are relatively prime, 
we deduce that 

as desired. 
Assume now that p = 2. If n = 1, then clearly R~ = (ZjpZ)X ~ 01, 

the trivial group; and if n = 2, then clearly Ri = (Zjp2ZY ~ O2. Suppose 
n 2: 3. Then it follows from the argument indicated above using (3), that 5 has 
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order 2n- 2 in R~ = (Z/pnz)x. On the other hand -1 is not in the subgroup 
L(n,5) = (5) of R~ generated by 5; this is the case because otherwise 

-1 == 1 (mod 4) 

(since 5 == 1 (mod 4) andRi = (Z/p2Z) x isaquotientofR~ = (Z/pnz)x), 
a contradiction. Consider the subgroup L(n, -1) = (-1) of R~ generated by 
-1. It follows that 

as asserted. This ends the proof of the claim. 
To finish the proof of the theorem in the remaining case p = 2, observe 

that (for m 2: n 2: 3), one has 

'Pm,n(L(m, 5)) = L(n, 5) and 'Pm,n(L(m, -1)) = L(n, -1). 

Thus 
lim Aut(Z/pnZ) = lim (L(n, 5) x L(n, -1)) ~ Z2 x C2. 
f--- f---

Corollary 4.4.8 

Aut(Z) ~ Z2 x C2 x II (Zp x Cp- 1). 

p 

In particular, Aut(Z) is infinitely generated. 

o 

It is well known that the automorphism group of a free abstract group of 
finite rank is finitely generated (cf. Magnus-Karras-Solitar [1966], Theorem 
3.5.Nl). The corollary above shows that the corresponding result for profinite 
groups fails even for cyclic groups. Next we state a result of Roman'kov [1993] 
which shows that it also fails for pro-p groups. 

Theorem 4.4.9 Let F be a free pro-p group of rank m 2: 2. Then Aut(F) is 
an infinitely generated profinite group. 
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4.5 Automorphism Group of a Free Pro-p Group 

Let F be a free pro-p group of finite rank. In this section we study the group 
of automorphisms Aut(F) of F. In the previous section we have already 
described this automorphism group when F has rank l. 

We start with some definitions and results valid for profinite groups in 
general. Let G be a profinite group and let 'Yn(G) (n = 1,2,3 ... ) denote the 
(closure) of the n-th term of its lower central series (see Exercise 2.3.17). 
Define 

An(G) = Ker(Aut(G) ~ Aut (G/'Yn+ 1 (G))). 

Thus we have a series of normal subgroups 

Our first aim is to establish the following 

Proposition 4.5.1 Let G be a profinite group. Then, G is pronilpotent if 
and only if Al (G) is pronilpotent. 

Before proving this result, we need two technical lemmas. They are valid 
for general groups, but we shall state them only for profinite groups for 
convenience in our exposition. 

Lemma 4.5.2 Let G be a profinite group and let K, L, H be closed subgroups 
ofG. Put 

U = [[K,L],H], V = [[L,H],K] and W = [[H,KJ,L]. 

Then, any normal subgroup N of G containing U and V, contains W as 
well. 

Proof We use the following Witt-Hall identity, which can be easily checked, 

Choose x E H, y E K, z E L. Then the three factors on the left hand side of 
the above identity belong to WY, UZ, and V X , respectively. Since UZ ~ N, 
VX ~ N, one deduces that [[X,y-l~ N for all x E H, y E K, Z E L. 
The commutators [x, y-l] generate [H, K] topologically. Consequently, every 
element of L commutes modulo N with every element of [H, K]. In other 
words, W = [[H, K], L] is also in N, as required. 0 

Lemma 4.5.3 Let G be a profinite group. For every pair of natural numbers 
i, j, one has (we think of G and Aut ( G) as subgroups of G ~ Aut ( G)) 

(a) hi(G), Aj(G)] ~ 'Yi+j(G); 
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Proof. 

(a) We use induction on i. First note that by definition of An (G) one 
has [G, Aj(G)] ::; l'j+1 (G); so, (a) holds for i = 1. Suppose now that 
hi (G), Aj (G)] ::; l'i+j (G). By the induction hypothesis one has 

and 

Hence, by Lemma 4.5.2, 

as required. 

(b) By (a) one has 

[Aj( G), [G, Ai( G)]] ::; hi+1 (G), Aj(G)] ::; l'i+j+1 (G). 

Therefore, using Lemma 4.5.2 we deduce 

Hence 

by definition of Ai+j(G). D 

Proof of Proposition 4.5.1. Let Z(G) denote the center of G. We think of 
G j Z (G) as a group of inner automorphisms of G. Since inner automorphisms 
act trivially on the commutator quotient, we have that GjZ(G) is a subgroup 
of AI(G). If Al(G) is pronilpotent, so is GjZ(G), and hence so is G. 

Conversely, if G is pronilpotent then n:=ll'n(G) = 1 (see Exercise 
2.3.17). So n:=1 An(G) = 1. We claim that An(G) contains l'n(AI(G)). We 
use induction on n. By Lemma 4.5.3(b), [AI(G), AI(G)] ::; A2(G). Assuming 
that l'n-I(AI(G)) ::; An-I(G), we deduce from Lemma 4.5.3(b) that 

l'n(AI(G)) ::; [An-I(G), AI(G)] ::; An(G), 

proving the claim. This implies that n:=1 l'n(AI ) = 1. Hence Al is pronilpo
~~. 0 

Proposition 4.5.4 Let C be a formation of finite groups and let F = F(n) 
be a free pro -C group of finite rank n. 

(a) Suppose that M and N are closed normal subgroups of F such that 
FjM and FjN are isomorphic. Then every continuous isomorphism 
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(3 : FjM ~ FjN is induced by a corresponding continuous automor
phism a of F. In other words the diagram 

"" F·········~······>- F 

~! !~ 
FjM : ~ FjN 

commutes, where cp and 1/J are the canonical epimorphisms. 

(b) Let K be a characteristic subgroup of F. Then the natural homomorphism 

WK : Aut(F) ~ Aut(FjK) 

is an epimorphism. 

Proof. Part (b) follows from part (a). To prove part (a), choose a basis 
X = {Xb ... , xn} of F. For i = 1,2, ... , n, set Zi = ((3cp) (Xi). Then FjN 
is generated by Zb.'" Zn. Since n = d(F), by Proposition 2.5.4, there ex
ist elements Yl,.'" Yn in F such that F = (Yl,"" Yn) and 1/J (Yi) = Zi 
(i = 1,2, ... , n). Define a continuous epimorphism a: F ~ F by a(xi) = Yi 
(i = 1,2, ... , n). By the Hopfian property of F (see Proposition 2.5.2), we 
deduce that a is an automorphism. Clearly 1/Ja = (3cp. 0 

Lemma 4.5.5 Let G be a finitely generated pro-p group. Then the kernel 
Kl(G) of the natural epimorphism 

Aut(G) ~ Aut(GjiP(G)). 

is a pro-p group. In particular Aut ( G) has an open pro-p subgroup . 

Proof. The result is well-known if G is finite (see Hall [1959], Theorem 12.2.2). 
By Proposition 2.8.13, the terms iPn(G) of the Frattini series form a funda
mental system of neighborhoods of 1 in the group G. It follows from Corol
lary 4.4.4, Corollary 2.8.3 and the exactness of inverse limits (see Proposition 
2.2.4) that 

Thus the lemma follows from the corresponding result for finite groups men
tioned above. 0 

In the following theorem we collect some of the results obtained above 
in the case of the automorphism group of a free pro-p group, and we obtain 
some new information. 

Theorem 4.5.6 Let F be a free pro-p group of finite rank m ~ 2. Let An(F) 
be the kernel of the natural epimorphism 
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Aut(F) ~ Aut(Fhn+I(F)) (n = 1,2, ... ). 

Then 

(a) Each An(F) is a normal pro-p subgroup of Aut(F) and 

... <l A2(F) <l Al (F) <l Aut(F). 

(b) n:=1 An(F) = {1}; 
(c) Aut(F)/AI(F) is isomorphic to GLm(Zp); and 

(d) 
An-I(F)/An(F) 

is a free abelian pro-p group of rank d(F)dbn(F)hn+1(F)). 

Proof. The fact that Aut(F) ~ Aut(Fhn(F)) is an epimorphism is the 
content of Proposition 4.5.4. Part (a) follows from the definition of An(F) 
and Proposition 4.5.5, since (using the notation in that proposition) Al (F) :::; 
KI(F). Part (b) follows from the equality n:1 rn(F) = 1 (see Exercise 
2.3.17). Part (c) is obvious. 

It remains to prove (d). By the definition of An(F), we may identify 
Aut(F)/An(F) with Aut(Fhn+I(F)), and An-I(F)/An(F) with the set of 
those automorphisms of Fhn+I(F) which induce the identity on Fhn(F). 
Define 

t/F: An-I(F)/An(F) ~ Hom(Fhn+1(F),rn(F)hn+1(F)) 

by t/F(a)(z) = a(z)z-l for all a E An-I(F)/An(F), z E Fhn+I(F) (it is 
straightforward to check that t/F(a) E Hom(Fhn+I(F),rn(F)hn+I(F))). 
We first show that t/F is an (algebraic) isomorphism. 

To show that t/F is a homomorphism pick a,(3 E An-I(F)/An(F). Then 
for any z E Fhn+1(F) one has 

t/F(a(3)(z) = a(3(z)z-1 = a((3(z)z-l)a(z)z-1 = a(z)z-I(3(z)z-l, 

where the last equality follows from the fact that (3( z )z-I E rn (F) hn+1 (F) 
and hence is centralized by a. On the other hand, 

t/F(a)t/F((3)(z) = a(z)z-I(3(z)z-l, 

and so the equality t/F(a(3) = t/F(a)t/F((3) is proved. 
Now, t/F(a(z)) = 0 for all z E Fhn+I(F) if and only if a(z)z-I = 0 for 

all Zj and this is equivalent to a = id, which proves injectivity. 
To prove surjectivity choose 

r E Hom(Fhn+1(F),rn(F)hn+I(F)), 

and define aT : Fhn+I(F) ~ Fhn+I(F) by aT(z) = r(z)z for all z E 

Fhn+1(F). Since r(z) E rn(F)hn+I(F), aT is a homomorphism and since 
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T([F,F]) is trivial, it is an automorphism of F/rn+1(F) which induces the 
identity automorphism modulo 'Yn(F), Le., aT E An-l(F)/An(F). Clearly 
lV(aT ) = T. 

Let X be a basis for F. Since F/rn+1(F) is a free nilpotent pro-p group 
of class n, the group Hom(F/rn+1(F),'Yn(F)/rn+l(F)) is isomorphic to a 
direct product 

IT (')'n (F) /rn+1 (F)) 
IXI 

of IXI copies of 'Yn(F)/rn+1(F). Let 

rp: An-1(F)/An(F) -- IT(')'n(F)/rn+1(F)) 
IXI 

be a composition of this isomorphism with lV. We prove that the isomorphism 
rp is topological. 

Let U be an open normal subgroup of F/rn+1(F) which is contained in 
'Yn(F)/rn+1(F). Then 

rp-l(IT U) ={a E An-1(F)/An(F) I a(z)z-l E U for all z E F/rn+l(F)} 
IXI 

=Au (F)/rn+1 (F) 

is open in Aut(F/rn+l(F)) and therefore so is in An-l(F)/An(F). 0 

4.6 Profinite Frobenius Groups 

The aim of this section is to characterize those profinite groups that can be 
written as surjective inverse limits of finite Frobenius groups. Finite Frobenius 
groups can be described in terms of many equivalent properties; we mention 
some of these descriptions in Theorem 4.6.1. Not all those properties remain 
equivalent for general profinite groups (see Example 4.6.2). 

A closed subgroup H of a profinite group G is called isolated if 1 < H < G 
and whenever 9 E G - H, then H n H9 = 1. 

Let Hand K be groups. Assume that H acts on K, and denote the action 
of h E H on k E K by kh. We say that this action is fixed-paint-free if kh 1= k 
whenever h, k 1= 1 (h E H k E K). 

We remark that the actions involving (infinite) profinite groups that we 
consider in this section are always by conjugation inside profinite groups; 
hence such actions are automatically continuous. For a more general approach 
to continuous actions see Section 5.6 

A profinite group G is called Frobenius if it contains a closed isolated 
Hall subgroup H. If G is finite, the condition on H being Hall is redundant. 
Next we recall some properties of Frobenius groups in the case that G is finite. 
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See, for example, Huppert [1967], Section V.S, for proof of the following result 
where we collect some of the principal properties of finite Frobenius groups. 

Theorem 4.6.1 Let G be a finite group. 

(a) G is a Frobenius group if and only if G has an isolated subgroup H; an 
isolated subgroup of a finite group is automatically a Hall subgroup; an 
isolated subgroup of G is called a Frobenius complement. 

(b) G is a Frobenius group if and only if there exists a proper nontrivial nor
mal subgroup K ofG such that for each k E K, k # 1, one has Ca(k) :S K 
(Ca(k) is the centmlizer of k in G ); such K is called a Frobenius kernel 
of G; there is only one Frobenius kernel in a finite Frobenius group; any 
complement H of K in G is an isolated subgroup. 

(c) G is a Frobenius group if and only if there exists a proper nontrivial 
subgroup H of G such that the set K = [G - (U9EaH9)] U {I} is a 
subgroup of G; then K is the Frobenius kernel of G and H a Frobenius 
complement. 

(d) G is a Frobenius group if and only if G can be expressed as a nontrivial 
semidirect product G = K )<I H and the action of H on K by conjugation 
is fixed-point-free; then K is the Frobenius kernel of G and H a Frobenius 
complement. 

(e) Let G = K )<I H be a finite Frobenius group with Frobenius kernel K. Let 
L <I G; then either L :S K or L ~ K; if L < K, then G/ L is Frobenius 
with Frobenius kernel K / L. 

(f) Let G = K )<I H be a finite F'robenius group with Frobenius kernel K and 
Probenius complement H. Then 

(1) K is nilpotent; 

(2) Let p be a prime number. If p # 2, then a p-Sylow subgroup of H 
is cyclic. The 2-Sylow subgroups of H are either cyclic or genemlized 
quaternion. 

Example 4.6.2 

(1) Define the infinite dihedml pro-2 group to be the pro-2 group D with 
presentation 

D = (x, y I y2 = 1, yxy-I = X-I), 

i.e., D = F / R, where F is a free pro-2 group on a basis x, y, and R is the 
smallest closed normal subgroup of F containing the elements y2 and yxy-Ix. 
Denote by a and b the images in D of x and y respectively. Then b has order 
2, (a) ~ Z2 and G = (a) )<I (b). Note that (b) is isolated in G, but it is not a 
Hall subgroup. 

(2) Let p < q be two distinct primes and assume that p I q - 1. By 
Corollary 4.4.4, there is an embedding of Cp into Aut(Zq). This corresponds 
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to an action of H = Cp on K = Zq given by multiplication in Zq by a 
unit of the ring Zq; therefore this action is fixed-point-free. Construct the 
corresponding semidirect product G = K XI H (see Exercise 5.6.2). This 
implies (see Lemma 4.6.3 below) that, H is isolated, and so G is Frobenius. 

Lemma 4.6.3 Let G = K XI H be a semidirect product of K by H such that 
1 < H < G. Then H is isolated if and only if H acts fixed-point-free on K 
(by conjugation). 

Proof. Let g E G. Then there exists some k E K such that H9 = Hk, since 
G = KH. Let 1 ::f k E K; then Hk n H ::f 1 if and only if hk = h for some 
1 ::f h E H (because K is normal and H n K = 1) if and only if kh = k for 
some 1 ::f h E H. Thus the result follows. 0 

Lemma 4.6.4 Let G be a profinite group and let H be a closed isolated Hall 
subgroup of G. Then 

(a) H is finite; 

(b) The Sylow subgroups of H are either cyclic or generalized quaternion 
groups. In particular, a p-Sylow subgroup of H contains a unique sub
group of order p. 

Proof. 

(a) Let q be a prime number such that q I [G: Hl. Then there exists some 
U <loG with q I [G: U Hl; so, q divides [G : Ul. Assume that H is infinite. Then 
H n U ::f 1. Therefore, there exists a prime number p and a p-Sylow subgroup 
P of H such that P1 = P n U ::f 1. Note that P1 is a p-Sylow subgroup of 
U, since P is also a p-Sylow subgroup of G. By the Frattini argument (see 
Exercise 2.3.13), G = Na(Pt)U. Therefore, 

hence q divides the order of Na(Pd. Let Q be a q-Sylow subgroup ofNa(P1), 
and choose 1 ::f y E Q; observe that y ¢. H. Then 

P1 = P1 nP'f:::; HnHY.= 1, 

a contradiction. Thus H is finite. 

(b) These are well-known properties of isolated subgroups in finite groups 
(see Theorem 4.6.1). So, it suffices to show that H appears as an isolated 
subgroup of a finite group. Assume that G is infinite. Since H is finite, there 
exists some open normal subgroup U of G with U n H = 1. Choose an open 
normal subgroup W of G such that W < U. Consider the pro finite group 
U H = U XI H. By Lemma 4.6.3, H acts fixed-poi nt-free on U. It follows from 
Proposition 2.3.16, that H acts fixed-point-free on U jW. Hence U jW XI H is 
a finite Frobenius group where H is isolated. 0 



150 4 Some Special Profinite Groups 

Lemma 4.6.5 Let G be a profinite group and let H be a closed isolated Hall 
subgroup of G. 

( a) H has a unique closed normal complement K, i. e., a closed normal sub
group K of G such that G = KH and K n H = 1, so that G = K )<l Hi 

(b) Let V be the collection of all open normal subgroups V of G such that 
V < K. Then, G/V = (K/V) )<l (HV/V) is a finite Frobenius group with 
isolated subgroup HV /V for each V E V, and 

G = l!!!! [(K/V) )<l (HV/V)]. 
VEV 

Proof. By Lemma 4.6.4, H is finite. We first prove part (a). 

Step 1. Let U be an open normal subgroup of G such that H n U = 1. We 
shall show that if HU i= G, then HU/U is an isolated subgroup of G/U. 

It suffices to show that if 9 E G and Hg n HU i= 1, then 9 E HU. Indeed, 
if Hg nHU i= 1, there exist hl, h2 E H - {I} and u E U, such that h~ = h2u. 
Replacing hl by a one of its powers, we may assume that hi = 1, where 
p is a prime divisor of IHI. Since H n U = 1, it follows that h~ = 1. By 
Lemma 4.6.4(b), we deduce that (h l ) = (h2)' Put Ho = (h l ) and r = HoU. 
Clearly, rg = r. Since Ho is a p-Sylow subgroup of r, there exists Uo E U 

-1 
with Hg = Hgo. Then 1 i= Ho ::; Hguo n Hj therefore, since H is isolated, 
guol E H, i.e., 9 E HU, as desired. 

Step 2. Next we show the existence of a normal complement of H in G. 
Choose an open normal subgroup K of G maximal with respect to the 

property that H n K = 1. We claim that H K = G. Otherwise, H K / K is 
isolated in G/K by Step 1. Hence (see Theorem 4.6.1), HK/K has a normal 
complement R/K in G/K, where K < R<JoG. Then HnR = 1, contradicting 
the maximality of K. This proves the claim. So, K is the desired complement. 

Step 3. We show that this complement is unique. 
Let K and K' be two normal complements of H in G. Consider the 

collection V of all open normal subgroups V of G such that V ::; K n K'. 
For each V E V, G/V = (K/V) )<l (HV/V) = (K' IV) )<l (HV/V). By Step 1, 
HV/V is an isolated subgroup of the finite group G/V. Hence K/V = K'/V 
(see Theorem 4.6.1). Thus, K = K' (see Corollary 1.1.8). 

This proves part (a). Part (b) is clear from the argument in Step 3. D 

Let 1r be a set of prime numbers. Recall that a supernatural number n is 
a 1r-number if the primes involved in n are in 1r. If G is a profinite group, let 
1r(G) denote the set of primes involved in the order #G of G. 

Corollary 4.6.6 Let G be a profinite group, H a closed isolated Hall subgroup 
of G and let K the unique normal complement of H in G. Then, 
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(a) K = [G - (U9EGH9)] u {I}; 

(b) If 1 i- k E K, then the centralizer CG (k ) of k in G is contained in K. 

Proof. Clearly H9 is isolated for every g E G and its normal complement is 
K. By Lemma 4.6.3, H9 acts fixed-point-free on K. So, part (b) follows from 
part (a). To prove (a), note that G = K)<l Hand #K and #H are coprime. 
Hence, 

Kc;, [G-(U H9)] U{l}. 
9EG 

Conversely, let 1 i- x E G - (U9EG H9) and assume that x tic K. Since 
U9EG H9 is a compact subset of G, there exists an open normal subgroup V 
of G such that V < K and 

xV n ( U H9)V = 0. 
9EG 

By Lemma 4.6.5, G jV = KjV )<l H is a Frobenius group with isolated sub
group H (we are identifying H with its canonical image in G jV). Put x = x V. 
Then x tic KJV; therefore x E H9, for some g E G. This would imply that 

x E H9V c;, ( U H9)V, 
9EG 

a contradiction. Thus x E K. o 

Lemma 4.6.7 Let G be a profinite group, let K be a closed Hall normal 
subgroup of G and let H be a complement of K in G. Then H acts (by 
conjugation) fixed-point-free on K if and only if H acts (by the induced 
action) fixed-point-free on every finite quotient Kj(K n U), where U <10 G. 

Proof. By Lemmas 4.6.3 and 4.6.4, H is isolated and finite. Let U be the 
collection of all open normal subgroups of G. Suppose H acts fixed-point-free 
on Kj(K n U) for each U E U, and let k E K be such that kh = k for some 
1 i- h E H. For U E U, put Ku = K n U. Then, obviously (Kuk)h = Kuk 
for all U E U. Hence, Kuk = Ku; i.e., k E Ku for all U E U. Thus, k = 1. 
The converse follows from Proposition 2.3.16. 0 

Lemma 4.6.8 Let G = K )<l H be a finite Frobenius group with isolated 
subgroup H. Assume that a proper quotient G = HjN of H is a Frobenius 
group with isolated subgroup Hi' Then Hi is cyclic. 

Proof. Say G = HjN = Ki )<l Hl, where Ki is the Frobenius kernel of G. 
We claim that Ki contains a subgroup C, characteristic in G, such that C is 
either cyclic of prime order or Hi has odd order and C ~ C2 X C2 . Assume 
the claim holds. Since Hi acts on Ki fixed-point-free (see Theorem 4.6.1), 
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this means that HI is isomorphic to a subgroup of Aut(C). If C is cyclic of 
order p, this will insure that HI is cyclic (we remark that in this case, p i= 2, 
for otherwise, Aut(C) = 1, and this would imply that HI is trivial). Finally, 
observe that Aut(C2 x C2 ) ~ S3; hence, if in addition the order of HI is odd, 
then H 1 ~ C3 , proving the lemma. 

To prove the claim, we distinguish two cases. Assume first that there 
exists a prime p i= 2 such that p IIKll. Since the p-Sylow subgroups of H 
are cyclic (see Theorem 4.6.1), so are the p-Sylow subgroups of K 1• Since 
Kl is nilpotent, it follows that Kl contains a cyclic nontrivial characteristic 
p-Sylow subgroup; and hence a characteristic subgroup of order p. 

Assume now that IKll is a power of 2 (consequently, IHll is odd). Then 
Kl cannot be cyclic, as remarked above. Since the 2-Sylow subgroups of H 
are either cyclic or generalized quaternion, it follows that Kl is a proper 
quotient of a generalized quaternion group, say, 

2,,-1 2 2,,-2 Y -1 
Q = (x,y I x = 1,y = x ,x = x ). 

Let M be a proper nontrivial normal subgroup of Q such that K 1 = Q / M. 
If (x)M = Q, then Kl would be cyclic, a contradiction. If (x)M i= Q, then 
M ~ (x), since (x) is a maximal subgroup in Q. In this case, we have three 
possibilities: 

1) M = (x). Then K1 , would be cyclic, a contradiction. 

2) M = (x2 ). Then Kl = C2 X C2 . 

3) M < (x2 ). Then, since M i= 1, we have that y2 = X 2,,-2 EM. There
fore, K 1 is dihedral, and so its center is isomorphic to C2 x C2 . Thus K 1 

contains a characteristic subgroup of the form C2 x C2 • D 

The following theorem gives equivalent characterizations of profinite 
Frobenius groups. 

Theorem 4.6.9 Let G be a profinite group. Then the following conditions 
are equivalent. 

(a) G is a profinite Frobenius group; 

(b) G has a finite isolated Hall subgroup; 

(c) G is an inverse limit of a surjective inverse system {Gi , <Pij, I} of finite 
Frobenius groups; 

(d) G = K )q H, where #H and #K are relatively prime and the action of 
H on K is fixed-point-free; 

(e) G has a closed Hall normal subgroup K such that Ca(k) ~ K for every 
kEK. 

Proof By Lemma 4.6.4, (a) and (b) are equivalent. 

(b) :::} (c) follows from Lemma 4.6.5. 
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(c) :::} (d) We may assume that G is an infinite group. For each i E I, write 
Gi = KiHi , where Ki is the Frobenius kernel of the finite group Gi and where 
Hi is a Frobenius complement. Consider the subset 

J = {j E I I Ker(CPij)::::: Ki for all i t j} 

of I. Then J is cofinal in I. To see this, let rEI - J; since G is infinite, there 
exists some j E I with j >- rand Ker(cpjr) > Kj . If j ~ J, there would exist 
some i E I with i >- j and Ker( CPij) > Ki. By Lemma 4.6.8, Hj is cyclic; 
hence Gr = CPjr(Hj ) cannot be a Frobenius group, a contradiction. So j E J. 

Therefore, from now on we may assume that Ker( CPij) ::::: Ki for all pairs 
i, j E I with i t j. For each i E I, let Si be the set of all Frobenius comple
ments in Gi. It follows that CPij induces a map Si ---+ Sj. Hence the Si form 
an inverse system of nonempty finite sets. So, there exists some 

(HI) E lim Si' 
f-

Put K = lim Ki and H = lim HI. Therefore, G = K H, K <l G and #K and 
f- f-

#H are coprime (see Lemma 2.3.4). By Lemma 4.6.7, H acts fixed-point-free 
onK. 
(d) :::} (b) By Lemma 4.6.3, H is isolated. So this implication follows from 
Lemma 4.6.5. 

(a) :::} (e) follows from Corollary 4.6.6. 

(e) :::} (a) By Theorem 2.3.15, G = K ><I H for some closed subgroup H of G. 
The assumption on K implies that H acts fixed-point-free on K. Thus, by 
Lemma 4.6.3, H is isolated. 0 

It is known (d. Huppert [1967]' Remark V.8.8) that if K is the Frobenius 
kernel in a finite Frobenius group G, then K is nilpotent and its class is 
bounded by a function which depends only on the size of the primes involved 
in a Frobenius complement H in G. If follows from Lemma 4.6.5 that a 
Frobenius kernel in a profinite Frobenius group is also nilpotent, and its 
nilpotency class is bounded by the same function. We record this in the 
following 

Corollary 4.6.10 Let G = K ><I H be a profinite Frobenius group with Frobe
nius kernel K. Then K is nilpotent. Moreover, 

(a) If211HI, then K is abelian; 

(b) If311HI, then K is nilpotent of class at most 2; 

(c) If p is an odd prime and p IIHI, then K is nilpotent of class at most 

(p - 1)2P - 1 -l _ 1 

p-2 
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4.7 Torsion in the Profinite Completion of a Group 

Let G be a group. Define tor( G) to be the set of elements in G of finite order. 
We refer to tor (G) as the torsion subset olG or the torsion olG, and to its 
elements as the torsion elements of G. In this section we study the relationship 
between the torsion of a residually finite group G and the torsion tor( G) of 
its profinite completion G. More precisely, we regard G as a subgroup of G 
and we are interested in determining for which groups G the closure tor ( G) 
in G of tor(G) contains (or coincides with) tor(G). In particular, we want to 
know for which torsion-free groups the profinite completion is torsion-free as 
well. Note that for a residually finite group G, one always has 

tor (G) ~ tor(G) 

Furthermore, if the set of orders of the torsion elements of G is bounded, 
then 

tor(G) ~ tor(G). 

We begin with abelian groups. 

Proposition 4.7.1 Let G be a residually finite abelian group. Then 

tor(G) 2 tor(G). 

Proof. We use additive notation for G. Let h be an element in G of order 
n EN. We must show that for every subgroup U of finite index in G there 
is a torsion element gu of G such that gu + U = h + U. Choose 9 E G with 
9 + U = h + U. Then ng E Un G = U. We claim that ng E nU. Suppose 
not. Note that G /nU is residually finite, because it has finite exponent and 
therefore it is a direct sum of finite cyclic groups (cf. Theorem 10.1.5 and 
Exercise 10.1.2 in Kargapolov-Merzljakov [1979]). Therefore, there exists a 
subgroup of finite index V in U such that nU ~ V and ng <t V. Choose g1 E G 
such that g1 + V = h + V. Then ng1 E V n G = V and 9 - g1 E Un G = U. 
It follows that n(g - g1) E nU ~ V, so that ng E V, a contradiction. This 
proves the claim. Thus ng = nu for some u E U. Put gu = 9 - u. Then 
gu + U = 9 + U = h + U and ngu = 0, as desired. 0 

Next we give an example of a residually finite abelian group G where 
tor ( G) contains tor( G) properly. 

Example 4.7.2 Let G = EBp Z/pZ, where p ranges through the set of all 

prime numbers. Clearly G is residually finite and G = TIp Z/pZ. Observe 

that tor (G) = G ::J tor(G). 
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Our next objective is to prove the equality tor (G) = tor (G) for residually 
finite minimax solvable groups. Recall that a group is called minimax if it 
has a subnormal series 

1 = Go <l G1 <l ••• <l Gn = G 

of finite length whose factor groups satisfy either the maximal or the minimal 
condition on subgroups. One can find information on minimax groups in 
Robinson [1972]. Note that the class of minimax groups is closed under taking 
subgroups, homomorphic images and extensions. We start with a description 
of abelian minimax groups which can be found in Robinson [1972], Lemma 
10.31. 

Proposition 4.7.3 An abelian minimax group is an extension of a finitely 
generated abelian group by a direct product of finitely many quasicyclic groups. 
Moreover, its torsion subgroup is a direct factor. 

From this one easily deduces the following, 

Corollary 4.7.4 

(a) Every abelian minimax group of finite exponent is finite. 

(b) The torsion subgroup of a residually finite abelian minimax group is finite. 

The following description of solvable minimax groups is given in Robinson 
[1972], Theorem 10.33. 

Theorem 4.7.5 Let G be a solvable minimax group, let R be the subgroup 
generated by all quasicyclic subgroups of G and let F j R be the Fitting sub
group of G I R; then 

(a) R is the direct product of finitely many quasicyclic subgroups of G and R 
is the intersection of all subgroups of finite index in G, 

(b) F j R is nilpotent, 

(c) GjF is polycyclic and abelian-by-finite. 

Lemma 4.7.6 Let G be a solvable-by-finite minimax group and let H be a 
normal subgroup of G which is closed in the profinite topology on G. Then 
the profinite topology of G induces the full profinite topology on H. 

Proof We have to show that if N <If H, then there exists some U '5,f G 
such that N ~ H n U. One checks easily that it is enough to prove the 
corresponding property for any subgroup of finite index in G. Hence, we may 
assume that G is a solvable minimax group. 

We claim that it suffices to show that any subgroup N of finite index in 
H is closed in the profinite topology of G. Indeed, in that case, N = nVEV V, 
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where V is the collection of subgroups of finite index in G containing N (see 
Proposition 2.1.4); since [H : N] < 00, it would follow that H n V = N, 
for some V E V, proving the claim. Now, let n = [H : N] and let Hn be 
the subgroup of H generated by the n-th powers of the elements of H. Then 
H n ~ N. Since G is solvable minimax, so is HIHn. Therefore, HIHn has 
a subnormal series whose factor groups are abelian minimax of exponent at 
most n, and hence finite (see Corollary 4.7.4). Thus, Hn has finite index in 
H. So, {Hn In = 1,2, ... } is a fundamental system of neighborhoods in the 
profinite topology of H. Therefore, it suffices to show that H n is closed in the 
profinite topology of G (n EN). Now, since H is closed, GIH is residually 
finite, and so it has no nontrivial quasicyclic subgroups by Theorem 4.7.5. 
Since HI Hn is finite, G I H n does not have nontrivial quasicyclic subgroups. 
Thus, by Theorem 4.7.5(a), GI H n is residually finite and hence H n is closed 
in G as required. D 

Lemma 4.7.7 !i A is a residually finite torsion free abelian minimax group, 
then the group AI A is torsion free and divisible. 

Proof. Since A is torsion free, so is A by Proposition 4.7.1. Let n be a positive 
integer. Then AlnA is finite by Corollary 4.7.4. Hence nA n A = nA (this 
follows from Proposition 3.2.2). One deduces that AlA is torsion free. Now, 
if aI, ... ,at is a transversal of nA in A, we have that A = U~=l nA + ai = 

t -. -- -- .-Ui=l nA + ai; hence A = nA + A. Thus, AlA is divisible. D 

Theorem 4.7.8 Let G be a residually finite solvable minimax group. Then 

(a) Every finite subgroup of G is conjugate to a subgroup of G, and 

(b) tor ( G) = tor( G). 

Proof. First we show that there exists a series of finite length of closed (in 
the profinite topology of G) normal subgroups of G, whose factors are either 
finite abelian or torsion-free abelian groups. The existence of such a series 
can be established as follows: since G is solvable, it admits a normal series 

whose factor groups GHdGi are abelian; we shall refer to such a series as 
a solvable series of length n. We proceed by induction on the length n of 
such a series. If n = 1, G is abelian; then tor(G) is finite (see Corollary 
4.7.4) and hence closed in the profinite topology of G; moreover G Itor( G) 
is torsion-free. Assume that n > 1. Put A = G1. Then the closure CI(A) 
of A in G is a residually finite abelian minimax group; hence tor(CI(A)) is 
finite, tor(CI(A))<lG and CI(A)/tor(CI(A)) is torsion-free. On the other hand, 
GICI(A) has a solvable series of length n -1; hence, by induction, there is a 
series of closed normal subgroups from CI(A) to G whose factor groups are 
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either finite abelian or torsion-free abelian. Putting these two series together, 
we get a normal series for G of the desired type. 

It follows that the set of orders of the elements in tor ( G) is bounded. 
So, tor(G) ~ tor(G). On the other hand, since tor(G) is invariant under 
conjugation in G, the set tor(G) is invariant under conjugation in G. Thus, 
part (b) is an immediate consequence of (a). 

We shall prove part (a) by induction on the length of a series 

(4) 

of closed normal subgroups of G each of whose factors is either a finite abelian 
group or a torsion-free abelian group. The result holds if m = 1 by Proposition 
4.7.1 and the fact that tor (G) is finite. Assume that the result is true for 
residually finite solvable minimax groups admitting a series of this type of 
length m = k, and let G be a residually finite solvable minimax group with a 
series (4) of this type of length m = k + 1. Let A = AI. If A is torsion, then 
it is finite; since the result holds for G I A by the induction hypothesis, it also 
holds for G in this case. 

Therefore we may assume that A is torsion-free. Put Q = G I A. Since A is 
closed in the topology of G, one deduces that Q is residually finite. Let H be 
a finite subgroup of G. We must show that H is conjugate to a subgroup of G. 
By Lemma 4.7.6, the profinite topology of G induces on A its own profinite 
topology; hence by Lemma 3.2.6 and Proposition 3.2.5, the sequence 

1----+A----+G----+0----+1 

is exact. So 0 can be identified with G I A. Note that the image of H in o is conjugate to a subgroup of Q = GAl A by the induction hypothesis. 
Hence H9 A :::; GA, for some 9 E G. Replacing H by H9 we may assume 
that H < G A. Since both G and A normalize A it follows that H normalizes 
A. Thu; we can view A and A as left H-modules via the action of H by 
conjugation: 

h . a = hah- l (h E H, a E A). 
For each h E H, there exist some gh E G, ah E A such that h = ahgh. Al
though ah is not uniquely determined by h, it is uniquely determined modulo 
A (for, if ahgh = ahgh' then ah1ah = (gh)-lgh E A, because An G = A, 
since A is closed in the profinite topology of G). 

We claim that the function 8 : H ----+ AlA defined by 8(h) = ahA is a 
derivation (see Section 6.8). Indeed, let hI, h2 E H and say hI = algI and 
h2 = a2g2, with ai E A, gi E G (i = 1,2); then, 

hlh2 = al(gla2g1 1 )glg2 = al(h1a2h l 1)glg2 = al(h1 . a2)glg2; 

hence 
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By Lemma 4.7.7, A/A is torsion-free and divisible. Hence, H1(H, A/A) = 
o (see Corollary 6.7.5). Therefore 8 is an inner derivation (see Lemma 6.8.1), 
i.e., there exists some b E A such that 

8(h) = (h· (bA))(bA)-1, for all h E H. 

Therefore, 
ahA = hbh-1b-1 A, for all h E H. 

Since h-1ah = g;:1 E G, we deduce that bhb-1 E G for all h E H, i.e., 
bHb-1 ~ G. Thus H is conjugate to a subgroup of G. 0 

A group G is polycyclic if it has a subnormal series of finite length whose 
factor groups are cyclic. Such a group is residually finite (cf. Robinson [1996J, 
Corollary 5.4.17) and it is obviously solvable minimax. Clearly, finitely gener
ated nilpotent groups are polycyclic. The following corollary is an immediate 
consequence of the theorem above. 

Corollary 4.7.9 Let G be a polycyclic group. Then tor (G) = tor(G). 

Next we state a result which extends Proposition 4.7.1 to finitely gen
erated abelian by nilpotent groups. The proof can be found in Kropholler
Wilson [1993J. 

Theorem 4.7.10 Let G be a finitely generated abelian by nilpotent group 
( i. e. , a group having an abelian normal subgroup with nilpotent quotient). 
Then tor(G) = tor(G). 

We finish the section by showing that the profinite completion of a torsion
free finitely generated residually finite group need not be torsion-free in gen
eral. Before we establish this, we introduce some terminology and recall some 
facts about the special linear group SLn(Z). 

(i) SLn (Z) = (1 + eij 11 ~ i, j ~ n, i "# j), where 1 is the identity matrix 
of size n, and eij denotes the n x n matrix with 1 as entry ij and zeroes 
elsewhere. (This is proved using the Euclidean algorithm for Z and the fact 
that pre- or post-multiplication of a matrix by eij corresponds to elementary 
row or column operations on the matrix.) 

(ii) The natural homomorphism SLn(Z) -- SLn(Z/mZ) is onto for m = 
1,2, .... (This follows easily from (i).) 

(iii) The groups of the form 

are called congruence subgroups of SLn(Z). For a fixed n, denote by N the 
collection of all congruence subgroups rn(m) (m = 1,2, ... ). Then N is a 
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fundamental system of neighborhoods for a Hausdorff topology on SLn(Z), 
the congruence subgroup topology. It is easy to prove with the help of (ii) 
that if we denote by KN(SLn(Z)) the completion of SLn(Z) with respect to 
the congruence subgroup topology, then 

mEN p 

(iv) One may compare the congruence topology on SLn(Z) with its profi
nite topology. The congruence subgroup problem over Z is the problem of 
deciding whether these two topologies coincide. One may state the problem 
in the following equivalent form. Consider the natural continuous epimor
phism 

Then the congruence subgroup problem is the problem of deciding whether 
the kernel of cp is trivial. In Bass-Lazard-Serre [1964] and Mennicke [1965] it 
is shown that if n ~ 3, then Ker(cp) = 1, i.e., the profinite and the congruence 
subgroup topologies on SLn(Z) coincide. For n = 2, it was known at that time 
that the two topologies are diferent: we give a precise description of Ker( cp) 
for the case n = 2 in Theorem 8.8.1 

Lemma 4.7.11 Let n ~ 2 and m ~ 3. Then Fn(m) is torsion-free. 

Proof. If p I m, then Fn(m) ~ Fn(P)· So, we may assume that m = p is a 
prime number. Let a E Fn(P); then a = 1+ pr{3, where I is the identity 
matrix, {3 is an n x n matrix over Z with at least one entry not divisible by p, 
and where r is a natural number ~ 1. Let t be a positive integer. Say t = pSu, 
with s and u natural numbers and p f u. Then 

at = (I + pr (3)t = 1+ G)pr (3 + ... = 1+ pr+su{3 + pr+s+1,)" 

for a certain n x n matrix ')'. Thus at #- I. o 

Proposition 4.7.12 Given any finite group K, there exists a finitely gener
ated torsion-free linear group G whose profinite completion contains a direct 
product TINo K of countably many copies of K. 

Proof. Fix an integer n ~ 3. As pointed out above, the congru~e and the 
profinite topologies of SLn(Z) coincide in that case, so that SLn(Z) can be 
identified with TIp SLn(Zp). From the properties stated above, it is clear that 
the congruence subgroup Fn(m) is residually finite, it has finite index in 
SLn(Z) and it is finitely generated. Moreover, Fn(m) is torsion-free if m ~ 3 
by Lemma 4.7.11. 
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Now, the profinite completion rn(m) of rn(m) can be regarded as an 

open subgroup of SLn(Z) = SLn(Z) (see Proposition 3.2.2). Therefore, by 
the definition of the product topology, it contains a direct factor of the form 
TIp\tE SLn(Zp), where E is a finite set of primes. Since SLn(Z) contains the 
permutation group Sn and since K is finite, one can find n such that SLn(Z) 
contain~ copy of K. Therefore, for each p, SLn(Zp) contains a copy of K. 

Thus rn(m) contains TINo K. 0 

An example of a finitely generated residually finite torsion-free group 
whose completion contains every countably based profinite group will be given 
in Corollary 9.4.6. 

4.8 Notes, Comments and Further Reading 

Theorem 4.2.7 was first proved for finitely generated pro-p groups by J
P. Serre (in an unpublished letter to A. Pletch, dated March 26, 1975) 
using Lie algebra methods. M. P. Anderson [1976] extended Serre's result 
to finitely generated abelian-by-pronilpotent profinite groups. Ribes-Oltikar 
[1978] proved the result for finitely generated prosupersolvable groups. The
orem 4.2.8 in the form presented here is due to B. Hartley [1979]. Part (b) 
of Proposition 4.2.10 is based on an argument of Rhemtulla [1969]. Propo
sition 4.2.1 and Corollary 4.2.2 are also due to M. P. Anderson. Example 
4.2.13 is due to Peterson [1973]; he also proves that an uncountably generated 
(i.e., a nonmetrizable) profinite group is never strongly complete. Proposition 
4.2.15 was proved by A. Pletch [1981]. In Saxl-Wilson [1997] and Martfnez
Zel'manov [1996] it is shown that finitely generated profinite groups that are 
direct products of finite simple groups are strongly complete. 

As a corollary of Theorem 4.2.7, Segal [2000] proves the following 

Theorem 4.8.1 In a finitely generated prosolvable group C, each term of the 
lower central series (considering C as an abstract group) is closed. 

In the same paper, Segal poses the following problem. 

Open Question 4.8.2 Let C be a finitely generated prosolvable group. Are 
the terms (other than [C, C]) of the derived series of C closed? 

There is a useful reformulation of Open Question 4.2.14 suggested by 
A. Shalev. It is based on the solution of Burnside's problem given by E. 
Zel'manov for profinite groups (see below). A positive solution to Open Ques
tion 4.2.14 would follow if one could answer positively the following question. 
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Open Question 4.8.3 Let G be a finitely generated profinite group and let n 
be a natural number. Let (Gn) = (xn I x E G) be the subgroup of G generated 
by the nth powers of its elements. Is (Gn) closed? 

Indeed, let H be a subgroup of index n in a finitely generated profinite 
group G. If (Gn) is closed, then G/(Gn) is a finitely generated torsion group. 
By a result of Zel'manov (Zel'manov [1992]' Theorem 1), G/(Gn) is finite. 
Hence (Gn) would be open in G. On the other hand, (Gn) ~ H; thus H 
would be open as well. 

The following result, due to C. Martinez answers Open Question 4.8.3 
positively for the class of pro - Nl groups. 

Theorem 4.8.4 (Martinez [1996]) Let G be a finitely generated pro _Nl 
group. Then (Gn) is a closed subgroup of G. 

In this connection see also Theorem 10.3 in Segal [2000]. 

4.8.5 Profinite Torsion Groups 

The following theorem is proved by Hewitt and Ross [1970] (Theorem 28.20). 

Theorem 4.8.5a Every compact Hausdorff torsion group is profinite. 

In the same location they mention the following question, which they seem 
to consider to be folklore at the time. 

Open Question 4.8.5b Is a torsion profinite group necessarily of finite 
exponent? 

The Burnside Problem for finitely generated compact Hausdorff torsion 
groups was raised by V. P. Platonov in Kourovka [1984]: every finitely gen
erated profinite torsion group is finite. This conjecture has been proved to 
be correct in the case of finitely generated pro-p groups by E. 1. Zel'manov. 
Using methods in the theory of Lie algebras developed in Zel'manov [1990] 
and Zel'manov [1991]' he proves 

Theorem 4.8.5c (Zel'manov [1992]' Theorem 1) Every finitely generated 
pro-p torsion group is finite. 

In fact Platonov's conjecture has a positive answer for all finitely gener
ated profinite groups. This can be seen by combining the above theorem of 
Zel'manov with a reduction due to J. S. Wilson and W. N. Herfort to the 
case of pro-p groups. This reduction is a consequence of the following 
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Theorem 4.8.5d (Wilson [1983], Theorem 1) Let G be a profinite torsion 
group. Then G has a finite series 

1 = Gn :s Gn - 1 :s ... :s Go = G 

of closed characteristic subgroups such that each group Gi/Gi+l is either a 
pro-p group, for some prime p, or a direct product of isomorphic finite simple 
groups. 

The theorem of Wilson in turn is based on a previous result of W. N. 
Herfort. 

Theorem 4.8.5e (Herfort [1980], Theorem 1) Let G be a pro finite torsion 
group. Then the order of G is divisible by only finitely many distinct primes. 

A somewhat related result is the following 

Theorem 4.8.5f (Herfort [1982]) Let G be a profinite group whose order 
is divisible by infinitely many different primes. Then G contains a procyclic 
subgroup with the same property. 

Another consequence of the theorem of Zel'manov mentioned above is 
that every compact Hausdorff group contains an infinite abelian subgroup 
(see Zel'manov [1992]' Theorem 2). In this connection see also McMullen 
[1974]. 

The first description of the automorphism group of a finitely generated 
profinite group (Corollary 4.4.4) that we are aware of appears in Smith [1969]. 
A different proof of Theorem 4.4.7 describing Aut(Zp) is given in Serre [1973], 
Proposition II.8. 

The abstract version of Lemma 4.5.2 is due to Philip Hall [1958]. The ab
stract version of Lemma 4.5.3 was proved by Andreadakis [1965]. Proposition 
4.5.1 and Theorem 4.5.6 are due to Lubotzky [1982]. 

Anderson [1974] proves a result more general than Lemma 4.5.6, namely, 
he shows that if G a finitely generated profinite group which is virtually pro-p, 
then Aut( G) is also virtually pro-po 

4.8.6 Normal Automorphisms 

A continuous automorphism cp : G ---t G of a pro finite group G is called 
normal if cp(N) = N for every open normal subgroup N of G. Neukirch 
[1969] proved that every automorphism of the absolute Galois group GQ/ Q 

of Q is normal. He conjectured that in fact every automorphism of GQ/ Q is 
inner. This conjecture was proved by Uchida [1976] and by Ikeda [1977]. In 
Jarden-Ritter [1980] a corresponding result is proved for Gk/K, where K is 
any finite extension of the field Qp of p-adic numbers. In Jarden [1980] he 
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considers an analogous question for free profinite groups, and he proves the 
following 

Theorem 4.8.6a Let Hand J be open subgroups of the nonabelian free 
projinite group F. Suppose that 0' : H ---+ J is an isomorphism such that 
O'(U) = U for every open normal subgroup U of F contained in H n J. Then 
0' is induced by an inner automorphism of F. 

The results in Section 4.6 dealing with infinite profinite Frobenius groups 
are due to Gildenhuys-Herfort-Ribes [1979]. 

The question about existence of torsion in the profinite completion of 
residually finite torsion-free groups was raised in Crawley-Kropholler-Linnell 
[1988]' where the absence of torsion in the profinite completion of a torsion
free solvable-by-finite minimax group and a torsion-free metabelian-by-finite 
group was proved. The first example of a residually finite torsion-free group 
whose profinite completion has torsion was discovered by Evans [1990]. 
Proposition 4.7.1 is due to Chatzidakis. The results 4.7.2 and 4.7.6-4.7.8 
are due to Kropholler-Wilson [1993]. In this paper they construct examples 
of finitely generated torsion-free center-by-metabelian groups whose profinite 
completion contains torsion. 

Proposition 4.7.12 was proved by Lubotzky [1993]; he also gives an exam
ple of a finitely generated residually finite torsion-free group whose comple
tion contains every countably based profinite group. 

Chatzidakis [1999] proves the existence of a two-generated torsion-free 
residually finite p-group whose pro-p completion contains every countably 
based pro-p group. 

One may pose a dual problem to the one considered abo~e: let G be an 
infinite finitely generated residually finite torsion group. Is G torsion? The 
answer to this is always negative. This follows from the result of Zel'manov 
quoted in Theorem 4.8.5c and the reduction results of Wilson and Herfort 
(4.8.5d and 4.8.5e above). For a special case of this see McMullen [1985]. 



5 Discrete and Profinite Modules 

5.1 Profinite Rings and Modules 

A projinite ring A is an inverse limit of an inverse system {Ai, 'Pij} of finite 
rings. We always assume that rings have an identity element, denoted usu
ally by 1, and that homomorphisms of rings send identity elements to identity 
elements. A profinite ring A is plainly a compact, Hausdorff and totally dis
connected topological ringj the converse is also true, as we show in Theorem 
5.1.2 below. It is clear that a profinite ring admits a fundamental system of 
neighborhoods of 0 consisting of open (two-sided) ideals (this follows from a 
result analogous to Lemma 2.1.1). 

Let A be a profinite ring. An abelian Hausdorff topological group M is 
said to be a left A-module if there is a continuous map A x M --+ M, denoted 
by (A, m) 1-+ Am, satisfying the following conditions 

(i) (AlA2)m = Al(A2m) 

(ii) (AI + A2)m = AIm + A2m 

(iii) A( ml + m2) = AmI + Am2 
(iv) 1m = m 

for m, ml, m2 E M and A, AI, A2 E A, where 1 is the identity element of A. 
Similarly, a right A-module is defined as a topological abelian group M 

together with a continuous map M x A --+ M denoted by (m, A) 1-+ mA, 
satisfying conditions analogous to (i), (ii), (iii) and (iv) above. 

If A is a profinite ring, AOP will denote the opposite ring, that is a ring with 
the same elements and the same addition as A, and where the multiplication 
o is defined by ml om2 = m2ml. Clearly AOP is also a profinite ring. Any right 
A-module can be thought of as a left AOP-module in a natural wayj hence, 
any general statement about left A-modules is also valid for right A-modules. 
We often refer to left A-modules simply as A-modules. 

If M and N are two A-modules, we use the notation HomA(M, N) for 
the abelian group of all continuous A-homomorphisms M ---+ N from M to 
Nj Hom(M, N) denotes the abelian group of all continuous homomorphisms 
from M to N as abelian profinite groups. We sometimes write EndA(M) 
and End(M) for HomA(M, M) and Hom(M, M), respectively. For conve
nience, sometimes we refer to a continuous A-homomorphism of A-modules 
as a morphism of A-modules. 
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Sometimes we want to think of HomA(M,N) as a topological group; in 
that case it is understood that its topology is the compact-open topology (see 
Section 2.9). 

We leave to the reader the development of the natural notions of submod
ule of a module, quotient module MIN of a module M modulo a submodule 
N, kernel and image of a morphism of A-modules, etc. 

Let X be a subset of a A-module M. The closed A-submodule generated 
by X is the intersection of all closed A-submodules of M containing X; we 
denote it by (X). We say that M is finitely genemted if M = (X) for some 
finite subset X of M. As in the case of profinite groups, we say that a subset 
Y of a profinite A-module M converges to 1 if every open submodule of M 
contains all but finitely many elements of Y; a map cp : X ---+ M from a set 
X into a profinite group M converges to 1 if the set cp(X) converges to 1 in 
M. 

Lemma 5.1.1 Let A be a profinite ring and let M be a A-module. 

(a) If M is discrete, then M is the union of its finite A-submodules; in par
ticular, M is torsion as an abelian group. 

(b) If M is pro finite, then it is the inverse limit of its finite quotient A
modules. Equivalently, the submodules of M of finite index form a funda
mental system of neighborhoods of o. 

(c) Every profinite A-module contains a subset of genemtors converging to 1. 

Proof. Let M be discrete and let m E M. Since there exists a fundamental 
system of neighborhoods of 0 in A consisting of open ideals of A, there is 
an open ideal T of A such that Tm = 0; therefore, Am is a submodule with 
finitely many elements. Thus (a) follows. 

To prove (b) we first think of M simply as an abelian profinite group with 
respect to addition. As such, its open subgroups form a fundamental system 
of neighborhoods of the element 0 (see Theorem 2.1.3). Next we prove that 
if U is an open subgroup of the abelian group M, then it contains some open 
A-submodule. By continuity of the action of A on M, for each A E A there 
exists some open neighborhood WA of A in A and some open subgroup VA of U 
such that WA VA ~ U. Since A is compact, there exist finitely many elements 
AI, ... ,At E A such that W A1 , ... , W At is a covering of A. Put V = n!=l VA;. 

Then V ::;0 U and AV ~ U. Let N be the closure of the subgroup of U 
consisting of all finite sums of the form AlVl + ... + ArVr (Ai E A,Vi E V). 
Then N is an open A-module contained in U, as needed. 

Consider the collection {Ni liE I} of all open A-submodules of M. One 
readily checks that 

M = lim MINi 
f--

(see the implication (c) => (d) in Theorem 2.1.3). 
Part (c) follows from Proposition 2.4.4. 0 



5.1 Profinite Rings and Modules 167 

Note that in the proof of (b) above we only use the compactness of A 
and the fact that M is a compact, Hausdorff and totally disconnected group. 
Since a profinite ring A can be considered as a A-module in a natural way, 
the above lemma implies that a compact Hausdorff totally disconnected ring 
is the inverse limit of finite rings, i.e., it is profinite. To be complete we collect 
several useful characterizations of profinite rings in the following proposition. 

Proposition 5.1.2 Let A be a topological ring. Then the following conditions 
are equivalent. 

(a) A is a profinite ring; 

(b) A is compact and Hausdorff; 

(c) A is compact, Hausdorff and totally disconnected; 

(d) A is compact and the zero element of A has a fundamental system of 
neighborhoods consisting of open ideals of A; 

(e) The zero element of A has a fundamental system of neighborhoods {Ti I 
i E I} consisting of open ideals of A, and A = !!!!! AITi; 

(f) There is an inverse system {Ai, ct'ij} of finite rings, where each morphism 
ct'ij is an epimorphism, and A = !!!!! Ai. 

Proof. Most of the proof is done by mimicking the proof of Theorem 2.1.3 and 
using Lemma 5.1.1 as indicated above; we leave the details to the reader. The 
only new fact is the implication (b) => (c), and we proceed to establish this. 
We wish to prove that the connected component C of 0 in A is {a}. To prove 
this, consider the Pontryagin dual A* = Hom(A, Q/Z) of A as a compact 
abelian group (see section 2.9). Then A* is a discrete abelian group, and we 
make it into a A-module by the rule (>..f)(JL) = f(JL>") (>.., JL E A, f E A*). 
Now, for any f E A*, Cf = {cf ICE C} is a continuous image of C, 
and so it is a connected subset of A*. Since A* is discrete, C f = O. Hence 
0= (cf)(I) = fCc) for each c E C, i.e., fCC) = O. Since this is valid for every 
f E A*, it follows from Corollary 2.9.8 that C = 0, as desired. 0 

Exercise 5.1.3 (The structure of commutative pro finite rings.) 

(1) Finite rings: Let R be a commutative finite ring and let {PI, ... , Pn } be 
the collection of its maximal ideals. 

(Ii) Prove that for every natural number m = 1,2, ... , pr + Pj = R 
whenever i i: j. Deduce that n~=l pr = PF ... P~. 

(Iii) Prove that there exists a natural number m such that the homo
morphism 

R ---+ RIPf x ... x RIP;:: 
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given by r ....... (r+Pl , ... , r+P::-) is an isomorphism. (Hint: recall that 
the Jacobson radical J(R) = n~=l Pi of A is nilpotent; choose m to 
be the smallest positive integer such that 0 = J(R)m(= Pl'" P::-).) 

(liii) Prove that R is a direct product of local rings (recall that a ring is 
called local if it has a unique maximal ideal). 

(2) Commutative projinite rings: A commutative profinite ring R is the direct 
product of profinite local rings. (Hint: show that an epimorphism of finite 
commutative rings rp : Rl --t R2 sends a system {P1, ... ,Pn,R1;m}, 
consisting of the maximal ideals of R 1, the ring R 1, and a natural number 
m such that Pl ... P::- = 0, to another system of the same type.) 

The class of all A-modules together with their morphisms form an abelian 
category (cf. Mac Lane [1963] for a formal definition ofthe concept of abelian 
category). In particular if Ml, ... , M t is a collection of finitely many A
modules, there exists a direct sum ffi~=l Mi of these modules which is a 
A-module, namely, the set of all t-tuples (ml, ... ,mt) (mi E M i , i = 1, ... ,t) 
with the product topology and the usual definition of coordinatewise addition 
and multiplication by elements of A. 

Let rp : A --t A' be a continuous homomorphism of profinite rings. If 
A' is a A'-module, it becomes a A-module via rp by the action >..a' = rp(>..)a' 
(a' E A', >.. E A). Let A be a A-module and let f : A ---+ A' (respectively, 
f : A' ---+ A ) be a continuous homomorphism of groups. We say that the pair 
rp, f of maps is compatible if f is a map of A-modules, i.e., if f(>..a) = rp(>..)f(a') 
(respectively, f(rp(>..)a') = >..f(a')) for all a E A, >.. E A, a' E A'. 

Lemma 5.1.4 

(a) Let {Ai, rpij} be an inverse system of projinite rings over a directed poset 
(1, ::5); for each i E I let Ai be a projinite Ai-module and Bi a discrete 
Ai -module. Assume that {Ai, fij} is an inverse system of projinite abelian 
groups, and {Bi' gij} a direct system of discrete abelian groups with the 
additional conditions that for each pair i, j E I with i ~ j, both fij and 
gji are compatible with rpij, and moreover fij and rpij are epimorphisms. 
Put 

Then A and B are A-modules, and the natural homomorphism 

is an isomorphism (the topologies of HomA(A, B) and HomA. (Ai, B i ) are 
assumed to be the compact-open topologies; in this case these are discrete 
topologies) . 
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(b) Let A be a profinite ring, {Ai,aij} an inverse system of profinite A
modules over an indexing set I, and A = lim Ai. Let B be a discrete 

+--

A-module and write it as a direct limit ~ jEJBj of finitely generated 

A-submodules of B. Then there is a natural isomorphism 

Ll : HomA(B, A) ---+ l!!!! HomA(Bj, Ai). 
[,J 

(this is in fact a topological isomorphism; in this case the compact-open 
topologies of HomA(B, A) and HomA(Bj , Ai) are compact, Hausdorff and 
totally-disconnected) . 

(c) Let A and B be as in part (b). Then HomA(B, -) commutes with inverse 
limits, i. e., if {Ai, aij} is as in (b), then there is a natural (topologicaQ 
isomorphism 

HomA(B,A) ---+ l!!!! HomA(B,Ai ). 
[ 

Proof 

(a) Let Ii : A --+ Ai, gi : Bi --+ Band C{)i : A --+ Ai denote the canonical 
mappings (i E 1). First we indicate the action of A on A and B. If A = (Ai) E 

A and a = (ai) E A (Ai E Ai, ai E Ai, i E I), then define Aa = (Aiai). If 
b E B, choose i E I and bi E Bi so that gi(bi) = bj then put Ab = gi(Aibi)j 
this is well-defined by the compatibility of the maps C{)ij and gji. Next we 
make the homomorphisms 

and 
Wi : HomAi (Ai, Bi ) --+ HomA(A, B) 

explicit: if hi E HomAi (Ai, B i ), define q)ij(hi ) = gijhdji and wi(hi ) = gihdi' 
Let q)i : HomAi (Ai, B i ) --+ ~ HomAi (Ai, B i ) be the canonical maps. The 

homomorphisms Wi commute with the q)ij, and so they induce the map W in 
the statement. We show that this map is both injective and surjective, and 
thus an isomorphism. 

W is injective: Assume h E lim HomAi (Ai, B i ) with w(h) = 0, and let k E I 
---+ 

and hk E HomAi(Ak,Bk) be such that q)k(hk) = h (see Proposition 1.2.4). 
For i !: k, let hi = q)ki(hk)j then ° = w(h) = wi(hi) = gihdi' If i !: k, define 

Xi = {ai E Ai I hi(ai) # O}. 

We shall show that for some i !: k, Xi = 0, i.e., hi = OJ this will imply 
that h = 0, as needed. Since hi is continuous, Ai compact and Bi discrete, 
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one has that hi takes only a finite number of valuesj hence Xi is closed and, 
therefore compact. On the other hand i 1: j 1: k implies that fij(Xi) ~ Xj. 
Indeed, if ai E Xi, then 0 i hi(ai) = (9jihjlij)(ai)' So hj(Jij(ai)) i OJ hence 
fij(ai) E Xj. Therefore, 

{Xi,lij I i,j 1: k} 

is an inverse system of compact spaces. Now, if 

a E l!!!! Xi ~ A, 
i2:k 

then lli(h)(a) = llii(hi)(a) = (9ihdi)(a) = (9ihi)(ai)j since hi(ai) i 0 if i 1: k, 
it follows from Proposition 1.2.4, that lli(h)(a) i O. Since by assumption 
lli(h) = 0, we deduce that 

Thus, by Lemma 1.1.4, there is some i such that Xi = 0, as asserted. 

lli is surjective: Let h E HomA(A, B). We shall show that for some i E I 
there exists hi E HomA. (Ai, Bi ) such that h = lli(hi) = 9ihdi' Notice that 
since A is compact and B discrete, h(A) is finite. Hence, there exists jo E I 
such that for every j 1: jo there is some Arsubmodule Dj of Bj for which 
the restriction of 9j maps Dj isomorphicallyonto h(A) (one sees this using 
Proposition 1.2.4(ii) and the fact that each Bk is torsion). Since h(A) is finite, 
Ker(h) is open in A. Hence (replacing jo by a larger index if necessary) there 
exists an open Ajo-submodule Ujo with U = fj~l(Ujo) ~ Ker(h). For j 1: jo, 

define Uj = fjj~ (Ujo) j then 

A/U = l!!!! Aj/Uj . 
12:;0 

Since A/U is finite and each A/U ----t Aj/Uj is an epimorphism, there exists 
i 1: jo such that the canonical map A/U ----t Ai/Ui is an isomorphism. 
Let h : A/U ----t B be the map induced by h. Then there is a unique (Ai
homomorphism) hi: Ai/Ui ----t Di such that the diagram 

commutes. Let hi be the composition Ai ----t Ai/Ui ~ Di <-+ Bi. This hi is 
the desired map. 

(b) First let us make Ll explicit. Define 

Llij : HomA(B, A) ----t HomA(Bj , Ai) 
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as follows: if h E HomA (B, A), then hij = Llij (h) is the result ofrestricting h 
to B j and composing this with the canonical map A --+ Ai. By the definition 
of the topologies involved, it is plain that each Llij is continuous. Hence these 
maps induce a continuous homomorphism Ll. Suppose that Ll(h) = O. Then 
hij = 0 for every i E I, j E J. Therefore h = O. This shows that Ll is an 
injection. Consider now an element (hij ) of ~ HomA(Bj , Ai). For a fixed 

i E I, define hi : B --+ Ai as follows: if b E B, then choose Bj such that 
bE Bj and put hi(b) = hij(b). Set h = ~ hi. Then Ll(h) = (hij ). 

The proof of (c) is similar. o 

We shall be particularly interested in two types of A-modules M: those 
that are compact, Hausdorff and totally disconnected (Le., profinite), and 
those that are discrete. We refer to the first type as profinite modules, and to 
the second as discrete modules. Profinite A-modules together with their mor
phisms form an category that we shall denote by PMod(A). The category of 
discrete A-modules and their morphisms will be denoted by DMod(A). It is 
easy to verify that both PMod(A) and DMod(A) are abelian subcategories 
of the category of all A-modules. 

Duality Between Discrete and Profinite Modules 

Next we generalize the construction made in the proof of Proposition 5.1.2. 
Given a A-module M (discrete or profinite), consider the abelian group 
M* = Hom(M, Q/Z) of all continuous homomorphism from M to Q/Z (as 
abelian groups) with the compact open topology (see section 2.9). By The
orem 2.9.6, M* is profinite if M discrete torsion, and it is discrete torsion 
if M is profinite. Define a right action of A on M* by (cp>')(m) = cp(>.m). 
This action is continuous and so M* becomes a right A-module, Le., a AOP
module. Therefore, it easily follows from Theorem 2.9.6 and the definition 
of action that the contravariant functor Hom( -, Q/Z) establishes a "dual
ity" between the categories PMod(A) and DMod(AOP). In other words, 
for every A-module M in PMod(A) or DMod(A) , there is a continuous 
A-isomorphism 

M --+ M**, 

of A-modules; furthermore, this isomorphism is natural in the sense that if 
cp : M --+ N is a morphism in either PMod(A) or DMod(A), then the 
diagram 

M---M** 

~! ! ~ .. 
N-N** 

commutes, where cp** is the map obtained from cp by applying the functor 
Hom( -, Q/Z) twice. It is important to understand the implications of this 
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duality since we shall make use of them often. For a precise statement of 
duality see for example Mac Lane [1963]. In our context duality can be de
scribed as follows: every (elementary) statement, definition, theorem, etc., 
that one makes in either the category PMod(A) or DMod(AOP) involving 
modules and morphisms (that we represent by arrows), can be translated into 
a dual statement, definition, theorem, etc. in the other category by applying 
the functor Hom( -, Q/Z), i.e., replacing each module M by Hom(M, Q/Z) 
and reversing the arrows; if a statement, theorem, etc., holds in one of these 
categories, then the dual statement, theorem, etc. holds true in the other 
category. 

5.2 Free Profinite Modules 

Let X be a profinite space, A a profinite ring, M a profinite A-module and 
L : X ----+ M a continuous mapping. We say that (M, L) is a free profinite 
A-module on the space X or, simply, M is a free profinite A-module on X, if 
the following universal property is satisfied: 

'P 
M···· .. ····>-N 

·t /. 
X 

whenever r.p : X ----+ N is a continuous mapping into a profinite A-module 
N, there exists a unique continuous homomorphism tp : M ----+ N such that 
the above diagram commutes, i.e., tpL = cp. 

A free profinite A-module on a pointed topological space (X, *) is defined 
similarly. It consisists of a profinite A-module M together with a map of 
pointed spaces L : (X, *) ----+ M (i.e., L( *) = 0) satisfying an analogous uni
versal property: whenever cp : X ----+ N is a continuous mapping of pointed 
spaces into a profinite A-module N, there exists a unique continuous homo
morphism tp : M ----+ N such that tpL = cp. 

Another way of expressing this is the following. Let N be a topological 
A-module and let C(X, N) denote the set of all continuous mappings from X 
to N. Then M is a free profinite A-module on X if and only if the natural 
map 

Hom(M, N) ----+ C(X, N) 

induced by L is a bijection for each profinite A-module N. Similarly for a free 
A-module on a pointed space (X, *). 

Observe that one needs to test the above universal property (or, equiv
alently, the existence of the above bijection) only for finite A-modules N, 
for then it holds automatically for any profinite A-module N, since N is an 
inverse limit of finite A-modules (see Lemma 5.1.1). 
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Lemma 5.2.1 Let A be a profinite ring and let (M, i) be a free profinite A
module on the profinite space X (respectively, a free profinite A-module on 
the profinite pointed space (X, *)), then 

(a) i(X) generates M as a A-module; 

(b) The mapping i is injective. 

Proof. The proof of part (b) is essentially the same as the proof of Lemma 
3.3.1, and we leave it to the reader. We prove part (a) for a free profinite 
A-module (M, i) on a profinite space X; the pointed case is similar. Let N be 
the closed A-submodule of M generated by i(X). By the universal property 
of (M, i), there exists a continuous homomorphism <p : M ---> M such that 
<pi = i; and so <p(M) = N. On the other hand, it is clear that the identity 
map idM on M also satisfies the condition (IdM)i = i. Hence <p = idM , and 
thus M = N. 0 

From these definitions it is easily deduced that if a free profinite A-module 
exists, then it is unique. We shall denote the free profinite A-module on X 
by [AX], and the free profinite A-module on the pointed space (X, *) by 
[A(X, *)]. 

If X is a set and A a ring, we denote the abstract free A-module on 
X by [AX]. Hence, [AX] is simply the direct sum E!1x A of copies of A 
(considered as a A-module) indexed by X. Note that if X is finite and A 
is a profinite ring, then [AX] = [AX]. Similarly, if (X,*) is finite, then 
[A(X, *)] = [A(X, *)] = E!1x-{*} A. t 

Proposition 5.2.2 Let A be a profinite ring. 

(a) For every profinite space X, there exists a unique free profinite A-module 
[AX] on X, namely [AX] = lim[AXj]' where X = lim Xj is any decom-

f-- f--

position of X as an inverse limit of finite spaces. 

(b) For every profinite pointed space (X, *), there exists a unique free profi
nite A-module [A(X, *)] on the pointed space (X, *), namely [A(X, *)] = 
lim [A(Xj, *)], where (X, *) = lim (Xj , *) is any decomposition of (X, *) 
f-- f--

as an inverse limit of finite pointed spaces. 

Proof. (a) As pointed out above, the uniqueness follows immediately from 
the definition, and we leave it to the reader. We begin with the construction 

t Some authors use the notation AX or even A[X] for what we denote 
[AX]. The first one is fine if one is only dealing with abstract free modules, 
while A[X] might be confused with the notation normally used for rings of 
polynomials. Our notation allows us to distinguish between such free modules 
and profinite free modules [AX]. We shall make later similar distinctions 
when dealing with group algebras and complete group algebras. 
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of [AX]. If X is finite, it is clear that [AX] = [AX] = E9x A. Assume that 
X is infinite. Write X = lim Xj, where {Xi,<Pij,I} is a surjective inverse 

+--
system of finite spaces. Denote by Pj : X - Xj the canonical projections. 
Then the free profinite A-modules [AXj] constitute an inverse system. Define 
[AX] = lim [AXj ]. Let L:X - [AX] be the inverse limit of the natural 

+--

homomorphisms Xj - [AXj ]. Next we show that ([AX], L) is a free profinite 
A-module on X. Indeed, let N be a finite A-module, and let <P: X - N be 
continuous. Since <p(X) is finite, <p factors through some Pj : X - Xj, 
i.e. there exists a <p': Xj - N with <p' Pj = <p (see Lemma 1.1.16). Since 
[AXj] is a free profinite A-module on Xj, <p' can be extended to a A-module 
homomorphism <p' : [AXj] - N. Put rp = <p''I/Jj, where 'l/Jj : [AX] - [AXj] 
is the projection. It is easy to see that rpL = <p, as required. 

Finally it follows from uniqueness that the above construction of [AX] is 
independent of how X is written as an inverse limit of finite spaces. 

(b) The proof for this part is similar. 0 

We shall refer to the profinite space X (respectively, (X, *)) as a topolog
ical basis of [AX] (respectively, of [A(X, *)]). 

Exercise 5.2.3 Let {Ai, <Pij} {Xi,'l/Jij} and {(Yi,*),Pij} be inverse systems 
of profinite rings, profinite spaces and pointed profinite spaces, respectively, 
over a poset I. Let A = lim Ai, X = lim Xi and (Y, *) = lim (Yi, *). Then 

+-- +-- +--

and 

Exercise 5.2.4 Let A be a profinite ring. Let Y and Z be closed subspaces 
of the profinite pointed space (X, *) such that * E Y and * ¢ Z. 

(a) Prove that the natural A-homomorphisms [AZ] - (Z) and [A(Y,*)] -
(Y) are isomorphisms; so (Z) can be identified with [AZ] and (Y) with 
[A(Y,*)]. 

(b) Show that there are natural isomorphisms [A(X, *)]/[AZ] ~ [A(X/Z, *)] 
and [A(X,*)]/[A(Y,*)] ~ [A(X/Y,*)]. 

(c) Prove that (Y,*) = niE1(Yi,*) implies [A(Y,*)] = niE1[A(Yi,*)], where 
the (Yi, *) are closed subsets of (X, *). 

(d) Prove that assertions analogous to (a), (b) and (c) also hold in the non
pointed case. 

(Hint: use the decomposition [A(X, *)] = lim [A(Xj, *)] and note that the 
+--

assertions are obvious if X is finite.) 

Let S be a set and let us think of it as a discrete space. Let S = SU {*} be 
its one-point compactification. We shall refer to [A(S, * H as the free profinite 
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A-module on the set S converging to O. We denote it by [AS] (with a certain 
abuse of notation; to avoid any ambiguity, whenever we use this notation for 
this purpose, we shall specify that it is a module on the set S converging to 
0). Then one easily proves the following result. 

Lemma 5.2.5 Let S be a set. 

(a) The A-module [AS] is a dense submodule of the free profinite A-module 
[AS] on the set S converging to O. 

(b) The free profinite A-module [AS] on the set S converging to 0 is char
acterized by the following universal property: whenever <p : S ---t M is 
a mapping converging to 0 of S into a pro finite A-module M, then there 
exists a unique continuous A-homomorphism 

c:p : [AS] ---t M 

such that c:p( s) = <p( s) for every s E S. 

(c) Every A-module is a quotient of a free profinite A-module on a set con
verging to O. 

5.3 G-modules and Complete Group Algebras 

Let G be a profinite group. A left G-module or simply a G-module is a 
topological abelian group M on which G operates continuously. Specifically, 
a G-module is a topological abelian group M together with a continuous map 
G x M -+ M, denoted by (g, a) 1-+ ga, satisfying the following conditions 

(i) 
(ii) 
(iii) 

(gh)a = g(ha), 

g( a + b) = ga + gb, 

la=a, 

for a, bE M and g, hE G, where 1 is the identity of G. 

If the topology of M is discrete, then M is called a discrete G-module; and if 
the topology of Mis profinite, we say that M is a profinite G-module. Right 
G-modules are defined analogously. 

We leave it to the reader to develop the concepts of G-submodule and 
G-submodule generated by a collection of elements in a G-module. 

The following lemma is proved easily. 

Lemma 5.3.1 Let G be a profinite group and let M be a discrete abelian 
group. Let G x M ---t M be an action of G on M satisfying conditions (i), 
(ii), (iii) as above. Then, the following are equivalent: 

(a) G x M ---t M is continuous; 
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(b) For each a in M, the stabilizer, 

Ga = {g E G I ga = a} 

of a is an open subgroup of G; 

(c) 
M=UMU , 

U 

where U runs through the set of all open subgroups of G, and where 

M U = {a E A I ua = a, u E U}, 

is the subgroup of fixed points of M under the action of U. 

Example 5.9.2 Discrete G-modules. 

(1) Let G be any profinite group and M any discrete abelian group. Define 
an action of G on M by ga = a, for all a E M and 9 E G. Then M is a 
discrete G-module. This action is called the trivial action on M, and we 
refer to M with this action as a trivial G -module. 

(2) Let N / K be a Galois extension of fields and G = G N/ K its Galois group. 
For a E G and x E N, define ax = a(x). Under this action the following 
are examples of discrete G-modules: 

(2a) N X (the multiplicative group of N)j 

(2b) N+ (the additive group of N)j 
(2c) The roots of unity in N (under multiplication). 

As proved in Lemma 5.1.1, discrete modules over a profinite ring must be 
torsion as abelian groupSj in contrast observe that a discrete G-module need 
not be torsion. For example, with the exception of (2c), the examples above 
are not torsion abelian groups in general. 

Let M and N be G-modules. A G-morphism cp : A ----+ B is a continuous 
G-homomorphism, Le., an abelian group homomorphism for which 

cp(ga) = gcp(a), for all 9 E G, a E M. 

The class of G-modules and G-morphisms constitutes an abelian cate
gory which we denote by Mod(G). The profinite G-modules form an abelian 
subcategory of Mod(G), denoted PMod(G), while the discrete G-modules 
form an abelian subcategory denoted DMod(G). In turn, the discrete torsion 
G-modules form a subcategory of DMod(G). 

Lemma 5.3.3 Let G be a profinite group and let M be a G-module. 

( a) If M is a discrete G -module, then it is finitely generated as a G -module 
if and only if it is finitely generated as an abelian group. 
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(b) If M is discrete torsion, then it is the union of its finite G-submodules. 

(c) If M is profinite, then it is an inverse limit of finite G-modules. 

Proof. (a) Suppose all . .. ,at are generators of M as a G-module. Let Gi be 
the stabilizer of ai (i = 1, ... , t). Then Gi is an open subgroup of G (see 
Lemma 5.3.1). Hence U!=l Gai = U!=l(GjGi)ai is a finite set of generators 
of M as an abelian group. 

(b) It is plain that if M is discrete, it is the union of its finitely generated 
submodules. Hence to prove (b) it suffices to show that every finitely gener
ated discrete torsion G-module is finite. This follows from (a) since a finitely 
generated torsion abelian group is finite. 

The proof of (c) is almost identical to the proof of part (b) of Lemma 
5.1.1, and we leave it to the reader. 0 

Exercise 5.3.4 Let G be a profinite group, A a profinite ring and M a fi
nite abelian group with the discrete topology. Show that M is a G-module 
(respectively, an A-module) if and only if there exists a continuous group ho
momorphism (respectively, a continuous ring homomorphism) G ---+ Aut(M) 
(respectively, A ---+ End(M)). 

The Complete Group Algebra 

Consider a commutative profinite ring R and a profinite group H. We denote 
the usual abstract group algebra (or group ring) by [RH]. Recall that it 
consists of all formal sums LhEH rhh (rh E R, where rh is zero for all but 
a finite number of indices h E H), with natural addition and multiplication. 
As an abstract R-module, [RH] is free on the set H. 

Assume that H is a finite group. Then [RH] is (as a set) a direct product 
[RH] ~ IIH R of IHI copies of R. If we impose on [RH] the product topology, 
then [RH] becomes a topological ring, in fact a profinite ring (since this 
topology is compact, Hausdorff and totally disconnected). Suppose now that 
G is a profinite group. Define the complete group algebra [RG] to be the 
inverse limit 

[RG] = lim [R(GjU)] 
t--
Ueu 

of the ordinary group algebras [R(GjU)], where U is the collection of all open 
normal subgroups of G. Then [RG] is a profinite ring. It is easy to express 
[RG] as an inverse limit of finite rings 

[RG] = lim [(RjI)(GjU)], 
t--

where I and U range over the open ideals of R and the open normal sub
groups of G, respectively. Consider now the topology on the ring [RG] with 
a fundamental system of neighborhoods of 0 consisting of the ideals 
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Ker([RG] -> [(RjI)(GjU)]) 

of [RG], where [RG] -> [(RjI)(GjU)] are the natural epimorphisms. We 
refer to that topology as the natural profinite topology of [RG]. The following 
lemma is now obvious. 

Lemma 5.3.5 Let G be a profinite group and R a commutative profinite 
ring. 

(a) The intersection of all the ideals Ker([RG]-> [(RjI)(GjU)]) is zero. 

(b) [RG] is the completion of [RG] endowed with its natural profinite topology. 

(c) [RG] is densely embedded in [RG]. 

(d) As a module, [RG] is a free profinite R-module on the underlying profinite 
space ofG. 

(e) [RG] behaves functorially on G. 

Proposition 5.3.6 Let G be a profinite group and R a commutative profinite 
ring. 

(a) Every [RG]-module is naturally a G-module. 

(b) Every profinite abelian group and every discrete torsion abelian group has 

a unique Z-module structure. 

(c) Profinite G-modules coincide with profinite [ZG]-modules. 

(d) If A is both a G-module and an R-module with commuting actions (i.e., 
if r E R, 9 E G and a E A, then r(ga) = g(ra)), then A is in a natural 
wayan [RG]-module. 

(e) The category DMod([ZG]) coincides with the subcategory ofDMod(G) 
consisting of the discrete torsion G-modules. 

Proof Part (a) is clear since G is naturally embedded in [RG] (see Lemma 
5.3.5(c)). Part (b) follows from Lemma 4.1.1. 

To prove (c), let M be a profinite G-module. By (b), M has also the 
structure of a Z-module in a unique way; moreover, if g E G, a E Z and 
mE M, then g(am) = (ga)m. Express M as a inverse limit 

M= lim Mi 
f--

of finite G-modules Mi. To see that M has a unique [ZG]-module structure 
that induces on M its original G-module structure, it suffices to show that 
this is the case for each M i , as one easily checks. Consider the continuous 
homomorphism 
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determined by the G-action (see Exercise 5.3.4). Let U be the kernel of this 
homomorphism. Then there is a corresponding continuous homomorphism of 
rings [Z(GjU)] -t End(Mi); and so a continuous homomorphism of rings 

where [ZGj has its profinite topology. This in turn determines a continuous 
homomorphism of rings 

since [ZG] is the completion of [ZGj; i.e., Mi is a [ZG~-module. Furthermore, 
it follows from this definition that the action of [ZG] on Mi extends the action 
ofG on Mi' 

Part (d) is proved similarly. Finally, (e) follows from (c), Lemma 5.1.1 
and Lemma 5.3.3. 0 

5.4 Projective and Injective Modules 

Let tt be a category. An object Pin tt is called projective if for every diagram 

(1) 

of objects and morphisms in tt, where a is an epimorphism, there exists a 
morphism (3 : P -t B making the diagram commutative, i.e., a(3 = cpo We 
refer to (3 as a lifting (of cp). If tt is an abelian category, one has equivalently, 
that P is projective in It if the functor Hom(P, -) is exact, i.e., whenever 

O-tC-tB-tA-tO 

is an exact sequence in Q:, so is the corresponding sequence 

o -t Hom(P, C) -t Hom(P, B) -t Hom(P, A) -t 0 

of abelian groups. 
When tt is the category of profinite modules over a profinite ring, it suf

fices to use finite A-modules A in B in the diagram (1) to test the projectivity 
of a module P, as the next lemma shows. 

Lemma 5.4.1 Let A be a pro finite ring and P a pro finite A-module. Then 
P is projective in the category PMod(A) of all profinite A-modules if and 
only if whenever there is a diagmm of the form (1) in PMod(A), where 
a is an epimorphism and A and B are finite, there exists a continuous A
homomorphism /3 : P -t B making the diagmm commutative. 
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Proof In one direction the result is obvious. For the other, consider a general 
diagram of profinite A-modules 

P 

fo~········"" ! ~ 
K-B~A 

where a is an epimorphism. Denote by K the kernel of a. For every submodule 
H of B contained in K, let aH : BjH ~ A denote the A-epimorphism 
induced by a. Let e be the collection of all pairs (H, 'PH) where H is a 
A-submodule of B contained in K, and 'PH: P ~ BjH is a continuous A
homomorphism such that aH'PH = 'P. e is not empty, since (K, ai/'P) E e. 
Define a partial ordering ::S on e as follows: (H,'PH) ::S (H','PH') if H 2: H' 
and 'PH = 1f'P H', where 1f : B j H' ~ B j H is the canonical projection. It is 
easily seen that (e,::s) is an inductive posetj hence by Zorn's Lemma it has a 
maximal element, say (L, 'PL)' The result will be proved if we can show that 
L = 1. Suppose notj then there exists some open submodule U of B such that 
LnU < L. Since both BjU and Bj(U +L) are finite and BjU ~ Bj(U +L) 
is an epimorphism, the map 

P ~ BjL ~ Bj(U +L) 

can be lifted to a continuous A-homomorphism f3 : P ~ BjU. Remark that 

BjLnU--~) BjU 

1 1 
BjL ) Bj(U + L) 

is a pullback diagram of A-modules. Hence, there exists a map of A-modules 
8 : P ~ B jU n L such that the diagram 

P ~L) BjL 

~l 
BjUnL 

commutes. It follows that aunL8 = 'P, and so (U n L, 8) E e, contradicting 
the maximality of (L, 'PL)' Thus L = 1 as desired. 0 

One says that a category It has enough projectives if for every object M 
in It, there exists a projective object P of It and an epimorphism P ~ M. 

Proposition 5.4.2 Let A be a profinite ring. 
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(a) Every free profinite A-module is projective in the category PMod(A) of 
all profinite A-modules. 

(b) The category PMod(A) has enough projectives. 

(c) The projective objects in PMod(A) are precisely the direct summands of 
free profinite A-modules. 

Proof. (a) We prove this for free modules over a nonpointed topological space, 
the pointed case being similar. By Lemma 5.4.1, it suffices to test the pro
jectivity property for finite modules. Let [AX] be a free profinite A-module 
on the profinite space X. Consider a diagram in PMod(A) 

where A and B are finite and a is an epimorphism. Choose a section a : 
A ---+ B of a (considering a as a set map). Hence by the universal property 
of free modules, there exists a continuous A-homomorphism rp : [AX] ---+ B 
such that rp(x) = acp(x) (x E X)j therefore arp = cpo Thus rp is a lifting of cp 
as required. 

(b) This follows from part (a) and Lemma 5.2.5. 

(c) Let P be a projective profinite A-module. By Lemma 5.2.5, there is a 
free profinite A-module [AX] and an epimorphism a: [AX] ---+ P. Since P is 
projective, there exists a continuous A-homomorphism a : P ---+ [AX] such 
that aa = idp . Therefore, a is a monomorphism, and by the compactness 
of P, we have that P is topologically isomorphic to a(P). Then one readily 
checks that [AX] = a(P) EEl Ker(a). 0 

The dual concept of a projective object in a category <1: is that of an 
injective object. An object Q in <1: is called injective if whenever 

(2) 

is a diagram of objects and morphisms in <1:, where a is a monomorphism, 
there exists a morphism rp : B ---+ Q making the diagram commutative, i.e., 
rpa = cpo We refer to rp as an extension of cpo If <1: is an abelian category, one 
has equivalently, that Q is injective in <1: if the functor Hom( -, Q) is exact, 
i.e., whenever 

O---+A---+B---+C---+O 

is an exact sequence in <1:, so is the corresponding sequence 
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o ---t Hom(C,Q) ---t Hom(B,Q) ---t Hom(A,Q) ---t 0 

of abelian groups. 
Since the categories of profinite projective A-modules PMod(A) and the 

category of discrete A-modules DMod(A) are dual to each other (see Section 
4.1), we obtain automatically the following results by duality. 

Lemma 5.4.3 Let A be a profinite ring and Q a discrete A-module. Then 
Q is injective in the category DMod(A) of all discrete A-modules if and 
only if whenever there is a diagram of the form (2) in DMod(A), where a 
is a monomorphism and A and B are finite, there exists a continuous A
homomorphism r:p : B ---t Q making the diagram commutative. 

One says a category e: has enough injectives if for every object M in e:, 
there exists an injective object Q of e: and a monomorphism M ---t Q. 

An object M in DMod(A) is called cofree if it satifies a universal property 
dual to that of free objets, i.e., if its dual M* is free in PMod(A). Applying 
duality, Proposition 5.4.2 yields 

Proposition 5.4.4 Let A be a profinite ring. 

(a) Every cofree discrete A-module is injective in the category DMod(A) of 
all discrete A-modules. 

(b) The category DMod(A) has enough injectives. 

(c) The injective objects in DMod(A) are precisely the direct factors of cofree 
discrete A-modules. 

Let G be a profinite group. Next we show that the category DMod( G) of 
discrete G-modules also has enough injectives. As we indicated in Proposition 
5.3.6, DMod([ZG]) is the subcategory of DMod(G) consisting of those 
modules that are torsion. 

Proposition 5.4.5 Let G be a profinite group. Then DMod( G) has enough 
injectives, i.e., for every A E DMod(G), there exists a monomorphism 

in DMod( G) with MA injective. 

Proof. Denote by Go the abstract group underlying G. Let A be a discrete G
module; then obviously A E Mod(Go), the category of abstract Go-modules. 
It is well known that Mod(Go) has enough injectives (cf. Mac Lane [1963]' 
page 93). Let 

O---tA~M 

be an exact sequence in Mod(Go), with M injective in Mod(Go). Define 
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where U runs through all open normal subgroups of G. Clearly MA E 
DMod(G). Let a E A, and let U be an open normal subgroup of G such 
that a E AU. Then <p(a) EMu. Hence <p(A) ~ MA. Finally MA is injective 
in DMod( G) because any diagram 

where 'I/J, ( are mappings in DMod(G), with 'I/J a monomorphism, can be 
completed to a commutative diagram by a Go-homomorphism e : C ----t M. 
However, since C is a discrete G-module, one has e(C) ~ MA. 0 

Remark 5.4.6 The construction in the above proof can easily be modi
fied to obtain enough injective objects in DMod([ZG]) (respectively, in 
DMod([(Z/nZ)G]), where n is a fixed natural number), by taking instead 
of MA, its torsion G-submodule (respectively, the G-submodule of MA con
sisting of those elements x such that nx = 0). 

Exercise 5.4.7 Let A be a profinite ring. 

(a) Assume that P E PMod(A) is projective, Le., that HomA(P, -) is exact 
as a functor on PMod(A). Prove that HomA(P, -) is also exact as a 
functor on the category DMod(A). 

(b) Assume that Q E DMod(A) is injective, i.e., that HomA( -, Q) is exact 
as a functor on DMod(A). Prove that HomA( -, Q) is also an exact as a 
functor on the category PMod(A). (Hint: use Lemma 5.1.4.) 

5.5 Complete Tensor Products 

Throughout this section R is a commutative profinite ring and A a profinite 
R-algebra, Le., a profinite ring that contains a continuous homomorphic image 
of R in its center. Complete group rings [RG] are examples of profinite R
algebras. By abuse of notation we sometimes use the same symbol for an 
element r E R and for its image in A, when the homomorphism from R to A 
is an injection. 
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Let A be a profinite right A-module, B a profinite left A-module, and M 
an R-module. A continuous map 

cp:AxB---+M 

is called middle linear if cp( a + a' , b) = cp( a, b) + cp( a' , b), cp( a, b + b') = 
cp(a, b) + cp(a, b') and cp(ar, b) = cp(a, rb) for all a, a' E A, b, b' E B, r E R. 

We say that a profinite R-module T together with a middle linear map 
A x B ---+ T, denoted ( a, b) 1-+ a ® b, is a complete tensor product of A and 
B over A if the following universal property is satisfied: 

If M is a profinite R-module and cp : A x B ---+ M a continuous middle linear 
map, then there exists a unique map of R-modules r:p : T ---+ M such that 
r:p(a ® b) = cp(a, b). 

It is easy to see that if the complete tensor product exists, it is unique 
up to isomorphism. We denote it by A ® A B. Furthermore, it is clear that 
{a ® b I a E A, b E B} is a set of topological generators for the R-module 
A®AB. 

Note that it suffices to check the above universal property only for finite R
modules M, since every R-module is the inverse limit of its finite R-quotient 
modules. 

Lemma 5.5.1 With the above notation, the complete tensor product A ®A B 
exists. In fact, if 

A = lim Ai and B = lim BJo, 
+--- +---
lEI jeJ 

where each Ai (respectively, B i) is a finite right (respectively, left) A-module, 
then 

iel.jeJ 

where Ai ®A B j is the usual tensor product as abstract A-modules. In partic
ular, A ®A B is the completion of A ®A B, where A ®A B has the topology 
for which a fundamental system of neighborhoods of 0 are the kernels of the 
natural maps 

A ®A B ---+ Ai ®A B j (i E I,j E J). 

Proof. Observe that 

iEI,;EJ 

It easily follows that there exists a canonical middle linear map 

t: A x B ---+ l!!!!. (Ai ®A B j ) , 

iEI,;EJ 

namely, the inverse limit of the canonical middle linear maps Ai x B j ---+ 

Ai ® B j • For a E A, bE B, put a®b = ,,(a, b). Let M be a finite A-module 
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and 'P : A x B -----. M a middle linear map. Since M is finite, there exist a 
pair of indices i, j such that 'P factors through a map 'Pij : Ai X Bj -----. M, 
which is also middle linear (this follows from an analog of Lemma 1.1.16). 
By the universal property of Ai ®A Bj , there is an R-homomorphism 'Pij : 
Ai ®A Bj -----. M such that 'Pij(ai ® bj ) = 'Pij(ai x bj ) (ai E Ai, bj E Bj ). 

Define 'P : A 0 A B -----. M as the composition A 0 A B -----. Ai ® B j ~ M. 
Then 'Ph = 'P, as needed. 0 

A similar argument shows that "complete tensoring commutes with lim". -
More precisely, 

Lemma 5.5.2 Let 
lim Ai and B = lim BJ· - -iEI iEJ 

be inverse limits of profinite right A-modules Ai and profinite left A-modules 
B j , respectively. Then 

O!.!!! Ai) 0A (liE.! B j ) = liE.! (Ai 0A B j ) . 

iEI iEI,jEJ 

The complete tensor product enjoys most of the properties of the usual 
tensor product of modules over abstract rings. If A is a profinite right A
module and p : B -----. B' a continuous homomorphism of profinite left 
A-modules, define A 0A P : A 0A B -----. A 0A B' as the continuous R
homomorphism lifting the continuous middle linear map A x B -> A 0 A B' 
given by (a, b) ~ a 0 p( a) (a E A, b E B). If p is the identity, then obvi-

ously so is A 0 A p. It is clear that if B ~ B' L B", then A 0 A (pp') = 
(A 0A p)(A 0A p'). In other words, A 0A - is a covariant functor. Similarly, 
if B is a profinite left A-module, - 0A B is a covariant functor. We record 
this as part of the following proposition. 

Proposition 5.5.3 Let R be a commutative profinite ring, A a profinite R
algebra, A a profinite right A-module, and B a profinite left A-module. Then 

(a) A 0 A - is a right exact covariant functor. 

(b) The functor A 0A - is additive, that is, if Bl and B2 are profinite left 
A-modules, then there is a natural isomorphism of profinite R-modules, 

(c) There is a natural isomorphism of profinite A-modules A 0A A ~ A. 

(d) If B is a finitely generated profinite left A-module, then 

A0AB=A®AB. 
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(e) If A is a projective profinite right A-module, then the functor A ® A - is 
exact. 

(f) Similar statements for - ®AB. 

Proof. 

(a) We have already seen that A ®A - is a covariant functor. To show 
that this functor is right exact, we must prove that if 

o -Bt -B2 ~B3-0 

is an exact sequence of profinite left A-modules, then 

A®ABt - A®AB2 - A®AB3 - 0 (3) 

is an exact sequence of profinite R-modules. To see this, let {Ui liE I} 
be the collection of all open A-submodules of B2 , and consider the inverse 
system of the exact sequences 

of finite A-modules. Express A as an inverse limit A = lim jEJAj of finite 
f--

A-modules. It is well-known (cf. Mac Lane [1963] p. 148) that A ®A - is 
right exact; hence 

is exact for each i E I. These sequences form an inverse system whose inverse 
limit is the sequence (3). Since ~ is an exact functor on the category of 

compact R-modules (analogous to Proposition 2.2.4 ), we deduce that (3) is 
exact. 

We leave the proof of (b) and (c) to the reader. To prove (d), let A be 
a profinite right A-module generated by n elements and consider an epimor
phism of profinite A-modules 1T : An _ A, where An denotes the direct sum 
of n copies of A. By (b) and (c), An ®A B = An ®A B, so that An ®A B 
is compact. Now, 1T induces an epimorphism An ®A B - A ®A B. Since 
A ®A B is dense in A ®A B and this epimorphism is continuous, one deduces 
that A ®A B is compact as well. Thus A®B = A ®A B. 

Finally we show (e). Since A is projective, there exists a free A-module 
[AX] on some profinite space X such that A is a direct summand of [AX] by 
Lemma 5.5.2. From property (b) (applied to -®AB ) one sees that it suffices 
to show that the functor [AX] ®A - is exact. Write [AX] = ~ [AXi ] , 

where each Xi is finite. Since lim is exact, we are reduced to the case when 
f--

X is finite. Then, the result follows immediately from properties analogous 
to (b) and (c). 0 
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Let A and .1 be profinite R-algebras, and let B be a profinite Ll-A bimod
ule, that is, a profinite left Ll-module which is at the same time a profinite 
right A-module such that for each b E B, 6 E .1, A E A and r E R, one has 
(6b)A = 6(bA) and rb = br. Assume that A is a profinite left A-module, D a 
profinite right Ll-module and C is a discrete left Ll-module. Then one easily 
proves the following 

Proposition 5.5.4 

(a) B 0A A is a profinite left Ll-module, with an action determined by 

6(b®Aa) = 6b®Aa (6 E .1, a E A, bE B). 

(b) Hom.c.(B,C) is a discrete right A-module, with action determined by 

(<pA)(b) = f(bA) (A E A, bE B). 

(c) There is a unique natural isomorphism of discrete R-modules 

tfJ: HomA(A, Hom.c.(B, C)) -t Hom.c.(B®AA,C) 

such that tfJ(<p)((b0a) = <p(a)(b). 

(d)D0.c.(B0AA) ~ (D®.c.B)0AA. 

Exercise 5.5.5 Let R be a commutative profinite ring. 

(a) Let X and Y be profinite spaces. Then [R(X x YH ~ [RX] ®R [AY] as 
R-modules. 

(b) Let G and H be profinite groups. Then [R(G x H)] ~ [RG] ®R [RH] as 
R-algebras. 

5.6 Profinite G-spaces 

Let G be a profinite group and X a topological space. We say that X is a 
left G-space, or simply a G-space if there exists a continuous map 

G x X ---> X, 

denoted (g,x) I--t gx, such that (gh)x = g(hx) and Ix = x for all g,h E G, 
x E X (one says then that G operates or acts on X on the left). A pointed 
topological space (X, *) is a G-space if X is a G-space in the above sense, 
and in addition g* = * for all 9 E G. There are corresponding notions of 
right G-spaces or pointed right G-spaces. Note that G-modules are examples 
of pointed G-spaces. 
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Remark 5.6.1 

(1) If X is a G-space, then for each g E G, the map ag : X ---+ X defined 
by x ~ gx is easily seen to be a homeomorphism of X to X j moreover the 
map 

a: G ---+ Homeo(X) 

given by a ~ ag is a homomorphism of G to the group of homeomorphisms 
Homeo(X) of X. If one imposes the compact-open topology on Homeo(X), 
one can prove that the homomorphism a is continuous if an only if G operates 
on X continuously (cf. Bourbaki [1989], X, 3.4, Theorem 3). 

(2) Similarly, if A is a G-module, then for each g E G, the map ag : A ---+ 

A defined by a ~ ga is a continuous automorphism of the topological group 
Aj moreover the map 

a : G ---+ Aut(A) 

given by a ~ a g is a homomorphism of groups. If one imposes the compact
open topology on Aut(A), one can use the result in Bourbaki just mentioned 
to prove that the homomorphism a is continuous if an only if G operates on 
A continuously. 

Exercise 5.6.2 Let G and H be abstract groups. Recall that G is said to 
operate or act on H (as groups) if there is an action 

G x H ---+ H, 

which we denote by (g, h) ~ ag(h) (g E G, hE H), of G on H such that for 
each g E G, the map a g : H ---+ H is an automorphism of H. 

(a) Let G and H be profinite groups. Prove that G operates on H con
tinuously if and only if there is a continuous homomorphism 

G ---+ Aut(H) 

from G to the group of continuous automorphisms of H, where Aut(H) is 
endowed with the compact-open topology. (Hint: use the result in Bourbaki 
mentioned in Remark 5.6.1.) 

(b) Let G and H be topological groups. Assume that G acts on H contin
uously. Endow the corresponding semidirect product H ~ G with the product 
topology (recall that H ~ G can be identified with H x G, as sets). Prove 
that then H ~ G is a topological group. 

(c) Let C be an NE-formation of finite groups (see Section 2.1). Prove 
that if G and H are pro - C groups and G acts continuously on H, then the 
semidirect product H ~ G determined by this action is a pro - C group. 

(d) Let F = Fc(X) (respectively, F = Fc(X, *) ) be a free pro-C group on 
a profinite space X (respectively, on a pointed profinite space (X, *)) and let 
G be a profinite group. Assume that G acts continuously on X (respectively, 
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on (X, *)). Prove that this action extends uniquely to a continuous action of 
the group G on the group F. 

If X and Yare G-spaces, a G-map 'P : X ~ Y is a continuous map such 
that 'P(gx) = g'P(x) (g E G, x E X). If the spaces are pointed, we require in 
addition that 'P( *) = *. G-spaces and their maps form a categoryj similarly, 
pointed G-spaces and their maps form a category. 

Let X be a profinite G-spacej we say that decomposition X = lim Xi, as 
f--

an inverse limit of spaces, is a G-decomposition if this is an inverse limit in the 
category of profinite G-spaces, that is, if each Xi is a profinite G-space and 
the canonical maps Xi ~ Xj are G-maps. There is an analogous concept 
of G-decomposition for pointed profinite G-spaces. 

Let G be a profinite group and X a G-space. We denote the quotient space 
under this action by G\X: it is the space ofthe G-orbits Gx = {gx I 9 E G} 
of each x EX. If the action of G on X is on the right, we denote the quotient 
by X/G, and the orbits by xG. There is a natural onto map G ~ G\X 
that sends each x E X to its G-orbit. The topology of G\X is the quotient 
topology. 

The following lemma is an immediate consequence of continuity of the 
action and of compactness. 

Lemma 5.6.3 Let G be a profinite group and let X be a Hausdorff G-space. 

(a) Assume that x E X. Then the G-stabilizer Gx = {g E G I gx = x} of x 
is closed in G. 

(b) If X is profinite, so is G\X. 

The action of G on X (respectively, on (X, * )) is called free if G x = 1 
of each x E X (respectively, G x = 1 for all x f; * in X). One also uses the 
expressions "G acts freely" or "X or (X, *) is a free G-space" . 

Recall that a topological space is countably based (see Section 1.1) if it 
has a a countable base of open subsets. 

Lemma 5.6.4 Let G be a projinite group acting on a projinite space X 
(respectively, a pointed projinite space (X, *)). Then 

(a) X (respectively, (X, *)) admits a G-decomposition as an inverse limit of 
finite quotient G-spaces 

X = lim Xi 
f--

(respectively, (X,*) = lim (Xi ,*)). 
f--

iEI iEI 

(b) Suppose that G is finite and acts freely on X. If 

X = lim Xi 
f--
iEI 
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is as in (a), then there exists some io E I such that G acts freely on Xj 
for every j ~ io; in particular, X admits a decomposition as an inverse 
limit of finite quotient free G-spaces. 

(c) Suppose that G is finite and acts freely on a pointed profinite space (X, *). 
Then there exists a G-decomposition of (X, *) as an inverse limit of finite 
quotient free G-spaces 

(X, *) = lim (Xi, *). 
f--
iEI 

(d) If X is countably based, the poset (I,~) in parts (a), (b) and (c) can be 
chosen to be countable and totally ordered. 

Proof· 

(a) We consider here the nonpointed case. For the pointed case, the proof 
is similar. First we show that for any clop en equivalence relation R of X, there 
exists a G-invariant clopen equivalence relation S <;:;; R. Indeed, consider R 
as a subset of X x X on which G acts coordinatewise. Set 

S= n gR. 
gEG 

Clearly S is G-invariant. Let us prove that S is open. Fix s E S. Then for all 
9 E G, gs E R. Since the action is continuous, for every 9 E G there exist open 
neighborhoods Vg, Wg of the points 9 and s respectively such that Vg Wg <;:;; R. 
The set {Vg I 9 E G} is an open covering of G. By the compactness of G, 
there exists a finite subcovering Vgl , ... , Vgn of G. Set 

n 

Ws = nWg;' 
i=l 

Then gWs <;:;; R for all 9 E G. Therefore Ws <;:;; S. Since this is true for all 
s E S, then S = USES Ws is open. Hence, S is clopen. This shows that the 
set of all G-invariant clop en equivalence relations on X is cofinal in the set 
of all clop en equivalence relations on X. 

Thus (see the proof of (c) =} (a) in Theorem 1.1.12), it follows that X = 
lim XIS, where S runs through all G-invariant clopen equivalence relations 
f--

onX. 

(b) Suppose that G is finite. Consider a G-decomposition X = lim Xi as 
f--

an inverse limit of finite G-spaces Xi' Denote by Si the subset of G of all 
9 0:11 such that gx = x for some x E Xi' We claim that ni Si = 0. Assume 
not; then, for 9 E ni Si, the sets ~g = {x E Xi I gx = x} are finite, nonempty 
and form a natural inverse system. So, the limit yg = lim r:g is not empty 

f--

(see Proposition 1.1.4), and gx = x for any x E yg. This contradicts the 
freeness of the action of G on X, and hence the claim is proved. Note that if 
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j :5 i, then 8 i S;;; 8j . Since G is finite there exists io such that 8i = 0 (Le., G 
acts freely on X j ) for any i t io. Therefore, 

X=~Xj 
j~io 

is a decomposition of the desired form. 

( c ) It follows from part (a) that (X, *) can be written as 

(X, *) = lim (Xi, *), 
f--
iEI 

where {(Xi, * ),-r/Jij} is the inverse system of all finite pointed quotient G
spaces of (X, *). Fix an index j E I. We need to prove that there exists an 
index j' E I such that j' t j and (Xjl, *) is a pointed free G-spacej observe 
that to do this we simply have to exhibit a finite pointed free G-space (Z, *) 
together with G-epimorphisms of pointed spaces J.I. : (X, *) ---t (Z, *) and 
v: (Z,*) ---t (Xj ,*) such that VJ.l. = 'r/Jj, where 'r/Jj: (X,*) ---t (Xj ,*) is the 
canonical projection. 

Set X' = X _'r/Jjl(*). We claim that X' is a G-subspace. Indeed, if 9 E G, 
x E X' and we had gx ¢ X', then g'r/Jj(x) = 'r/Jj(gx) = *j hence 'r/Jj(x) = *, 
contradicting our choice of x. Therefore, X' is a free G-space. Then 

is a G-decomposition of X'. By part (b), there exists some io E I with io t j 
such that 'r/Jio (X') is a finite free G-space. Define Z = 'r/Jio (X') l:J {*}. Then 
(Z, *) is in a natural way a finite pointed free G-space. Define 

by 
J.I.(x) = {'r/JiO(X), if x E X/j 

*, if x E'r/Jjl(*), 

and define v: (Z,*) ---t (Xj ,*) by 

v(x) = {'r/JiOj(X), if x E 'r/JiO(X/)j 
*, if x = * . 

Clearly J.I. and v satisfy the required conditions. 

(d) This follows from Corollary 1.1.13. o 

Let G be a profinite group, X a G-space and 1f : X ---? G\X the canonical 
quotient map. We say that 1f admits a continuous section if there exists a 
continuous map (J' : G\X ---? X such that 1f(J' = idc\x. In other words, there 
exists a closed subspace Z of X such that the restriction <Plz of <P to Z is a 
homeomorphism onto G\X. 
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Lemma 5.6.5 Let G be a profinite group acting freely on a profinite space 
X, and let 

7r: X -+ G\X 

denote the canonical quotient map. Then 

(a) There exists a continuous section a : G\X -+ X of 7r; 

(b) If Y is a closed subset of X such that 7rW is injective, then a can be 
chosen such that Y is a subset of a( G\X). 

Proof (a) Assume first that G finite. By Lemma 5.6.4(b), there exists a finite 
G-quotient space Xo of X, on which G acts freely. Let CPo : Xo ----t G\Xo be 
the canonical quotient map. Choose Zo <;;:; Xo to be such that the restriction 
of CPo to Zo is bijective. Denote by 7ro : X ----t Xo the natural G-epimorphism. 
Then Z = 7rOl(ZO) is the desired subset. Indeed, since Z is compact, it suffices 
to check that CPlz is injective and surjective, and these properties follow easily 
since G acts freely on both X and Xo. 

Now let G be infinite. We proceed in a way similar to the proof of Propo
sition 2.2.2. Let £ be the set of all closed normal subgroups of G. For L E £, 
put XL = L\X. Then GjL acts freely on XL. Consider the collection P of all 
closed subspaces ZL of XL (L E £) such that the restriction of the canonical 
epimorphism 

to ZL is a homeomorphism. Define a partial ordering on P by ZL ~ ZK if 
K ::; Land ZL = 7rKL(ZK) , where 7rKL is the natural projection X K -+ 
XL. Then "P is an inductive poset: if {ZMi liE J} is a linearly ordered 
subset of P, set Mo = niE1 Mi and ZMo = ~ iE1ZMi ; one verifies without 

difficulty that Z Mo is in P and that it is an upper bound for {Z Mi liE I}. 
Zorn's Lemma provides a maximal element ZM in P. It suffices to prove that 
M = 1. Suppose M #- 1. Then there is some normal subgroup L of G such 
that L < M and MjL is finite. Note that (MjL)\XL = XM. Now we use 
the finite case considered above to obtain a closed subspace Zi, of XL such 
that the restriction of the natural epimorphism CPLM : XL -+ X M to Zi, 
is a homeomorphism. Define Z L = Zi, n cP L~ (Z M ). Then (Z L, *) E P and 
Z L >- Z M, contradicting the maximality of Z M. 

(b) Define an equivalence relation on X by setting x rv y if and only if 
either x, y E gY for some 9 E G, or x = y. The quotient space Xo of X 
modulo this equivalence relation is a profinite space with induced free action 
of G. By (a), there is a closed subset Zo of Xo mapping bijectively onto G\Xo. 
The desired subset Z is the preimage of Xo in X. 0 

Corollary 5.6.6 Let G act freely on the profinite space X and let 

7r : X ----t G\X 
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be the canonical projection. Choose a continuous section a of 1r and define 
Z = a(G\X). Then the map p: GxZ -+ X given by (g,z) f-7 gz (g E G,z E 
Z) is a homeomorphism. This is a map of G-spaces, where the G-structure 
of G x Z is defined by multiplication on the first component. 

Proof. Clearly p is a bijective G-map; furthermore p is continuous since it 
is the restriction of the action map G x X -+ X, which is continuous by 
assumption. Since G x Z is compact, p is a homeomorphism. 0 

Lemma 5.6.7 Let G be a profinite group and let X be a countably based profi
nite G-space. Then the quotient map 1r : X -+ G\X admits a continuous 
section a : G\X -+ X. 

Proof. By Lemma 5.6.4(d), 

X = lim X n , 
f--
nEN 

where the Xn are finite quotient G-spaces of X. Obviously, 

G\X = lim G\Xn. 
f--
nEN 

By induction on n, we construct sections an : G\Xn -+ Xn for the canonical 
surjection 1rn : Xn -+ G\Xn such that vln+1,nan+1 = an<Pn+1,n, where 
vln+l,n : X n+1 -+ Xn and <Pn+l,n : G\Xn+1 -+ G\Xn are the canonical 
homomorphisms of the corresponding inverse systems. Then 

is the desired section. o 

Exercise 5.6.8 Under the assumptions of the preceding lemma, suppose 
that Y is a closed subset of X such that 1rIY is injective. Prove that a can be 
chosen such that Y is a subset of a(G\X). 

Next example shows that the assumptions of Lemmas 5.6.5 and 5.6.7 
cannot be avoided. 

Example 5.6.9 We construct a profinite G-space X such that the quotient 
map 

1r: X -+ G\X 

does not have a continuous section. 
Let K = {a, 1, -I} be the field of integers modulo 3 with the discrete 

topology, and let G = {I, -I} be the multiplicative group of K. Let I be an 
indexing set, and consider the direct product 
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X=IIK 
I 

of copies of K (as a discrete space) indexed by I. Then X is a profinite space 
on which G operates continuously in a natural way. Let 7r : X ~ G\X 
be the canonical quotient map. We shall prove that 7r admits a continuous 
section if and only if I is countable. By Lemma 5.6.7, 7r admits a continuous 
section if I is countable. 

Conversely, assume that a : G\X ~ X is a continuous section of 7r and 
let Z = Im(a). Hence Z is a compact subset of X such that 0 E Z and if 
0=1= x E X, then either 1 E Z or -1 E Z (not both). Let J be a finite subset 
of I and let U = (Ui) E X be such that Ui = 0 for i ¢ J. Define 

B(J,u) = {x E II K I Xj = Uj for allj E J}. 
I 

Then the subsets of X of the form B(J, u) are clopen and constitute a base 
for the topology of X. For i E I, write ei for the element of X which has 
entry 1 at position i and entry 0 elsewhere. Define fi E {1, -1} to be such 
that fiei ¢ Z. Since Z is closed, for each i E I there exists a finite subset Ji 

of I such that i E Ji and B( Ji , fiei) n Z = 0. 
Consider now any two distinct indices i, j E I. We claim that either i E Jj 

or j E Ji (or both). To see this, set x = fiei - fjej. Assume that i ¢ Jj and 
j ¢ k Then, x ¢ Z (since j ¢ Ji implies x E B(Ji , fiei)); similarly, -x ¢ Z 
(since i ¢ Jj implies x E B(Jj,fjej)). This is a contradiction, and so the 
claim is proved. 

Next we show that I is countable. Let N be a countably infinite subset of 
I and set P = UiEN Ji . If I were uncountable, there would be some j E 1-P, 
since P is countable. Then, by construction, j ¢ Ji , for any i E N. Therefore, 
i E Jj by the preceding paragraph. In particular, N ~ Jj , contradicting the 
finiteness of Jj . 

Exercise 5.6.10 

(a) Extend the example above to a finite group G acting on a profinite space 
X = TIl (G l:J { * } ), with an appropriate action of G on the discrete space 
G l:J {*}, and where I is an uncountable indexing set. 

(b) Extend Example 5.6.9 to any profinite group G. Namely, prove that given 
a profinite group G, there is a profinite space G-space X such that the 
canonical map X ~ G\X does not admit a continuous section. 

(c) Use Example 5.6.9 to exhibit an example where Lemma 5.6.5(a) fails if 
one assumes that X is only locally compact. 
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5.7 Free Profinite [RG]-modules 

Let R be a commutative profinite ring, G a profinite group and X a profinite 
G-space. The action of G on X induces a natural action of the complete 
group ring [RG~ on the free profinite R-module [RX~ on X: If g E G, the 
homeomorphism of X determined by the action of g extends to a continuous 
R-automorphism of [RX~; this defines an action of G on [RX~, which in 
turn determines a [RG~-module structure on [RX~ (see Proposition 5.3.6). 
Alternatively, express X as an inverse limit 

X = lim Xi 
~ 

iEI 

of finite G-spaces Xi. For each i E I, choose an open normal subgroup Ui of 
G with Ui ::; nXEXi Gx , such that {Ui liE I} is a fundamental system of 
neighborhoods of 1. Then there are obvious continuous actions 

Taking inverse limits, we get the indicated action 

[RG~ x [RX~ --t [RX~. 

One has similar definitions for pointed spaces. 

Proposition 5.7.1 

(a) Let a profinite group G act freely on a profinite space X. Then for any 
profinite commutative ring R, the module [RX~ is a free [RG~-module on 
the space G\X. 

(b) Conversely, every free profinite left [RG~-module has the form [R(Gx Z)~ 
for some profinite space Z, where the action of G on G x Z is by left 
multiplication on the first component. 

Proof· 

(a) By Corollary 5.6.6, there exists an isomorphism of G-spaces G x Z ~ 
X, where Z is a certain closed subspace of X, and where the action of G on 
G x Z is by left multiplication on the first component. Write Z = lim iEI Zi, 

~ 

where the Zi are finite quotient spaces of Z. Let G act on G x Zi by left mul
tiplication on the first component. Correspondingly we have a decomposition 

X = G x Z = lim (G x Zi), 
~ 

iEI 

as G-spaces. Now, since Zi is finite, we have natural [RG~-isomorphisms 

[R(G x Zi)] ~ E9 [RG~z. 
ZEZi 
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Hence, for each i E I, [R(G x ZiH is a free [RGlmodule on the space Zi' 
Taking limits we get the desired result. 

(b) For the converse, observe that if a free [RG]-module has a finite basis, 
say Y, then it has the form 

$[RG]y ~ [R(G x YH, 
yEY 

where the isomorphism is an [RG]-module isomorphism. The case of a general 
profinite basis follows from this and from Lemma 5.6.4 by an inverse limit 
argument as in (a). 0 

Corollary 5.7.2 Let R a commutative profinite ring and let H be a closed 
subgroup of a profinite group G. Then 

(a) Every free [RG]-module is a free [RH]-module. In particular [RG] is a 
free [RH] -module; 

(b) Every projective profinite [RG]-module is a projective [RH]-module; 

( c) Every injective discrete [RG] -module is an injective [RH]-module. 

Proof. Part (b) follows from (a) since a profinite projective module is a direct 
summand of a free module (see Proposition 5.4.2). To prove (a), let A be a 
free [RG]-module. By Proposition 5.7.1, A has the form [R(G x Z)]. Then 

A = [R(G x Z)] = [R(H x (H\G) x Z)]. 

Since the action of H on the basis H x (H\G) x Z is multiplication on H, it 
is a free action; hence, again by Proposition 5.7.1, A is a free H-module. 

Part (c) is obtained from (b) by duality. 0 

5.8 Diagonal Actions 

Let R be a commutative profinite ring and let G be a profinite group. As
sume that A is a profinite left [RG]-module and A' a discrete left [RG]
module. Then HomR(A,A' ) is an R-module with the action (rJ)(a) = rf(a) 
(r E R, a E A, f E HomR(A, A')). The diagonal action of G on Hom(A, A') 
is defined as follows: if f E HomR(A, A') and x E G, then xf is the R
homomorphism A ---t A' given by 

(xJ)(a) = xf(x-1a) (a E A). 

Observe that HomR(A, A'), with the compact-open topology, is discrete. It 
follows from the decomposition of Lemma 5.1.4 that the diagonal action is 
continuous, making Hom(A, A') into a discrete [RG]-module. 



5.8 Diagonal Actions 197 

Assume now that A and A' are profinite left [RG]-modules. The diagonal 
action of G on the R-module A 0 A' is defined as follows: if x E G, a E A 
and a' E A', set 

x(a0a' ) = (xa) 0 (xa' ). 

Using Lemma 5.5.1 one sees that this is a continuous action, making A0A' 
into a pro finite left [RG]-module. 

Note that one has similar definitions of diagonal actions in the case that 
A and A' are not necessarily both left [RG]-modules. For example, if A is 
a profinite right [RG]-module and A' a discrete left [RG]-module, then the 
diagonal action on Hom(A, A') is given by (xf)(a) = xf(ax) (x E G, f E 

Hom(A, A'), a E A). If A is a profinite right [RG]-module and A' a profinite 
left [RG]-module, then the diagonal action on A0A' is given by x(a0a l ) = 
(ax-I) 0 (xa' ) (x E G, a E A, a' E A'). 

Proposition 5.8.1 Let H :Sc G be profinite groups, R a commutative profi
nite ring and B a right [RG]-module. Then, there exists an isomorphism of 
right [RG]-modules 

B 0[RHJ [RG] ~ B 0R [R(H\G)], 

where the action of [RG] on B 0[RH] [RG] is via the right action on [RG], 
and its action on B 0R [R(H\G)] is the diagonal action. 

Proof. Define a map 

cp : B x G ---> B 0R [R(H\G)] 

by cp(b, g) = bg0Hg, (b E B,g E G). Note that cp is middle H-linear, i.e., 
cp(bh,g) = cp(b,hg), for all h E H. Moreover, cp is continuous, for it is the 
inverse limit of maps of finite sets 

Bj BU x GjU ---> BjBU 0R [R(HU\G)], 

where U ranges over the open normal subgroups of G. Hence cp induces a 
continuous homomorphism 

cp: B 0[RH] [RG] ---> B 0R [R(H\G)]. 

One easily checks that this homomorphism has an inverse homomorphism 'IjJ 
determined by 'IjJ(b0Hg) = bg- 1 0g (b E B,g E G). 0 

Corollary 5.8.2 Let G, Rand B be as above. Denote by Bo the underlying 
R-module of B (i.e., we forget the G-module structure of B). Then there is 
an isomorphism of right [RG]-modules 
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given by b ® 9 ~ bg ® 9 ([RG] acts on B ®R [RG] via its right action on 
[RG] , and it acts on B ®R [RG] diagonally). 

Proof This corresponds to the case H = 1 in Proposition 5.8.1. 0 

Proposition 5.8.3 Let R be a pro finite commutative ring, G a profinite 
group, and let A, P E PMod([RG]). Assume that P is projective as an 
[RG] -module and A is projective as an R-module. Then 

P®RA, 

endowed with the diagonal G-action, is projective in PMod([RG]). 

Proof. Since P is a direct summand of a free [RGlmodule (see Proposition 
5.4.2), we may assume that P is a free [RG]-module. Hence (see Proposition 
5.7.1) P = [R(G x Z)], where Z is a profinite space, and G acts on G x Z 
by left multiplication on G. Note that A is a direct summand of some free 
profinite R-module [RX]. Now, there exists a natural isomorphism of right 
[RG]-modules 

P®R [RX] = [R(G x Z)] ®R [RX] ~ [R(G x Z x XH, 
where G acts on P®R [RX] via its left action on P, and on [R(G x Z x XH 
via multiplication on the left of the component G of G x Z x X. Moreover, 
P ® R A with G-action induced from the action of G on P is obviously a direct 
summand of P ® R [RX] , and hence of [R( G x Z x X)]. Therefore P ® R A with 
this action is a projective [RG]-module by Corollary 5.7.2. Finally observe 
that P ®R A with this ~ction is [Rq-isomorphic to P ®R A with the diagonal 
action; indeed, (g, z) ® a ~ (g, z) ® ga defines an [RG]-isomorphism with 
inverse map given by (g, z) ®a ~ (g,z) ®g-la (a E A,z E Z,g E G). 0 

Dualizing the above three results one obtains the following. 

Exercise 5.8.4 Let H ::;c G be profinite groups, R a commutative profinite 
ring, and let A E DMod([RG]). Then 

(a) There exists an isomorphism of [RG]-modules 

HOm[RH]([RG],A) ~ HomR([R(G/HH, A) 

(the action of G on HOm[RH]([RG],A) is given by (xf)(g) = f(gx), and 
on HomR([R(G/ H)], A) it is diagonal, i.e., (xJ)(gH) = xf(xgH)). 

(b) Let Ao denote the underlying R-module of A. Then there is an isomor
phism of [RG]-modules 

HomR([RG] , Ao) ~ HomR([RG] , A) 
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given by f 1-4 1, where /(g) = gf(g) (f E HomR([RG~, Ao),! E 
HomR([RG~,A),g E G; the actions are as indicated in part (a)) . 

(c) If A is injective as an R-module, and P is a projective [RG]-module, then 

with diagonal G-action, is injective in DMod([RG~). 

5.9 Notes, Comments and Further Reading 

There are accounts of discrete modules in Serre [1995]' Ribes [1970] and Shatz 
[1972]. Profinite modules are special cases of pseudocompact modules over 
pseudocompact rings, defined in Brumer [1966]. 

The implication (b) => (c) of Theorem 5.1.2 appears in Goldman-Sah 
[1966]. 

Complete group algebras and complete tensor products are defined in 
Lazard [1965]. This monograph contains a general treatment of filtrations in 
pro-p groups and their relationship with mixed Lie algebras. It has a good 
account of analytic pro-p groups including cohomological results of Lazard 
which do not appear anywhere else. 

5.9.1 The Magnus Algebra and Free Pro-p Groups 

Let Mp(n) denote the associative Zp-algebra of formal power series on the 
noncommuting indeterminates Ul, ... , Un with coefficients in Zp. Endow 
Mp(n) with the topology of simple convergence of the coefficients (in other 
words, the product topology of copies of Zp indexed by the monomials on 
Ul, ... , un). This is sometimes called a Magnus algebra. The results in the 
following theorem are due to M. Lazard. 

Theorem 5.9.1a (Lazard [1965]' Section II.3) 

(a) Let U be the multiplicative group of units of Mp(n) consisting of those 
power series whose independent term is 1. Then U is a pro-p group. 

(b) Let F = F(Xl, ... ,Xn ) be a free pro-p group of rank n on a basis 
{Xl, ... , x n }. Then the continuous homomorphism 

cp:F---+U 

determined by CP(Xi) = 1 + Ui (i = 1, ... , n) is an embedding. 

(c) The map cP extends to a continuous isomorphism of Zp-algebras 
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It was pointed out by C-K. Lim that these results can be extended to get 

Corollary 5.9.1h (Lim [1973b]) Let M(n) be the associative Z-algebra of 
.f2rmal power series on n noncom muting indeterminates with coefficients in 
Z, and let Fnilp be the free pronilpotent group of rank n. Then statements 
analogous to (a), (b), (c) in the theorem above hold for Fni1p and M(n). 

Lemma 5.6.5 appears as an exercise in Serre [1995J (only in the fifth 
edition of this book, page 4). 

The nonexistence of continuous sections of the type presented in Example 
5.6.9, has been known for a long time (d. Scepin [1976J pp. 157-158, from 
which such examples can be deduced). The version presented here as well a 
the content of Exercise 5.6.10 were communicated to us by C. Scheiderer. See 
Chatzidakis-Pappas [1992J for a more general version. 



6 Homology and Cohomology of Profinite 
Groups 

6.1 Review of Homological Algebra 

In this section we introduce some terminology and sketch some general ho
mological results. For more details the reader may consult, e.g., Grothendieck 
[1957], Cartan-Eilenberg [1956] or Mac Lane [1963]. We shall state the con
cepts and results for general abelian categories to avoid repetitions, but we 
are mainly interested in categories of modules such as Mod(A), PMod(A) 
DMod(A) or DMod(G), where A is a profinite ring and G a profinite group. 
All functors will be assumed to be additive, Le., they preserve direct sums 
systems of the form A EI1 B. 

Let f3 and V be abelian categories. A covariant cohomological functor 

from f3 to V is a sequence of covariant additive functors Hn : f3 ---+ V that 
assigns to every short exact sequence 

O---+A---+B---+C---+O 

in f3 and every nEZ, a connecting morphism 

satisfying the following conditions: 

(a) For every commutative diagram 

O~A-B-C~O 

!o !~ !~ 
O~A'~B'~C'~O 

in f3 with exact rows, the following diagram commutes for every n 

Hn(c) ~ Hn+1(A) 

Wb)! ! w+1(0) 

Hn(c,) ~ Hn+l(A') 
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(b) The long sequence 

... ~ Hn-l(c) ~ Hn(A) ~ Hn(B) ~ Hn(c) ~ Hn+1(A) ~ ... 

is exact. 

Analogously, a contravariant cohomological functor H- = {Hn }nEZ : 

B ----* V from B to V is a sequence of contravariant additive functors 
Hn : B ----* V, with connecting morphisms on : Hn(A) ----* Hn+1(C), and 
satisfying conditions similar to (a) and (b). A covariant homological functor 
H. = {Hn}nEZ from B to V is a sequence of covariant additive functors 
Hn : B ----* V, with connecting morphisms on : Hn(C) ----* Hn- 1(A) and 
satisfying conditions similar to (a) and (b). Finally, a contravariant homo
logical functor H. = {Hn }nEZ : B ----* V from B to V is a sequence of 
contravariant additive functors Hn : B ----* V, with connecting morphisms 
on : Hn(A) ----* Hn- 1(C) and satisfying conditions similar to (a) and (b). 

Let BOP ----* B, B ----* BOP and V ----* Vop be the canonical contravari
ant functors from a category to its opposite category. Then the following 
statements are equivalent: 

(a) H· : B ----* V is a covariant cohomological functor; 

(b) BOP ----* B ~ V is a contravariant cohomological functor; 

(c) B ~ V ----* VOP is a contravariant homological functor; 

(d) BOP ----* B ~ V ----* vop is a covariant homological functor. 

Therefore, a statement made about one of these (co ) homological functors 
has an automatic translation to a corresponding statement about any of 
the other three (co ) homological functors. Hence it suffices to consider one of 
these types of (co ) homological functors; we shall usually state definitions and 
results for covariant cohomological functors. 

Let H·, T· be covariant cohomological functors from B to V. A morphism 
rp : H· ----* T· is a family rpn : Hn ----* Tn (n E Z) of morphisms of functors 
such that for every short exact sequence 

O----*A----*B----*C----*O 

in B, the following diagram commutes: 

Hn(c) ~Hn+1(A) 

<pn(c)! !<pn+l(A) 

Tn(c) ~ Tn+1(A) 

for every n E Z. 
An additive functor F : B ----* V is called effaceable if for every object 

A of B there is a monomorphism L : A ----* B such that F(L) = O. Dually 
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F is called coeffaceable if for every object A of B there is an epimorphism 
7r : B --+ A such that F(7r) = O. 

We say that F is effaceable by a class of objects M of C if F(M) = 0 for 
every M E M. 

Recall that a category B has enough projectives (respectively, enough 
injectives) if for each object A in B, there exists an epimorphism P --+ A 
in B, where P is projective (respectively, a monomorphism A --+ Q in B, 
where Q is injective). 

Lemma 6.1.1 Let F : B --+ V be be an additive functor of abelian cate
gories. 

(a) If F is effaceable, then F(Q) = 0 for every injective object Q of B. 

(a') If F is coeffaceable, then F(P) = 0 for every projective object P of B. 

(b) Assume that B has enough injectives. Then, F is effaceable if and only if 
F(Q) = 0 for every injective object Q of B. 

(b') Assume that B has enough projectives. Then, F is coeffaceable if and 
only if F(P) = 0 for every projective object P of B. 

Proof Let Q be injective, and suppose that ep : Q --+ M is a monomorphism 
such that F( ep) = O. By definition of injective object, there exists a morphism 
1/J : M --+ Q with 1/Jep = idQ. Hence F(idQ) = 0, and so F(Q) = O. This 
proves (a). Part (b) follows immediately from (a). Statements (a') and (b') 
are obtained from (a) and (b) by duality. 0 

Let H- be a positive covariant cohomological functor, from B to V, i.e., 
a covariant cohomological functor such that H n = 0 for n < O. We say that 
H- is effaceable if Hn is effaceable for every n > O. There are similar 
definitions for positive coeffaceable contravariant cohomological functor and 
positive coeffaceable covariant homological functor. 

Before stating the following proposition we need some more terminology. 
We say that a positive cohomological functor H- : B --+ V is universal if it 
satisfies the following condition: whenever E- : B --+ V is a cohomological 
functor of the same type, then for every morphism of functors 1/J : HO --+ EO 
there exists a unique morphism ep : H- --+ E- with epo = 1/J. Dually, a positive 
homological functor H_ : B --+ V is universal if whenever E_ : B --+ V is 
a homological functor of the same type, then for every morphism of functors 
1/J : Eo --+ Ho there exists a unique morphism ep : E_ --+ H_ with epo = 1/J. 

Proposition 6.1.2 Let H- be a positive cohomological functor from B to V. 
Assume that B has enough injectives and that H- is effaceable. Then H- is 
universal. 

Proof To fix the ideas, we shall assume that H- is covariant; the contravariant 
case is similar. We just sketch the proof and leave the details to the reader. 
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Consider a cohomological functor E· : B ~ V of the same type, and let 
'lj; : HO ~ EO be a morphism of functors. For A E B, let 

O~A~MA~XA~O 

be exact in B, with MA injective. 
To prove the existence of cp we proceed by induction. Suppose the existence 

of morphisms cpi : Hi ~ Ei, i = 0,1, ... ,n - 1, has already been shown, 
with cpo = 'lj;, and that they commute with the connecting homomorphisms 8. 
Define cpn(A) : Hn(A) ~ En(A) to be the unique map making the following 
diagram commutative 

... _ Hn-l(MA) _ Hn-l(XA) ~ Hn(A) ~ 0 

! ! ~n-l(XA) ! ~n(A) ! 
... __ En-l(MA) __ En-l(XA) ~ En (A) _ En (MA) 

Now, it is straightforward to check that cpn is a morphism of functors, 
and that cpo, cpl, ... ,cpn commute with the connecting homomorphisms 8. 

For the uniqueness of cp, suppose r:p : H· ~ E· is another morphism 
with rpo = 'lj;. Assume cpn-l = rpn-l. Then from the commutativity of 

... _ Hn-l(XA) _ Hn(A) ~ 0 ~ ... 

! ~n(A) ! rpn(A) ! 
... __ En-l(XA) __ En(A) _ En (MA) _ ... 

it follows that cpn(A) = rpn(A), for all A E B; hence cpn = rpn; thus cp = r:p by 
induction. 0 

Dually, one obtains 

Proposition 6.1.3 Let H. be a positive homological functor from B to V. 
Assume that B has enough projectives and that H. is coefJaceable. Then H. 
is universal. 

The following result follows from the definition of universality. It is often 
used in conjunction with Propositions 6.1.2 and 6.1.3. 

Lemma 6.1.4 

(a) Let H·, F· be universal cohomological functors from B to 1) of the same 
type. Let 

H O ~ F O 

be a morphism of functors, and 
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its corresponding extension. Then cp is an isomorphism if and only if 1/J 
is an isomorphism. 

(b) Dually, let H., F. be universal homological functors from T3 to V of the 
same type. Let 

Ho ~ Fo 

be a morphism of functors, and 

H. ~ F. 

its corresponding extension. Then cp is an isomorphism if and only if 1/J 
is an isomorphism. 

Right and Left Derived Functors 

A covariant (respectively, contravariant) functor F : T3 - V from an abelian 
category T3 to an abelian category V is called left exact if whenever 

O-A-B-C-O 

is a short exact sequence in T3, then 

0- F(A) - F(B) - F(C) 

is exact (respectively, 

0- F(C) - F(B) - F(A) 

is exact). There is an analogous definition for right exact functors. Let 
F : T3 - V be a left exact covariant functor, and assume that T3 has 
enough injectives. Then, associated with F there is a (unique) positive ef
faceable universal covariant cohomological functor {RnF}n~o from T3 to V, 
with RO F = F called the sequence of right derived functors of F. This 
sequence is constructed as follows. 

Given an object A in T3, let 

O A Qo Qn dn Qn+l - - _ ... - - _ ... 

be an injective resolution of A (i.e., an exact sequence where each Qn is 
injective in T3). Define Rn F(A) to be the n-th cohomology group of the cochain 
complex 

0- F(QO) _ ... _ F(Qn) FJc::) F(Qn+1) _ ... , 

i.e, Rn F(A) = Ker(F(dn))jlm(F(dn- 1)). 
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Since F is left exact, F(A) = RO F(A). It is not difficult, but it requires 
some patience, to check that in fact this defines a universal covariant cohomo
logical functor. The reader may consult, e.g., Cartan-Eilenberg [1956], Mac 
Lane [1963] or Grothendieck [1957] for the details. 

Similarly, if F : B ---t V is a left exact contravariant functor and B 
has enough projectives, then, associated with F there is a (unique) positive 
coeffaceable universal contravariant cohomological functor {Rn F}n>o from 
B to V, with RO F = F, called the sequence of right derived functor~ of F. 
This sequence is constructed as follows. 

Given an object A in B, let 

..• ---t Pn+1 ---t Pn ---t ... ---t Po ---t A ---t 0 

be a projective resolution of A (Le., an exact sequence where each Pn is 
projective in B). Define Rn F(A) to be the n-th cohomology group of the 
co chain complex 

o ---t F(Po) ---t ... ---t F(Pn) ---t F(Pn+1) ---t .... 

If F : B ---t V is a right exact covariant functor and B has enough 
projectives, then, associated with F there is a (unique) positive coefface
able universal covariant homological functor {LnF}n>o from B to V, with 
LoF = F called the sequence of left derived functors of F. This sequence is 
constructed as follows. 

Given an object A in B, let 

... ---t Pn+1 ---t Pn ---t ... ---t Po ---t A ---t 0 

be a projective resolution of A. Define Ln F(A) to be the n-th homology group 
of the chain complex 

... ---t F(Pn- 1) ---t F(Pn) ---t ... ---t F(Po) ---t 0 . 

Bifunctors 

Let B, B' and V be abelian categories. A functor of the type 

F = F( -, -) : B x B' ---t V 

is sometimes called a bifunctor from B x B' to V. Fix an object A E B, then 

F(A, -) : B' ---t V 

is a functor. Similarly if A' E B', then 

F(-,A'): B ---t V 

is a functor. We refer to F(A, -) as the functor on the second variable (at
tached to A), and to F( -, A') as the functor on the first variable (attached 
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to A'). Then one may calculate the derived functors of these two functors. 
The following two results indicate that under certain conditions these derived 
functors coincide. For the proofs one may consult Grothendieck [1957], page 
144, and in slightly less generality Cartan-Eilenberg [1956], pages 94-97. 

Theorem 6.1.5 Let F = F( -, -) : B x B' ----; V be a bifunctor. Assume 

(a) F( -, -) is covariant and left exact on the second variable and contravari
ant and left exact on the first one. 

(b) F(P, -) is exact whenever P is a projective object of Band F( -, Q) is 
exact whenever Q is an injective object of B'. 

(c) B has enough projectives and B' has enough injectives. 

Fix objects A E Band B E B', and denote the functor F( -, B) by FI and 
the functor F(A, -) by F2 . Then 

(Rn Ft}(A) = (Rn F2)(B) for all n ~ O. 

Theorem 6.1.6 Let F = F( -, -) : B x B' ----; V be a bifunctor. Assume 

(a) F( -, -) is covariant and right exact on the first and second variables. 

(b) F(P, -) and F( -, P') are exact whenever P is a projective object of B 
and P' a projective object of B', respectively. 

(c) Band B' have enough projectives. 

Fix the objects A E Band BE B', and denote the functor F( -, B) by FI 
and F(A, -) by F2 . Then 

(LnFI)(A) = (LnF2 )(B), for all n ~ O. 

The Ext Functors 

Next we apply these general results to the concrete categories of modules 
over profinite rings and groups that are of interest to us. 

Let A be a profinite R-algebra, where R is a commutative profinite ring 
(see Section 5.1). Consider now the bifunctor HomA( -, -) from the category 
PMod(A) x DMod(A) to the category DMod(R); it is covariant on the 
second variable and contravariant on the first one. Fix A E PMod(A). Denote 
by ExtA (A, -) the n-th right derived functor of the functor 

HomA(A, -) : DMod(A) ----; DMod(R). 

Note that HomA( -, -) satisfies the hypotheses of Theorem 6.1.5 (see Exercise 
5.4.7). Hence if B E DMod(A), then ExtA(A, B) can also be computed by 
obtaining the n-th right derived functor of 
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HomA( -, B) : PMod(A) ----+ DMod(R) 

and then applying it to A. 
Putting together the above information, we get the following characteri

zation of the functor Ext~ ( -, - ). 

Proposition 6.1.7 Let R be a commutative pro finite ring and A a pro finite 
R-algebm. Fix A E PMod(A) and B E DMod(A) . Then 

(a) {Ext~(A, - )}nEN is the unique positive covariant cohomological functor 
from DMod(A) to DMod(R) such that Ext~(A, Q) = 0 for n ~ 1 
and for every injective discrete A-module Q. Moreover, Ext~(A, -) = 
HomA(A,-). 

(b) {Ext~ ( -, B) }nEN is the unique positive contmvariant cohomological func
tor from PMod(A) to DMod(R) such that Ext~(P, B) = 0 for n ~ 1 
and for every projective pro finite A-module P. Moreover, Ext~(-,B) = 
HomA(-,B). 

In particular Ext~(A, -) and Ext~( -, B) are additive functors, i.e., they 
commute with finite direct sums. 

As a consequence of this proposition together with Lemmas 5.1.4 and 
6.1.4, we get that each of the functors Ext~ (A, -) and Ext~ ( -, B) commutes 
with limits (n ~ 0). Explicitly, 

Corollary 6.1.8 Under the hypotheses of the above proposition, we have 

(a) 

iEI iEI 

where {Bi,'¢'ij,I} is a direct system of discrete A-modules. 

(b) 

ieI iEI 

where {Ai, CPij, I} is a surjective inverse system of profinite A-modules. 

The Tor Functors 

Next we consider the bifunctor 

- ®A -: PMod(AOP) x PMod(A) ----+ PMod(R). 

Let A be a profinite right A-module. Then 

A ®A - : PMod(A) ----+ PMod(R) 
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is a right exact covariant functor. Since PMod(A) has enough projectives 
(see Proposition 5.4.2), there exist left derived functors of A ®A -. We define 
the n-th Tor functor Tor~(A, -) as the n-th derived functor of A ®A -. Let 
B be a left A-module. According to Theorem 6.1.6, Tor~(A, B) can also be 
computed by taking the n-th left derived functor of - ®A B and applying it 
to A. 

Using this notation, we get the following characterization of the functors 
Tor~( -, -). 

Proposition 6.1.9 Let R be a commutative profinite ring and A a profinite 
R-algebm. Fix A E PMod(AOP) and BE PMod(A) . Then 

(a) {Tor~(A, - )}nEN is the unique positive covariant homological functor 
from PMod(A) to PMod(R) such that Tor~(A, P) = 0, for n 2:: 1 
and for every projective profinite A-module P. Moreover, Tor~(A, -) = 
A®A -. 

(b) {Tor~( -, B)}nEN is the unique positive covariant homological functor 
from PMod(AOP) to PMod(R) such that Tor~(p, B) = 0, for n 2:: 1 and 
for every projective profinite right A-module P. Moreover, Tor~( -, B) = 
-®AB. 
In particular Tor~(A, -) and Tor~( -, B) are additive functors, i.e., they 

commute with finite direct sums. 

It follows from this proposition, Lemma 5.5.2 and Lemma 6.1.4 that each 
of the functors Tor~(A, -) and Tor~( -, B) commutes with inverse limits 
(n 2:: 0). Explicitly, 

Corollary 6.1.10 Under the hypotheses of the above proposition, we have 

(a) 

iEI iEI 

where {Bi' ¢ij, I} is an inverse system of profinite A-modules. 

(b) 

iEI iE/ 

where {Ai, CPij, I} is an inverse system of pro finite right A-modules. 
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6.2 Cohomology with Coefficients in DMod([RG]) 

Let G be a profinite group and R a commutative profinite ring. Consider R 
as a profinite G-module with trivial action: gr = r for all g E G, r E R. 
Then R becomes an [RG]-module. Given a discrete [RG]-module A define 
the n-th cohomology group Hn(G, A) of G with coefficients in A by 

Hn(G,A) = Ext[RG](R, A) (n EN). 

It follows that 

HO(G,A) = Ext[RG](R, A) = HOm[RG](R,A). 

On the other hand, every homomorphism 'P in HOm[RG) (R, A) is completely 
determined by its value on the element 1 of R; therefore, 'P can be identified 
with an element a of A which is fixed by the action of G, i.e., ga = a for 
every g E G. Recall (see Lemma 5.3.1) that the the subgroup of fixed points 
of A under the action of G is defined by 

AG = {a I a E A,ga = a, Vg E G}. 

It is evident that AG is an [RG]-submodule of A. We call AG the submodule 
of fixed points of A. Hence we have 

Lemma 6.2.1 Let G be a profinite group. There is an isomorphism of R
modules 

HO(G,A) = HOm[RG](R,A) ~ AG 

for every A E DMod([RG]), and this isomorphism is functorial on the vari
able A. 

Sometimes we use the notation (_)G for the functor that assigns to each 
[RG]-module A, the submodule AG of fixed points. 

The following characterization is a consequence of Proposition 6.1.7 and 
Lemma 6.2.1. 

Proposition 6.2.2 Let G be a profinite group. Then, 

is the sequence of right derived functors of the functor A f--t AG from 
DMod([RG]) to DMod(R). In other words, H·(G, -) = {Hn(G, - )}nEN 

is the unique sequence of functors from DMod([RG]) to DMod(R) such 
that 

(a) HO(G, A) = AG (as functors on DMod([RG])); 

(b) Hn(G, Q) = 0 for every discrete injective [RG]-module Q and n ~ 1; 
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(c) For each short exact sequence 0 ---t Al ---t A2 ---t A3 ---t 0 in 
DMod([RG]), there exist connecting homomorphisms 

8: Hn(G,A3) ---t Hn+1(G,AI) 

for all n 2: 0, such that the sequence 

0-+ HO(G, AI) -+ HO(G, A2) -+ HO(G, A3) -i. 

HI(G, Ad -+ HI(G, A2) -+ ... 

is exact; and 

d) For every commutative diagram 

o ---+- A I ---+- A2 ---+- A3 ---+- 0 

! a !~ ! 7 

o ---+- Ai ---+- A~ ---+- A3 ---+- 0 

in DMod([RG]) with exact rows, the following diagram commutes for 
every n 2: 0 

Hn(G, A3) ~ Hn+I(G, AI) 

W(G,7) ! ! W+ 1 (G,a) 

Hn(G,A3) ~Hn+1(G,Al) 

Standard Resolutions 

Next we shall describe an explicit way of calculating the cohomology groups 
Hn(G, A) = Ext[RGlI(R, A). First we construct convenient projective resolu
tions for the profinite [RGn-module R. This can be done as in the case of 
abstract groups and modules. 

The Homogeneous Bar Resolution 

For each n 2: 0, define Ln as the left free profinite R-module on the 

free profinite G-space Gn +1 = Gx ~:~ xG with diagonal action (Le., 
X(Xb""Xn ) = (XXI, ... ,xxn ), for X,Xb"',Xn E G). Then (see Proposi
tion 5.7.1) Ln is a free profinite [RG]-module on the profinite space 

{(1,Xb""Xn ) I Xi E G}. 

Define a sequence L(G): 

••• ---t Ln ~ Ln- I ---t ••• ---t Lo ~ R ---t 0, (1) 
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where 
n 

8n(xo, x1, ... , xn) = I) -l)i(xO, ... , Xi,· .. , Xn) 
i=O 

(the symbol Xi indicates that Xi is to be omitted), and f is the augmentation 
map 

f(X) = l. 

It is easy to check that f and each 8n are [RG]-homomorphisms, and that (1) 
is a chain complex (i.e., 8n 8n+1 = 0 (n 2: 1) and c81 = 0). In fact it is exact, 
and hence a free [RG]-resolution of R. One way of verifying this is to establish 
the existence of a 'contracting homotopy', i.e., continuous R-homomorphisms 
In: Ln ~ Ln+1 (n 2: 0) and 1-1 : R ~ Lo such that 8n+11n + In-18n = 
id, 8110 + I-If = id and f'Y-1 = id. Assume such contracting maps In have 
been found; then the exactness of (1) follows immediately. Indeed, if a E Ln 
and 8n(a) = 0 (or f(a) = 0, if n = 0) put b = In(a); then a = 8n+1(b), 
proving the assertion. We defined the maps In as follows: 

In(XO,X1, ... ,xn) = (1,XO,X1, ... ,Xn) and 1-1(1) = (1). 

It is easy to verify that these maps form indeed a contracting homotopy. The 
free resolution (1) of R is called the homogeneous bar resolution. 

The Inhomogeneous Bar Resolution 

It is sometimes convenient to work with a different free resolution of R. 
For each natural number n = 0,1,2, ... , let Ln = Ln(G) be the free left 
[RG]-module on the topological basis C n = Cx .~. xC (notice that Lo 
is just the free [RG]-module on the space consisting of the single symbol 
0, i.e., Lo ~ [RG], as modules). In this case, define the augmentation map 
e: Lo ~ R as the continuous [RG]-epimorphism such that eO = 1. Ifn 2: 1, 
define an : Ln ~ Ln- 1 to be the unique [RG]-homomorphism extending 
the map Gn ~ Ln- 1 given by 

an(X1, ... , xn) = 

n-1 
Xl(X2, ... ,Xn)+ Z)-1)i(Xl, ... ,XiXi+1, ... ,xn)+(-1)n(xl, ... ,Xn_1). 

i=l 

Consider now the sequence L(G): 

- fj - - e ... ~Ln ~Ln-1 ~ ... ~Lo ~R~O. (2) 

One checks without difficulty that (2) is a complex. To show that it is exact, 
one can define a contracting homotopy (see Exercise 6.2.3 below), but instead, 
we proceed by proving that (1) and (2) are isomorphic complexes. Let i.pn : 

Ln ~ Ln and '¢n : Ln ~ Ln be given by 



6.2 Cohomology with Coefficients in DMod([RG]) 213 

and by 
'lj;n(XO, xl.···, xn) = XO(X01Xl. Xl 1X2,"" X;;~lXn)' 

Then <{In and 'lj;n are [RG]-homorphisms, inverse to each other. Moreover 
8n +l<{Jn+l = <{Jn8n+l (n ~ 1) and f<{JO = € (in other words, {<{In}n>O is an 
homomorphism of chain complexes); similarly, {'Ij;n }n>O is a homomorphism 
of chain complexes. Hence (1) and (2) are isomorphi~complexes, and so (2) 
is exact. Thus (2) is a free (and thus projective) resolution of R. We call (2) 
the inhomogeneous bar resolution of R. 

Exercise 6.2.3 Give a direct proof that (2) is an exact sequence by con
structing a contracting homotopy. 

Let A E DMod([RG]). Observe that if f E HOm[RG] (Ln, A), then the 
image of f is finite since A is discrete and Ln compact; therefore, it follows 
from the freeness of L n that 

HOm[RGI(Ln,A) ~ en(G, A), 

where en(G, A) consists of all continuous maps f : Gn+l ---+ A such 
that f(xxo, XXl. ... ,xxn) = xf(xo, Xl. ... ,xn), for all x, Xi E G. Note that 
en(G, A) is a discrete R-module, with module structure given by 

(rf)(xo,xl. ... ,xn) = rf(xO,xl. ... ,xn) r E R, X,XO,Xl. ... ,Xn E G. 

The elements of en(G, A) are called homogeneous n-cochains. 

If one applies the functor Hom [RGI ( -, A) = _G to (2), excluding the first 
term R, one gets the following co chain complex, C(G,A): 

° an +1 +1 0---+ e (G, A) ---+ ... ---+ en(G, A) ---+ en (G, A) ---+ "', (3) 

where 

n+1 

(8n+lf)(XO,X1, ... ,xn+d = L(-l)if(xo, ... ,xi, ... Xn+l). (4) 
i=O 

Thus, according to the definition of cohomology groups of G with coefficients 
in A E DMod([RG]), we have the following explicit description: 

Theorem 6.2.4 Hn(G,A) is the n-th cohomology group of the cochain com
plex (3), i.e., 
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Following standard terminology, we refer to the elements in Ker( an+1) as 
n-cocycles, and the elements of Im( an) as n-coboundaries 

Remark 6.2.5 This calculation shows that one has natural abelian group 
isomorphisms 

Ext[RG](R,A) ~ Ext[ZG](Z, A) 

for all [RG]-modules A. The role of the ring R is important only in the 
sense that Hn(G,A) = EXt[RG)(R,A) is a discrete R-module. Because of 
this, we shall often restrict ourselves to cohomology groups H n (G, A) of G 
with coefficients in DMod([ZG]). 

6.3 Homology with Coefficients in PMod ([RG]) 

We turn our attention next to homology groups. Let G be a profinite group, 
R a commutative profinite ring and let B be a profinite right [RG]-module. 
Define the n-th homology group Hn (G, B) of G with coefficients in B by the 
formula 

Hn(G,B) = Tor~RGJ(B,R). 

Using the definition of Tor~RG](B, R) as the n-th left derived functor of 
- ®[RG] R, one can make an explicit computation of Hn(G, B) using, for 
example, the free resolution (1): 

Theorem 6.3.1 Hn(G, B) is the n-th homology group of the chain complex 

""" - an -. 
... - B ®[RG] Ln+1 - B ®[RG] Ln - ... - B ®[RG] Lo - 0 . 

We refer to the elements in Ker(8n ) as n-cycles, and to those in Im(8n +1) 
as n-boundaries. 

In particular, this theorem says that 

Ho(G,B) = Tor~RGJ(B,R) = B®(RG] R. 

To give a more suggestive (and often useful) description of Ho(G, B), we 
proceed as in the case of abstract groups. We denote the usual augmentation 
ideal of the abstract group [RG] by (IG)j that is, (IG) is the kernel of the 
ring homomorphism (the abstract augmentation map) [RG] - R defined 
by g 1--+ 1, for all 9 E G (see, e.g., Mac Lane [1963], p. 104). Define the 
augmentation ideal «IG)) = «IRG)) of the complete ring [RG] to be the 
kernel of the continuous ring homomorphism (the augmentation map) 

c:: [RG]-R 
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given by c(g) = 1 for every g E C (note that c is the inverse limit of the 
abstract augmentation maps [(RjL)(CjU)] -----+ RjL, where U ranges over 
the open normal subgroups of C and L over the open ideals of R; so, indeed 
c is a continuous ring homomorphism). 

Lemma 6.3.2 Let C be a projinite group, R a projinite ring and ((IC)) = 
(( I RC)) the augmentation ideal of the complete group algebra [RC]. Then 

(a) 
((IC)) = lim I(CjU), 

f--

where U ranges over all open normal subgroups of c. 
(b) ((IC)) is a free R-module on the pointed topological space 

C - 1 = {x - 11 x E C}, 

where 0 is the distinguished point of C - l. 

(c) 1fT is a projinite subspace generating C such that 1 E T, then ((IC)) is 
generated by the pointed space T - 1 = {t -1 I t E T}, as an [RC] -module. 

Proof. Part (a) follows from Proposition 2.2.4 and the fact that, by definition, 
[RC] = lim [R(CjU)]. 

f--

To prove part (b), let us assume first that C is finite. In that case we 
must show that the set {x - 1 11 i- x E C} is an R-basis of (IC). This set is 
obviously R-linearly independent. Furthermore it generates (IC) , for consider 
a E (IC), say a = 2:XEG axx; then 2:xEG ax = 0; therefore 2:XEG axx = 
2:XEG ax(x -1), proving the assertion. If C is infinite, the result follows from 
this, Proposition 5.2.2 and part (a). 

In the proof of (c), we may assume again by part (a), that G is finite. 
Observe that if x, y E C, then 

xy - 1 = x(y - 1) + (x - 1) and x- l - 1 = -x-lex - 1). 

Since every element x in G can be expressed in the form x = t~l ... t~r , 
(ti E T, ei = ±1), one deduces that every element of the form x-I belongs 
to the [RC]-submodule generated by T - 1; hence the result. D 

To compute Ho(C, B) = B 0[RG] R, consider the short exact sequence 

o -----+ ((I C)) -----+ [RC] -----+ R -----+ 0 . 

Since B 0[RG] - is a right exact functor (see Proposition 5.5.3), the sequence 

B 0[RG] ((IC)) -----+ B 0[RG] [RC] -----+ B 0[RG] R -----+ 0 

is exact. After identifying B 0[RG] [RC] with B (see Proposition 5.5.3), and 
using Lemma 6.3.2, we obtain the following lemma. 
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Lemma 6.3.3 

Ho(G,B) ~ BjB((IG)) = Bj(bg - bib E B,g E G) d;j BG. 

Furthermore, this isomorphism is natuml on the variable B. 

Proof. The isomorphism has been already established. The naturality of this 
isomorphism on the variable B is a consequence of the commutativity of the 
diagram 

B ®[RG] ((IG)) - B ®[RGJ [RG] - B ®[RGJ R - 0 

! ! ! 
B' ®[RG] ((IG)) - B' ®[RG] [RG] - B' ®[RG] R - 0, 

where the vertical maps are induced by a homomorphism B ~ B' of [RG]
modules. 0 

Therefore, we have the following explicit characterization of the homology 
functor H.(G, -) (see Proposition 6.1.9). 

Proposition 6.3.4 {Hn(G, - )}nEN is the sequence of left derived functors of 
the functor B 1-+ BG from PMod([RG]OP) to PMod(R). In other words, this 
sequence is the unique sequence of covariant functors from PMod([RG]OP) 
to PMod(R) such that 

(a) Ho(G, B) = BG (as functors on PMod([RG]OP)), 

(b) Hn(G, P) = 0 for every projective profinite right [RG]-module P and 
n~1. 

(c) For each short exact sequence 0 ~ Bl ~ B2 ~ B3 ~ 0 in 
PMod([RG]°P), there exist connecting homomorphisms 

8: Hn+1(G,B3) ~ Hn(G, B 1), 

for all n ~ 0, such that the sequence 

6 
.•. --+ H1(G,B2) --+ H1(G,B3) --+ Ho(G,Bl)--+ 

Ho(G,B2) --+ Ho(G,B3) --+ 0 

is exact; and 

(d) For every commutative diagmm 

0-Bl-B2- B3-0 

! a !~ ! ~ 
O-B~-B~-B~-O 
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in PMod([RG]OP) with exact rows, the diagram 

6 
Hn+1(G,B3 ) -Hn(G,Bt} 

Hn+l(G,Y)! ! H,,(G,a) 

Hn+1(G,B~) ~Hn(G,BD 

commutes for every n ~ o. 

We wish to clarify now what is the role of the ring R in the computation 
of homology groups. 

Lemma 6.3.5 Let G be a profinite group, R a profinite ring and B a profinite 
right [RG]-module. Then there is a natural isomorphism of abelian groups 

Tor~RGJ(B, R) ~ TorlZG](B, Z) . 

Proof. Put A = [ZG]. Consider a free A-resolution of Z (for example (2)) 

... -+ [AXn] -+ [AXn- 1] -+ ... -+ [AXo] -+ Z -+ 0 , (5) 

where each Xn is a profinite space. Since each [AXn] is automatically a free 
Z-module, (5) is a projective Z-resolution of Z as well. Furthermore, this 
resolution is Z-split, that is, each term of the sequence is the direct sum of 
the image of the previous map and the kernel of the next map as Z-modules 
(this is a consequence of the Z-projectivity of each term of the sequence). 
One easily deduces from this that tensoring (5) with Rover Z yields an 
exact sequence 

... -+ R®z [AXn] -+ ... -+ R®z [AXo] -+ R®z Z ~ R -+ 0 . (6) 

Next observe that (6) is an [RG]-free resolution of R. Indeed, if X is a 
profinite space, 

R®z [AX] = l!!!! R®z [[Z(GjU)]li] , 

where U ranges over the open normal subgroups of G, and where X = lim li, 
f--

with each li finite. By Proposition 5.5.3(d), 

R®z [[Z(GjU)]li] = R ®z [[Z(GjU)]li] = [[R(GjU)]li]j 

thus R®z [AX] = [[RG]X], a free [RG]-module. 
Now suppose that B is a profinite right [RG]-module. Then there exists 

a natural isomorphism of profinite abelian groups 
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B ®(RGJ (R®z [AXn]) ~ B ®[ZG) [AXn] 

given by 
b ® (r ® d) I--t br®d (b E B, r E R, dE [AXn]). 

Thus the result. o 

Because of this lemma, we shall often state our results only for homology 
groups Hn(G, B), where B is a profinite right [ZG]-module. 

We end this section by establishing a duality relationship between homol
ogy and cohomology groups. 

Proposition 6.3.6 Let G be a pro finite group and let B be a right [ZG]
module. Then 

Hn(G,B) and Hn(G,B*) (nEN) 
are Pontryagin dual, where B* denotes the Pontryagin dual of B (see Section 
5.1). 

Proof. We must show that Hn(G, B) ~ Hn(G, B*)*. In fact we shall show that 
{Hn(G, - )}nEN and {Hn(G, -*)*}nEN are isomorphic homological functors 
from Mod([ZG]OP) to Mod(Z). 

That {Hn(G, -*)*}nEN is a homological functor follows from the follow
ing facts: 

(1) {Hn(G, - )}nEN is a cohomological functor from Mod([ZG]) to 
Mod(Z), and 

(2) Hom( -, Q/Z) is an exact functor, since Q/Z is an injective discrete 
Z-module (to see the latter assertion observe that the discrete Z-modules are 
precisely the torsion abelian groups; on the other hand, Q/Z is injective as 
an abelian group since it is divisible). 

Therefore, it suffices to prove that both sequences are coeffaceable and 
isomorphic in dimension 0 (see Lemma 6.1.4). If P is a projective profinite 
[ZG]-module, then P* is an injective discrete [ZG]-module; so Hn(G, P*) = 
o for n ~ 1; hence {Hn(G, -*)*}nEN is coeffaceable. Finally we must show 
that Ho(G,B) and HO(G,B*)* are isomorphic as functors on the second 
variable. Now, 

HO(G,B*)* = (Hom(zG)(Z,Homz(B,Q/Z))* ~ 

Homz(B®(ZG)Z,Q/Z)* ~ B®[zG)Z = Ho(G,B) 

(the first isomorphism follows from Proposition 5.5.4, and the second is just 
Pontryagin duality). 0 

The above proposition allows us to prove general results for cohomology 
(respectively, homology) groups of a group G, obtaining automatically corre
sponding results for homology (respectively, cohomology) groups, by duality. 
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6.4 Cohomology Groups with Coefficients in DMod( G) 

Let G be a profinite group. The definition given in section 6.2 for the coho
mology groups of G is valid for coefficient modules A in DMod([ZG~) (or 
more generally, in DMod([RG~)). In this section we shall extend this defini
tion to include any coefficient module from DMod(G). We do this in a way 
that makes it irrelevant whether A is in DMod([ZG~) or in DMod(G). 

Let G be a profinite group and let A be a discrete G-module. Define a 
cochain complex C(G, A): 

where Cn(G, A) is the abelian group of all continuous functions 

n+l 
f:Gx ... xG~A (7) 

such that f(xxQ, ... , xXn) = xf(xQ, ... , xn) (x, XQ, ... , Xn E G), and an+! 
is defined by the formula (4), i.e., 

n+l 

(an+lf)(xQ,XI, ... ,Xn+!) = 2)-1)if(xQ, ... ,xi, ... xn+!), (8) 
i=Q 

where xQ, Xl, ... , Xn+l E G. 
For simplicity, we often drop the superindices and write a rather than an 

if there is no danger of confusion. 

Definition 6.4.1 Let G and A be as above. Then the n-th cohomology group 
of G with coefficients in A is defined as the n-th cohomology group of the 
cochain complex (7), i.e., 

Hn(G,A) = Ker(an+!)jIm(an) . 

As previously, the elements in Ker( an +!) are called n-cocycles, and those 
in Im(an), n-coboundaries. 

According to Theorem 6.2.4, this is consistent with the definition of the 
cohomology groups with coefficient modules A in DMod([ZGD. This justi
fies formally our approach; there is however another more substantial reason 
to justify this definition. Indeed, as we shall see later, with Definition 6.4.1 
each Hn ( G, A) becomes a functor on the second variable; in fact (see Section 
6.6) {Hn( G, AnnEN is the sequence of right derived functors of the left exact 
functor 

_G : DMod(G) ~ Qt, 

where Qt is the category of abelian groups: if A is a discrete G-module, then 
AG = {a E A I ga = a, '</g E G} is in fact a "trivial" G-module in the sense 
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that the natural action of G on AG is the trivial one; see section 5.8 where AG 
was defined for [RG]-modules. This is plausible in principle since DMod( G) 
has enough injectives. Also, in this process we shall make explicit some maps, 
like the connecting homomorphisms involved in the cohomological functor 
{Hn(G,A)}nEN (defined either in DMod(G) or in DMod([ZG]), the latter 
being a restriction of the former). 

Exercise 6.4.2 Let G be a profinite group and R a commutative profi
nite ring. Assume that A is a discrete left G-module (respectively, A E 

DMod([ZG])). Let Cn(G,A) denote the group of all continuous functions 
n - -

f: Gx ... xG --+ A. Define a cochain complex C(G,A): 

0-+ CO(G,A) -+ ... -+ Cn(G,A) ~ Cn+l(G,A) -+ ... , 

where 

n 

L) _l)i f(xl. ... , XiXi+l. ... , xn+d + (-It+l f(xl. ... ,xn) . 
i=l 

Prove that Hn(G, A) (see Definition 6.4.1) is the n-th cohomology group of 
this complex. 

6.5 The Functorial Behavior of Hn(G,A) and 
Hn(G,A) 

Let cp : G --+ G' be a continuous homomorphism of profinite groups. Let 
A E DMod(G), A' E DMod(G' ), and let f : A' --+ A be a group ho
momorphism. As in section 5.1, we say that cp and f are compatible maps 
if 

f(cp(x)a' ) = xf(a' ), (x E G, a' E A'), 

i.e., if f is a G-homomorphism when A' is considered as a G-module by means 

of the action xa' d~ cp(x)a' , (x E G, a' E A'). 

Example 6.5.1 Let N :> L :> K be Galois extensions of fields. Then the 
natural projection and injection 

1r: GN / K --+ GL / K and i: L* <.....t N*, 

respectively, are easily seen to be compatible (see Example 5.3.2). 

A pair of compatible maps cp, f as above, induces homomorphisms 

(cp, J) : Cn(G' , A') --+ Cn(G, A) (n ~ 0) 
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given by 

In fact ('P, f) is a map of cochain complexes, i.e., 

an +1 
en (G' ,A') ______ e n+ I (G', A') 

(<p,f) ! 1 (<p,f) 

en(G, A) ~ en+I(G, A) 

commutes for n ~ O. From this one easily defines homomorphisms 

of the cohomology groups. 
The maps ('P, f)n that we have just constructed behave functorially in 

the following sense. Let Gi be profinite groups and let Ai E DMod(Gi) 
(i = 1,2,3). Assume that 

and 
Al J.:- A2 ? A3 

are continuous homomorphisms and abelian group homomorphisms, respec
tively, such that the pairs 'PI and h, and 'P2 and h are compatible. Then 
one checks that 'P2'PI and hh are compatible, and 

Moreover, if 'PI : G I ~ G I and h : Al ~ Al are identity maps, so is 
('PI,ft)n. In particular, we have established the following result. 

Proposition 6.5.2 Hn(G, -) is a functor from the category DMod(G) to 
the category Ql of abelian groups (n ~ 0). 

The Inflation Map 

Let K be a closed normal subgroup of a profinite group G, and let A E 

DMod(G). Then AK becomes a GIK-module in a natural way: 

(xK)(a) = xa, (x E G, a E AK ). 

It is clear that the projection G ~ G I K and the inclusion A K ----+ A are 
compatible maps. Hence for each n, they induce homomorphisms 
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which are called inflations. Explicitly, 

lnf: HO(G/K,AK ) = (AK)G/K --> HO(G,A) = AG 

is the identity mapping. Assume n > 0, and let (J E Cn(G/K,AK) represent 
an element if of Hn(G/K,AK), i.e., (J: (G/K)n+l --> AK is a (continuous) 
n-cocycle. Then lnf( if) is represented by the continuous n-cocycle 

p: Gn+1 --> A 

given by 
p(XO, ... , xn) = (J(xoK, ... , XnK). 

From this definition it is straightforward to check the following proposition. 

Proposition 6.5.3 

(a) Let K be a normal closed subgroup of a profinite group G. Let f : A --> B 
be a map of G-modules. Then f induces a G/K-homomorphism fK 
AK --> B K, and the diagmm 

commutes. In other words, lnf : Hn(G/K, _K) --> Hn(G, -) is a mor
phism of functors for each n ~ o. 

(b) Let G and K be as in part (a). Let 0 --> A --> B --> C --> 0 be a short 
exact sequence of G-modules and assume that the corresponding sequence 
0--> AK --> BK --> c K --> 0 of G/K- modules is also exact. Then 
lnf commutes with the corresponding connecting homomorphisms, that is, 
for each natuml number n we have a commutative diagmm 

Hn(G/K,cK) __ 8_+) Hn+l(G/K,AK) 

wI Iw 
Hn(G, C) 8) Hn+l(G, A). 

(c) lfG --> G1 and G1 --> G2 are surjective continuous homomorphisms of 
profinite groups, then 

Let I be a directed poset and let {Gi , rpij, l} be an inverse system over 
I of profinite groups. Let {Ai, lij, I} be a direct system over I of abelian 
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groups, where each Ai is a Gi-module such that, for each pair i ::: j in I, the 
maps 

'Pij : Gi -----+ Gj and hi: Aj -----+ Ai 

are compatible. Then, for each n, we obtain in a natural way direct systems 
over I 

Let 
G = lim Gi 

f--
and 

iEI iEI 

Denote by 'Pi : G -----+ Gi and Ii : Ai -----+ A the corresponding canonical 
homomorphisms. Then A can be considered as a G-module in the following 
manner: given a E A and x E G, then for some i E I and ai E Ai one has 

fi(ai) = a; define xa d;J fd('Pi(x))ai]. This is a well defined continuous action 
of G on A. 

Lemma 6.5.4 Under the above assumptions one has 

(a) 
Cn(G, A) ~ lim Cn(Gi , Ai) (n = 0,1, ... ). 

-----+ 
iEI 

Moreover these isomorphisms commute with the operators a given by for
mula (8) in the following sense: for each i E I the diagram 

commutes. 

(b) Cn(G, -) is an exact functor on the category DMod(G). 

Proof. Fix n. For each i E I define a homomorphism 

as follows. Let (Ji E Cn(G;, Ai), then put llini((Ji) = fi(Ji'Pi. The homomor
phisms llini are compatible with the canonical homomorphisms 

Hence they induce homomorphisms 

llin : lim Cn(Gi , Ai) -----+ Cn(G, A). 
-----+ 
iEI 
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The commutativity of the homomorphisms tItn with the operators a follow 
immediately from these definitions and formula (8). 

The proof that each tItn is an isomorphism is very similar to the proof of 
Lemma 5.1.4(a), and we leave the details to the reader. 

(b) Let U be the set of all open normal subgroups of G. Note that 
{G/U}UEU is an inverse system of finite groups, {AU}UEU a direct system of 
abelian groups and AU is a G/U-module by means of the action (gU)a = gao 
The canonical homomorphisms G/U ----+ G/V and AU f-- AV (U :::; V), are 
compatible. So by part (a), 

Cn(G,A) ~ lim Cn(G/U,Au ). 
----+ 
UEU 

Now, since lim is an exact functor on abelian groups (see Proposition 1.2.6), 
----+ 

then in the proof of (b) we may assume that G is finite. For finite G, 

where F is the free [ZG]-module on the set Gn. Hence Cn(G, -) is exact. D 

We can now translate this information to cohomology. 

Proposition 6.5.5 For each n ~ 0 

Proof. Since lim is an exact functor on the category of abelian groups (see 
----+ 

Proposition 1.2.6), one has 

!!!!l Hn(Gi, Ai) 2:! Hn(!!!!l C·(Gi,Ai)), 
I I 

where the cochain complexes C·(Gi,Ai) form a direct system by means of 
the maps 

gij = ('Pji,/ij): Cn(Gi , Ai) ----+ Cn(Gj , Aj), 

given by gij((Ji) = fij(Ji'Pji ((Ji E Cn(Gi, Ai), j t i). Note that the maps 9ij 

determine a map of co chain complexes 

since they commute with the coboundary operators an. Hence, to prove our 
assertion it suffices to show the existence of isomorphisms 

lim Cn(Gi, Ai) 2:! Cn(G,A), 
----+ 
iEI 
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n ~ 0, commuting with the coboundary maps an. This is the content of 
Lemma 6.5.4. 0 

Corollary 6.5.6 Let G be a profinite group and A E DMod( G). Then 

(a) 

UEU 

where U is the collection of all open normal subgroups of G. 

(b) 

A' 

where A' runs through the finitely generated G-submodules of A. 

(c) Suppose A = €aiEl Ai is a direct sum of G-submodules of A. Then 

Hn(G,A) = EBHn(G,Ai) for all n ~ 0. 
iEl 

Proof. (a) As indicated in the proof of part (b) of Lemma 6.5.4, 

Cn(G,A) ~ lim Cn(GjU,Au). 
---+ 
UEU 

Furthermore, by Lemma 6.5.4(a) these isomorphisms commute with a (see 
formula (8)). Since lim is an exact functor, we obtain from Lemma 6.5.4(a) 

---+ 
that 

UEU 

UEU UEU 

(b) This follows from the proposition above since A = lim A'. 
---+ 

(c) A = ~ AJ, where AJ = €ajEJ Aj , and J ranges over all finite 
J 

subsets of I. Hence the result follows from Proposition 6.5.5 and the fact 
that each Hn(G, -) is an additive functor. 0 

We turn now to homology. The functorial behavior of Hn(G, B) can be 
deduced by duality from the behavior of Hn(G, B*) (see Proposition 6.3.6). 
In detail, consider a homomorphism of profinite groups cp : G ---+ G' and 
a homomorphism f : B ---+ B' of profinite abelian groups; assume that B 
is a profinite right G-module, B' a profinite right G'-module, and that the 
maps cp and f are compatible (Le., f(bx) = f(b)cp(x), for all x E G, b E B). 
Then cp and the dual map f* : B'* ---+ B* are compatible; hence, as we 
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have seen above, for each natural number n, there exists a corresponding 
homomorphism 

The dual of this map is the desired continuous homomorphism for the ho
mology groups 

(cp,J)n = «cp,ft)* : Hn(G,B) ~ Hn(G',B'). 

Using Theorem 6.3.1, there is an obvious way of describing explicitly the 
maps (cp, J)n in terms of chains; we leave this to the reader. 

We term the dual of inflation, coinftation. It is defined as follows. Let K 
be a closed normal subgroup of a profinite group G, and let cp : G ~ G / K 
be the canonical homorphism. Let B be a profinite right [ZG]-module, and 
consider the canonical projection f : B ~ BK = B/B«IK)) (see Lemma 
6.3.3). Then cp and f are compatible maps; hence they induce continuous 
homorphisms of homology groups: 

Coinf = Coinfg/K : Hn(G,B) ~ Hn(G/K,BK) (n ~ 0), 

called the coinflation maps. 
To get dual results to Proposition 6.5.5 and Corollary 6.5.6, we need some 

notation first. Let 
G = lim Gi -iEI 

be a profinite group expressed as an inverse limit of an inverse system 
{Gi , CPij, I} of profinite groups. Assume that 

B = lim Bi -iEI 

is a profinite abelian group expressed as an inverse limit of an inverse system 
{Bi,Jij,I} of profinite abelian groups over the same indexing poset I. Sup
pose, in addition, that each Bi has the structure of a right [ZGi]-module and 
that CPij and lij are compatible maps for each pair i,j E I such that i ?: j. 
Then we have 

Proposition 6.5.7 For each n ~ 0, 

The first part of the following corollary is just the dual of Lemma 5.3.1(c); 
the second part follows from the proposition above. 

Corollary 6.5.8 Let G be a pro finite group and A a profinite right [ZG]
module. Then 



(a) 

(b) 
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B = lim Bu, 
f----
UEU 

where U is the collection of open normal subgroups of G. 

Hn(G, B) = lim Hn(GjU, Bu). 
f----
UEU 

6.6 Hn(G, A) as Derived Functors on DMod(G) 

As announced in Section 6.4, we shall prove here that the sequence of functors 
{Hn(G, - )}nEN on DMod(G) is a positive effaceable cohomological functor, 
in fact it is the sequence of right derived functors of the functor A f-t A G that 
maps a discrete G-module A to its submodule of fixed points. The proofs here 
are necessarily computational. On the other hand, since by definition coho
mology with coefficients in DMod( G) includes cohomology with coefficients 
in DMod([ZG]), our computations using cochains are valid for all coefficient 
modules, whether torsion or not. 

Lemma 6.6.1 Let 
O---tA~B~C---tO 

be an exact sequence of discrete G-modules and G-homomorphisms. Then 
there exist canonical homomorphisms (the "connecting homomorphisms") 

such that the sequence 

,pI 61 2 
Hl(G, B) ---t Hl(G, C) ---t H2(G, A) ~ ... 

is exact, where the maps cpn and 'l/;n are induced by cp and 'I/; respectively. 

Proof. One way of proving this is to assume first that G is finite. The existence 
of this exact sequence is well-known in that case (see, e.g., Mac Lane [1963] 
p. 116 and p. 97). Since lim is exact in the category of abelian groups, the 

---t 

result follows from Corollary 6.5.6. 

Next, we give a direct proof of this lemma for a general profinite group G. 
In this proof we indicate an explicit definition of the connecting homomor
phisms 8n . Consider the short exact sequence of co chain complexes induced 
by cp and '1/;: 
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o 0 

! a j 
... _Cn(G,A) _Cn+1(G,A) _ ... 

!~ !~ 
... _ Cn(G, B) ~ Cn+1(G, B) -- ... 

!~ !~ 
... __ Cn(G, C) ~ Cn+1(G, C) -- ... 

! ! 
o o 

By Lemma 6.5.4, each vertical line is a short exact sequence of abelian groups. 
For a discrete G-module M, we shall represent an element of Hn(G, M) by 
[p,], where p, E Cn(G, M) is a cocyde (Le., 8(p,) = 0; see the complex (8)). 

Let [an] E Hn(G,C) ; then 8(an) = o. Let Pn E Cn(G,B) with 1jJ(Pn) = 
an. Then 0 = 81jJ(Pn) = 1jJ8(Pn). Hence there exists vn+1 E Cn+1(G, A) with 
cp(vn+1) = 8(Pn). Clearly 8(vn+d = o. Define 

15([anD = [Vn+l] E Hn+1(G, A). 

To see that 8 is well defined, assume that also p~ E Cn(G, B) with 1jJ(p~) = 
an; let v~+1 E Cn+1( G, A) be such that cp(v~+1) = 8(a~). We must show that 
[v~+11 = [vn+11· Indeed, since 1jJ(p~ - Pn) = 0, there exists vn E Cn(G,A) 
with cp(vn) = p~ - Pn; then cp8(vn) = 8(p~ - Pn) = cp(v~+1 - Vn+1). Hence 
8(vn) = V~+l - Vn+1' because cp is injective. In other words, v~+1 - Vn+l 
is a coboundary, Le., [v~+ll = [v~+11. It is an easy exercise to check that 
<5 is a homomorphism. Moreover, the long sequence in the statement of 
the lemma is exact. The verification of this requires easy diagram chas
ing, and we leave most of this verification to the reader. As a sample, 
we check the exactness at Hn+1(G, A). First observe that the definition 
of 8 above implies that cpn+115 = 0; therefore Im(15) ~ Ker(cpn+1). Con
versely, let [vn+1] E Hn+1(G,A), where Vn+1 E Cn+1(G,A) is a cocy
de, Le., 8(Vn+l) = o. Assume that cpn+l([vn+1D = O. This means that 
CP(Vn+l) = 8(vn) for some Vn E Cn(G, B). Then, by the definition of 8 above, 
we have that 15([1jJ(vn)]) = [vn+1]. Thus Im(15) ~ Ker(cpn+l). D 

We can now characterize in a global way the cohomology groups of a 
profinite group with coefficients in the category of all discrete G-modules. 

Theorem 6.6.2 The sequence of functors 



6.6 Hn(G,A) as Derived Functors on DMod(G) 229 

is the sequence of right derived functors of the functor 

_G : DMod(G) ----t!2l 

that sends a discrete G-module A to the abelian group AG of fixed elements 
ofA. 

Proof. Let A,B E DMod(G). Then Cn(G,AEJ1B) = Cn(G,A) EJ1Cn(G,B); 
so Hn(G, A EJ1 B) = Hn(G,A) EJ1 Hn(G,B), i.e., Hn(G,-) is an additive 
functor for each n ~ O. By definition of derived functors, we must show that 
{Hn(G, - )}n>O is an effaceable covariant cohomological functor and that 
HO (G, -) ~ .:: G. First we show that it is a cohomological functor. In view of 
Lemma 6.6.1, it only remains to see that every commutative diagram 

of G-modules and G-homomorphisms, with exact rows, induces a commuta
tive diagram 

Hn(G, C) ~ Hn+1(G, A) 

! ! 
Hn(G, C') ~ Hn+1(G, A') 

for each n ~ O. This follows immediately from the definition of 8 and 8' (see 
the proof of Lemma 6.6.1). 

Next observe that 

moreover this isomorphism determines a natural equivalence of functors. 
Finally, it is necessary to prove that the sequence is effaceable, i.e., that 

Hn(G, Q) = 0 for every injective object in DMod(G) and n > O. Let U be 
an open normal subgroup of G. It is easy to see that QU is an injective GjU
module; hence Hn(GjU,QU) = 0 (see Proposition 6.2.2). Thus, by Corollary 
6.5.6, 

Hn(G,Q) = lim Hn(GjU,Qu ) = O. 
----t 

U 

Proposition 6.6.3 Let G be a profinite group and H ~c G. Then 

o 
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is a universal cohomological functor DMod( G) ----) l.2!. 

Proof. It is obvious that {Hn (H, - ) }nEN is a co homological functor from 
DMod(G) to l.2!. To prove universality we must show that Hn(H,Q) = 0 if 
n> 0 and Q is injective in DMod(G) (see Proposition 6.1.2). By Proposition 
6.5.5 

(U is the collection of all open normal subgroups of G). Since QU is GjU
injective, it will suffice to prove the following lemma. 0 

Lemma 6.6.4 Let H :S G be abstract groups and let Q be an injective ab
stract G-module, then Q is injective as an abstract H -module. 

Proof. One can adapt the proof of Corollary 5.7.2 to abstract groups. Instead 
we give a different proof which is completely explicit. Consider a diagram 

'P 
O--A--B 

"'1 ...... )/ ( 

Q 

of H-modules, where cp is a monomorphism. We need an H-homomorphism 
( : B ----) Q such that (cp = 'ljJ. 

Construct a new diagram 

0-- [ZG]0[ZHj A ~ [ZG]0[ZHj B ! ~ ... ~~ ........... . 
Q .A;............. ( 

of G-modules and G-homomorphisms. The abelian groups [ZG]0[ZHj A and 
[ZG]0[ZHj B are considered as G-modules by means of the action x(r0a) = 
xr0a, (x E G, r E [ZH]', a E A). The G-homorphisms rp and 1f are given by 

rp(s 0 a) = s 0 cp(a), 

1f(s 0 a) = s'ljJ(a), (s E [ZG], a E A). 

Since [ZG] is free as a right H-module, rp is again a monomorphism. By the 
G-injectivi!y of 9, there exits a G-homomorphis~ ( : [ZG]0[ZHj B ----) Q 
such that (rp = 'ljJ. Define ( : B ----) Q by ((b) = ((1 0 b). This is easily seen 
to be the desired H-homomorphism. 0 
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6.7 Special Mappings 

In this section we consider some special homomorphisms of (co ) homology 
groups that relate the (co ) homology of a group with the (co ) homology of 
its subgroups. We first define special maps and establish results for coho
mology groups; in the second part of the section we use duality to obtain 
corresponding definitions and results for homology. We have already defined 
the (co)inflation in Section 5.11; it can be regarded as a special map relating 
the (co)homology of a group and the (co)homology of one of its quotients. 

The Restriction Map in Cohomology 

Let H be a closed subgroup of a profinite group G. Then every G-module 
A is automatically an H-module, and the inclusion H ~ G is compatible 
with the identity homomorphism A ---+ A. Therefore (see Section 6.5), these 
maps induced homomorphisms of cohomology groups 

(9) 

that are called restrictions. 
For each A E DMod(G), AG ~ AH. In fact the sequence {Res} is a 

morphism of cohomological functors {Hn(G, - )}n:2:0 ---+ {Hn(H, - )}n:2:0; 
this can be seen from the following equivalent approach to the definition of 
Res. Since {Hn(G, - )}n:2:0 is a universal cohomological functor (see Theorem 
6.6.2), the restriction maps (9) are determined by the morphism of functors 

In terms of cochains these maps can be described as follows. Let a : 
Gn+l ---+ A (continuous) represent an element (j of Hn(G,A); then a repre
sentative n-cocycle p : H n+1 ---+ A of Res (iT) is given by 

p(xo,·.·, xn) = a(xo, ... , xn), (xo, ... , Xn E H). 

The following proposition is now clear. 

Proposition 6.7.1 Let G 2': H 2': T be profinite groups. Then 

Res¥Res~ = Res~. 
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The Corestriction Map in Cohomology 

Let H be an open subgroup of a profinite group G, and let A E DMod(G). 
Since H has finite index, we can define a group homomorphism 

NG/H : AH ---t AG 

by 

NG/H(a) = Lta, 

where a E AH and t runs through a left transversal of H in G. 
Then NG/H is a well-defined morphism of the functors HO(H, -) to 

HO(G, -) on DMod(G). By Proposition 6.6.3 

{Hn(H,-)}n~o 

is a universal cohomological functor DMod(G) ---t Q(j hence NG/H extends 
to a unique morphism of cohomological functors 

In particular, for every A E DMod(G) and every n 2: 0, we have a natural 
homomorphism 

which is called the corestriction or transfer. 

Proposition 6.7.2 Let G be a projinite group and let T ::; H be open sub
groups of G. Then 

CorgCor~ = Cor~. 

Proof By Lemma 6.1.4 it suffices to verify this result in dimension O. This 
in turn follows from the fact that if {h j } is a left transversal of T in Hand 
{gJ a left transversal of H in G, then {gihj} is a left transversal of T in G. 
o 

Theorem 6.7.3 Let H be an open subgroup of a projinite group G. Then the 
composition CorRes is multiplication by the index [G : H] of H in G, i.e., 

CorgRes~ = [G: H]· id, 

where id is the identity on H n ( G, -) (n 2: 0). 

Proof Since both CorgRes~ and [G : H] . id are endomorphisms of the 
cohomological functor H· ( G, - ), it suffices to prove the result on dimension 
o (see Lemma 6.1.4). Let A E DMod(G). Then if a E AG we have 
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CorgRes~(a) = NG/H(a) = 2:ta = [G: HJa, 

as desired. o 

Observe that if A is a discrete IZG]-module then Hn( G, A) is torsion (i.e., 
every element in it has finite order), since its dual Hn(G, A*) is profinite (see 
Proposition 6.3.6). The following result extends this to show that Hn(G, A) 
is torsion for any discrete G-module A (not necessarily torsion). 

Corollary 6.7.4 If G is a projinite group and A E DMod(G) , then 
Hn(G, A) is a torsion abelian group for n ~ 1. Moreover the order of any 
element C E Hn(G,A) divides the order ofG. 

Proof. By Corollary 6.5.6 and Proposition 1.2.4, every element of Hn(G, A) is 
in the image of Hn(GjU, AU) for some open normal subgroup U of G. Hence, 
we may assume that G is finite, and prove that in that case IGIHn(G,A) = O. 
By Theorem 6.7.3 

IGI~(G,A) = (CorbResr)(Hn(G,A» = 0, 

since obviously Hn(l, A) = 0 for n ~ 1. o 

Corollary 6.7.5 Let G be a projinite group and let Q be a torsion-free di
visible abelian group. Consider Q as a trivial G-module. Then Hn(G, Q) = 0 
forn ~ 1. 

Proof. By Corollary 6.7.4, Hn(G,Q) is a torsion group. Let 0 -::f r E Z. Ob
viously, multiplication by r is a G-automorphism of Qj hence multiplication 
by r is an automorphism of Hn(G, Q). The result follows. 0 

If A is an abelian group and p a prime number, denote by Ap the p
primary component of A (the subgroup consisiting of those elements of A 
whose order is a p-power). By Corollary 6.7.4, Hn(G,A) is a torsion group, 
and therefore one has 

Corollary 6.7.6 Let G be a projinite group. 

(a) If A E DMod(G), then 

Hn(G,A) = EB~(G,A)p. 
p 

(b) If A E DMod(ZG), then Hn(G,A)p = Hn(G,Ap) for every prime p, and 
consequently, 

Hn(G,A) = EBHn(G,Ap)' 
p 
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Corollary 6.7.7 Let H be a closed subgroup of a profinite group G and let 
p be a prime number. Assume that [G : H] is not divisible by p. Then the 
mapping 

Res: Hn(G, A) ~ Hn(H, A), (n ~ 1) 

is injective when restricted to Hn(G, A)p. If moreover H is open in G, then 
the mapping 

Cor: Hn(H, A) ~ Hn(G, A), (n ~ 1) 

is a surjection of Hn(H, A)p onto Hn(G, A)p. 

Proof Denote by V the collection of all open subgroups of G containing H. 
Then (see Proposition 2.1.4) 

H=nV=~V. 
VEV VEV 

Therefore, by Proposition 6.5.5, 

Hn(H, A) = ~ Hn(v, A). 
VEV 

Notice that the canonical map Hn(v, A) ~ Hn(H, A) is precisely the 
restriction map. For each V E V we have a commutative diagram (see Propo
sition 6.7.1). 

Suppose Res~(c) = 0 for some c E Hn(G,A)p. Then there exists some 
V E V such that Res~(c) = 0 (see Proposition 1.2.4). So, by Theorem 6.7.3, 

o = Cor~Res~(c) = [G : V]c. 

Hence c = 0, since ([(G : V],p) = 1. Therefore Res~ is injective on 
Hn(G,A)p. 

Assume now that H is open in G. Again by Theorem 6.7.3, 

CorgRes~: Hn(G,A)p ~ Hn(G,A)p 

is multiplication by [G : H]. However since p t [G : H], multiplication by 
[G: H] is an automorphism of Hn(G, A)p, and hence 

Corg : Hn(H,A)p ~ Hn(G,A)p 

is surjective. o 
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Corollary 6.7.8 Let G be a profinite group and A E DMod( G). For a prime 
p, denote by Gp a p-Sylow subgroup of G. If Hn(Gp, A) = 0 for every prime 
p (and a fixed n ~ 1), then Hn(G, A) = O. 

Proof. By Corollary 6.7.7, Hn(G,A)p = 0 for eachp. Thus 

Hn(G,A) = EBHn(G,A)p = O. 
p 

o 

Lemma 6.7.9 Let G1 and G2 be profinite groups and let cp : G1 ---t G2 be 
a continuous epimorphism with kernel N. Assume that Ki :::;0 Gi (i = 1,2) 
such that cp(KI) = K 2. Then, for every A E DMod(G2) and every natural 
number n, one has a commutative diagram 

where the vertical maps are induced by cp. 

Proof. Assume first that N :::; K 1. In this case, [NKI : KIJ = 1 and 
[G1 : KIJ = [G2 : K2J; hence the result follows easily from the definition 
of corestriction. 

Consider next the general case. Form the following diagram 

where those maps which are not labeled are induced by cpo Note that 
Cor~~lCor~kl = Cor~: (see Proposition 6.7.2), and observe that the com
position of the two leftmost vertical maps is just the canonical homomorphism 
Hn(K2' A) ---t Hn(Kb A) induced by cpo Hence the result will follow if we 
can prove the commutativity of this diagram. The top rectangle commutes by 
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the case above, since [G1 : NK1J = [G2 : K2J. The lower left rectangle com
mutes by Theorem 6.7.3. The lower right rectangle is obviously commutative. 
o 

The Corestriction Map in Homology 

Let H ~ G be profinite groups and let B be a right profinite [ZG]
module. Define the corestriction homomorphism of the corresponding ho
mology groups 

to be the dual of the restriction homomorphism of the corresponding coho
mology groups. Explictly, when q = 0, the corestriction 

Cor: Ho{H,B) = BIBH -- Ho{G,B) = BIBa 

is simply the canonical projection; this is functorial on B, and, in turn, ex
tends to a morphism of universal homological functors 

Cor: {Hn{H, - )}n>O -- {Hn(G, - )}n>O. - -
We leave to the reader the description of these mappings in terms of chains. 

The Restriction Map in Homology 

Assume now that H is an open subgroup of G. The dual of the corestriction 
maps defined above in cohomology are called the restriction homomorphisms 

Res = Res~: Hn{G,B) -- Hn{H, B). 

In dimension zero the restriction homomorphism 

Res: Ho{G,B) = BIBa -- Ho{H,B) = BIBH 

is denoted Nb/H and it is given by 

Nb/H{b+BH) = Lbt+Ba, (b E B) 
t 

with t running through a left transversI of H in G (observe that this map is 
independent of the chosen transversal, since th = t+t{h-l), and bt{h-l) E 
Ba , whenever t E G and hE H). Then Nb/H determines a morphism 

of universal homological functors. 
The dual of Theorem 6.7.3 is formally the same for homology: 
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Theorem 6.7.10 Let H be an open subgroup of a profinite group G, CorRes 
is multiplication by the index [G : H] of H in G, i.e., 

Cor~Res~ = [G : Sj· id, 

where id is the identity on Hn(G, -) (n ::::: 0). 

We end this section on special maps by considering the homomorphisms 
induced by an inner automorphism of a group on the (co ) homology groups 
of its subgroups. We first state the cohomology result. 

Proposition 6.7.11 Let G be a profinite group, H a closed subgroup of G, 
A E DMod(G), and 9 E G. Let tg : H ----> gHg- 1 be the isomorphism given 
by ig(X) = gxg- 1 , and let fg : A ----> A be the group homomorphism defined 
by fg(a) = g-la. Then 

(a) tg and fg are compatible maps and the homomorphisms induced in coho
mology 

(ig,fgt : Hn(gHg-l, A) ----> Hn(H, A) 

are isomorphisms (n = 0, 1,2, ... ). 

(b) If H <l G and 9 E H, the isomorphisms in (a) are the identity maps on 
Hn(H, A) (n = 0,1,2, ... ). 

(c) If H <lG, conjugation in G induces an action ofG/H on Hn(H,A) (n = 
0,1,2, ... ). 

Proof. From the definition of (tg, fg)n (see Section 6.5), one immediately sees 
that 

is a morphism of universal cohomological functors (see Proposition 6.6.3). 
Hence, by Lemma 6.1.4, it suffices to show that 

is an isomorphism. This map is a f---+ g-la, which is evidently an isomorphism. 
This proves (a). For (b), note that if H is normal in G, then (ig, fg)n is an 
endomorphism of Hn(H, A); if moreover 9 E H, then (tg, fg)O is the identity, 
and hence (tg, fg)n is the identity for all n ::::: O. 

Part (c) is a consequence of (b). 0 

Dually one has 

Proposition 6.7.12 Let G be a profinite group, H a closed subgroup of G, 
B E PMod([ZG]), and 9 E G. Let ig : H ----> gHg- 1 be the isomorphism 
given by tg(x) = gxg-l, and let fg : B ----> B be the group homomorphism 
defined by f(a) = ag- 1 . Then 
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(a) tg and fg are compatible maps and the homomorphisms induced in ho
mology 

(tg, fg)n : Hn(H, B) ~ Hn(gHg-l, B) 

are isomorphisms (n = 0,1,2, ... ). 

(b) If H <l G and g E H, the isomorphisms in (a) are the identity maps on 
Hn(H, B) (n = 0,1,2, ... ). 

(c) If H <lG, conjugation in G induces an action ofGjH on Hn(H,B) (n = 
0,1,2, ... ). 

Remark 6.7.13 See Section 7.2 for an explicit description in terms of 
co chains of the action of G j H on Hn(H, A) when H <l G. 

6.8 Homology and Cohomology Groups in Low 
Dimensions 

In this section we use the definition of (co ) homology groups in term of 
(co)chains to give explicit descriptions of the (co)homology groups HO(G, A), 
H 1(G,A), H 2(G,A), Ho(G,B) and H 1(G,B) of a profinite group G. 

We have already seen that 

HO(G,A) = {a E A I xa = a,Vx E G} = AG 

is the subgroup of elements of A invariant under the action of G. 
According to Definition 6.4.1, 

The elements of Ker(82 ) are called crossed homomorphisms or derivations 
from G to A; so, a crossed homomorphism or derivation 

d:G~A 

is a continuous function such that 

d(xy) = xd(y) + d(x), for all x, y E G. 

We denote the abelian group of derivations by Der( G, A). The elements of 
Im( 8 1) are called principal crossed homomorphisms or inner derivations. 
Each inner derivation da : G ~ A is determined by an element a E A and 
is defined by the formula da(x) = xa - a (x E G). The abelian group of all 
inner derivations from G to A is denoted by Ider(G, A). 

Lemma 6.8.1 With the notation above. we have 

H 1(G,A) = Der(G,A)jIder(G,A). 
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Exercise 6.8.2 Let G be a profinite group and A a discrete torsion G
module. Prove that 

(a) 
Der(G,A) = lim Der(G/U,Au ), 

----+ 
UEU 

where U is the collection of all open normal subgroups U of G. (Hint: 
imitate the proof of Lemma 5.1.4.) 

(b) There exists a bijective correspondence between the set of derivations 
d : G ----+ A and the set of (continuous) group homomorphisms 

such that the composition G L A Xl G ----+ G is the identity homomor
phism idc. 

The following lemma provides an often useful interpretation of derivations 
in terms of the augmentation ideal. 

Lemma 6.8.3 Let G be a profinite group and R a commutative profinite 
ring. Then, for each discrete [RG]-module A, there is a natural isomorphism 

<p: Der(G, A) ----+ HOm[RC](((IG)),A) 

defined by (<p(d))(x - 1) = d(x), where ((IG)) = ((IRG)) is the augmentation 
ideal of [RG]. 

Proof. Remark first that 

HOm[RG] (((IG)), A) = ~ HOm[RG/U) (I((G/U)) , AU), 
UEU 

where U is the collection of all open normal subgroups U of G (see Lemma 
5.1.4). This together with Exercise 6.8.2(a) show that it suffices to prove the 
result for G finite. By Lemma 6.3.2, ((IG)) = (IG) is a free R-module on 
the pointed space G - 1. Remark that if d : G ----+ A is a derivation, then 
d(l) = 0; therefore the map 

<p(d) : G - 1 = {x - 1 I x E G} ----+ A 

is a (continuous) mapping of pointed spaces; so, it defines a homomorphism 

<p( d) : I( G) ----+ A 

of profinite R-modules. Since G is finite, every element of (IG) can be written 
as a finite sum I:XEC ax(x - 1) (ax E R). So it is sufficient to show that 
<p(d)(y(x - 1)) = y<p(d)(x -1). Indeed, 
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cp(d)(y(x -1)) = cp(d)((yx - 1) - (y -1)) = cp(d)(yx -1) - cp(d)(y -1) = 

d(yx) - d(y) = yd(x) = ycp(d)(x -1). 

Next we give an explicit description of the second cohomology group 

H2(G, A) = Ker(83)jlm(82). 

D 

One readily checks that the elements of Ker( 83) are precisely those continuous 
functions f : G x G --+ A such that 

Xd(X2, X3) - f(XIX2, X3) + f(xl, X2X3) - f(xl, X2) = 0 V Xl. X2, X3 E G. 

They are called continuous factor systems. On the other hand, an element of 
Im(82) is a continuous function f : G x G --+ A such that 

f(Xl,X2) = xlg(X2) - g(XIX2) + g(Xl), (Xl,X2 E G) 

for some continuous 9 : G --+ A. 

H2(G,A) and Extensions of Profinite Groups 

Consider a short exact sequence 

I--+A--+E~G--+l 

of profinite groups and continuous homomorphisms, with A finite abelian. 
Let u: G --+ E be a continuous section (see Proposition 2.2.2). Define an 
action G x A --+ A of G on A by (x, a) 1--+ uxau;l (x E G, a E A). Clearly 
this action is continuous. This action makes A into a discrete G-module, as 
one easily verifies. This action is independent of the chosen section because 
A is abelian. 

Given a profinite group G and a finite G-module A, an extension X of A 
by H is defined to be an exact sequence 

X: O--+A--+E~G--+l (10) 

with continuous homomorphisms, where E is a profinite group. We shall 
assume that A and E are written additively (although E is not necessarily 
abelian), and that the canonical action of G on A described above is precisely 
the given action of G on A. If X, X' are two extensions of A by G, we say that 
they are equivalent if there exists a continuous homomorphism (necessarily 
an isomorphism) E --+ E' such that 

X: 

X, : 

<p 
O-A-E-G-l 

II ! <p' II 
O-A-E'-G-l 
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commutes. 
Denote by X(G, A) the set of equivalence classes of extensions of A by 

G. 

Theorem 6.8.4 Given a profinite group G and a finite G-module A, there 
exists a one-to-one correspondence between X(G, A) and H2(G, A). 

Proof. We only give a sketch; for more details see Ribes [1970J. Consider the 
extension (10) of A by G, and let a : G ~ E be a continuous section. Then 
the action of G on A is given by 

xa = a(x) + a - a(x), (a E A, E G). 

If Xl, X2 E G, then a(xl) + a(x2) and a(xlx2) belong to the same coset of A 
in E. Hence there exists some element I(Xb X2) E A such that 

It is clear that I : G x G ~ A is a continuous map. One shows easily that 
it is in fact a continuous factor system. 

The definition of I depends on the choice of a. However, if a' : G ~ E 
is another continuous section and f' : G x G ~ A its corresponding factor 
system, define d(x) E A to be such that 

a'(x) = d(x) + a(x). 

Clearly d : G ~ A is continuous, and one verifies that I' - I = 82(d); 
therefore I and f' define the same element of H2 (G, A). In fact this last 
argument shows that if X and X' are equivalent extensions of A by G, they 
have the same corresponding element in H2 (G, A). Hence we have shown the 
existence of a well defined map 

~: X(G, A) ~ H2(G, A). 

Conversely, let I : G x G ~ A be a continuous factor system representing 
an element of H2(G, A). We may assume that l(x,l) = 1(1, x) = 0, for all 
x E G. Define a profinite group E in the following manner. The elements of 
E are the pairs (a,x) (a E A, x E G). Set 

(at, Xl) + (a2, X2) = (al + Xla2 + I(xt, X2), X1X2), (ai, a2 E A, X2, X2 E G). 

With this definition E becomes a group (the associativity follows from I 
being a factor system) whose zero element is (0,1), and where 

-(a, x) = (-x-la - I(x- l , x), X-i). 

We endow E with the product topology of Ax G. Then E is a profinite group, 
as one easily checks. Moreover 
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XU): 0 -+ A ~ E -L G -+ 1, 

(where i and j are the natural injection and projection, respectively), is an 
extension of A by G. Thus we have defined a map 

l[t: H2(G,A) -+ X(G, A). 

Finally one sees that ~ 0 l[t = id and l[t 0 ~ = id. This ends the proof of 
the theorem. 0 

Corollary 6.8.5 

( a) The correspondence defined in the theorem above induces an abelian group 
structure on the set X(G,A). 

(b) The extension corresponding to the zero element of H2{G,A) is the split 
extension, i.e., an extension (10) for which there exists a continuous sec
tion G -+ E which is a homomorphism. All split extensions are equiva
lent. 

(c) Assume that (10) is a split extension and let 0'1, 0'2 : G -+ E be contin
uous homomorphisms such that CPO'l = ida = CP0'2. Define d = 0'1 - 0'2. 
Then d is a continuous derivation G -+ A. 

Proof. Parts (a) and (b) are clear. For (c), observe that if x E G, then 
cpd(x) = cp{O'l(X) - 0'2(X)) = xx-1 = 1; hence, d(x) E A. In other words, dis 
a map from G to A. To see that d is a derivation, choose x, y E G; then 

d{xy) = O'l{XY) - 0'2{XY) = O'l{X) + O'l{Y) - 0'2{Y) - 0'2{X) = 

(O'l{X) + d(y) - 0'1 (x)) + 0'1 (x) - 0'2 (x) = xd(x) + d(y), 

as desired. The continuity of d is obvious. o 

Now we shall deal with homology in low dimensions. We have already 
seen that 

Ho{G,B) = Ba = B/B({JG)) 

(see Lemma 6.3.3). Next we describe H1(G, Z), H1{G, Zp) and H1(G, F p), 
where we think of Z, Zp and F p as a [ZG]-modules with trivial G-action. 

Lemma 6.8.6 

(a) Let G be a profinite group. Then there are isomorphisms 

H1{G, Z) ~ ((IG))/((IG)? ~ G/[G, G]. 

These isomorphisms are natural, that is, whenever cp : G -+ H is a group 
homomorphism, then the diagram 
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commutes, where the vertical maps are induced by cpo 

(b) Let G be a pro-p group. Then there are natural isomorphisms 

(c) Let G be a pro-p group. Then there is an isomorphism 

Moreover, this isomorphism is natural in the following sense. If 

cp:G---tH 

is a group homomorphism, then the diagram 

commutes, where the vertical maps are induced by cp, and ~(G) is the 
Prattini subgroup of G. 

Proof 

(a) Put A = [ZG]. Corresponding to the short exact sequence 

o ---t ((IG)) ---t A ---t Z ---t 0, 

there is a long exact sequence in homology (see Proposition 6.3.4) 

... -+ H1(G, A) -+ H1(G, Z) -+ Ho(G, ((IG))) -+ Ho(G, A) -+ Ho(G, Z) -+ O. 

Since A((IG)) = ((IG)), it follows from the above description of Ho(G, B) that 

Ho(G, ((IG))) ---t Ho(G, A) 

is the zero map. On the other hand, H1(G, A) = 0 since A is A-projective. 
Therefore, we have an isomorphism 

H1(G, Z) ---t Ho(G, ((IG))). 
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By Lemma 6.3.3, Ho(G, ((IG))) ~ ((IG))/((IG))2. To show the second 
isomorphism, define a continuous homomorphism 

a: ((IG)) -t G/[G, G] 

of profinite abelian groups by a(x - 1) = x[G, G]; note that this defines in 
fact a continuous homomorphism for, according to Lemma 6.3.2, ((IG)) is free 
on the pointed space {x -1 I x E G}, as a profinite abelian group. Using the 
formula 

xy - 1 = (x - I)(y - 1) + (x - 1) + (y - 1), (11) 

one deduces that a(((IG))2) = I[G, G]; therefore a induces a homomorphism, 
that we denote again by the same symbol, 

a: ((IG))/((IG))2 -t G/[G,G]. 

The map a is in fact an isomorphism. To see this, define a map 

f3: G/[G,G]-t ((IG))/((IG))2 

by f3(g[G, G]) = 9 - 1 + ((IG))2 (g E G); it follows again from (11) that f3 
is a well-defined homomorphism. It is plain that a and f3 are inverse of each 
other. 

The naturality of the second isomorphism follows from the explicit formula 
used to define it. The naturality of the first isomorphism is a consequence of 
the commutativity of the diagram 

H 1 (G, Z) -- Ho(G, «1G))) 

! ! 
H1(H, Z) - Ho(H, ((1H))) , 

where the vertical homomorphisms are induced by 'P: G -t H. 

(b) This is similar to the proof of (a); simply replace Z by Zpo 

(c) Consider the short exact sequence 

where the map Zp ~ Zp is multiplication by p. Correspondingly there is a 
long exact sequence 

Since Ho(C, Zp) ~ Ho(C, Zp) = Zp ~ Zp is a monomorphism, we have 
that 

H1(G, Zp) ~ H1(G, Zp) ~ Hl(G,Fp) ~ 0 

is exact. This together with part (b) imply that 
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Clearly this isomorphism is natural. 

6.9 Extensions of Profinite Groups with Abelian 
Kernel 

o 

The purpose of this section is to describe conditions under which certain 
extensions of profinite groups 'split' i.e., they are semidirect products. One 
such condition is that the kernel of the extension is a Hall subgroup (see 
Theorem 2.3.15). In this section we consider only extensions whose kernel is 
abelian. As in Section 6.8, it is convenient to write such an extension as an 
exact sequence of profinite groups of the form 

X(A) : O-A-E~G-1 

with A abelian and the map A - E is the inclusion, where A and E are 
written additively and G multiplicatively. It should be emphasized that E is 
not necessarily abelian. 

Let T be a closed subgroup of G and let 0' : T - G be continuous 
homomorphism such that <pO' = idT. Then we say that 0' is a continuous 
T -splitting of the extension X (A). A continuous G-splitting is usually called 
simply a continuous splitting of X(A). If X(A) has a continuous splitting, 
then one says that X(A) splits (see Corollary 6.8.5). 

Since A is abelian, one has that A = ilp Ap (see Proposition 2.3.8), where 
p runs through the prime numbers and Ap is the p-Sylow subgroup of A. For 
a prime q, denote by Aq the direct product of all Ap such that p 1= q. Then 
A = Aq x A q, Aq <J E and nq Aq = O. 

Lemma 6.9.1 Consider the extension X(A) above. Then X(A) has a con
tinuous section (respectively, splitting) if and only if for each prime p, the 
induced extension 

X(A/Ap) : o -A/Ap -E/Ap ~G-1 

has a continuous section (respectively, splitting). 

Proof. Assume that 0' : G - E is a continuous section (respectively, split
ting) for X(A). Then the composite map G ~ E - E/Ap is a continuous 
section (respectively, splitting) for the extension X(A/Ap), for every prime 
p. Conversely, assume that for each p there is a continuous section (respec
tively, splitting) O'p : G - E/Ap of X(A/Ap). Denote by Ll the diagonal 
subgroup of the direct product ilp G of copies of G indexed by the set of 
prime numbers, i.e., Ll = {(g) I 9 E G}. Consider the following diagram: 
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where 1/J is the continuous homomorphism that sends e in E to the tuple 
(e + Ap)j and where p sends G isomorphically to the diagonal subgroup .1: 
9 f--t (g). 

Clearly (n c.pp)1/J = pc.p. Since np Ap = 0, 1/J is a monomorphismj further
more, we claim that 

1/J(E) = (II c.pp)-l(Ll). 

Obviously, 1/J(E) ~ (n c.pp)-l(Ll). Conversely, assume that (ep + Ap) E 
(n c.pp)-l(Ll), where ep E E for all pj then, there exists some 9 E G 
such that c.p(ep) = 9 for all p. Choose e E E such that c.p(e) = g. Then 
(n c.pp)(ep - e + Ap) = 1. Hence (ep - e + Ap) E np A/Ap. Since 

1/JIA : A ~ II A/Ap 
p 

is an isomorphism, there exists a E A with 1/J(a) = (ep - e + Ap). Therefore, 
1/J(a + e) = (ep + Ap). Thus, 1/J(E) ~ (n c.pp)-l(Ll), proving the claim. 

Hence, the image of the continuous map (respectively, homomorphism) 

<II up)p: G ~ II EjAp 
p 

is contained in 1/J(E). Thus 1/J-l(n up)p : G ~ E is a continuous section 
(respectively, splitting) for the extension X(A). 0 

Theorem 6.9.2 Assume that for every prime number p, the extension X(A) 
above has a continuous Gp-splitting, where Gp is some p-Sylow subgroup of 
G. Then the extension X(A) splits. 

By Lemma 6.9.1, it suffices to consider the following special case. 

Theorem 6.9.3 Let p be a fixed prime number. Assume that A is an abelian 
pro-p group and assume that the extension X(A) has a continuous Gp-
splitting, where Gp is some p-Sylow subgroup of G. Then the extension X(A) 
splits. 

Proof. We shall prove this theorem in several steps. The idea of the proof 
for general A is to consider appropriate short exact sequences obtained by 
taking finite quotients of A and then use an inverse limit argument. The 
main difficulty is that for finite A, the number of splittings of X (A) is not 
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necessarily finite; the key of the proof is to exhibit the existence of a canonical 
finite set of splittings in that case. 

Step 1. Assume that A is a finite abelian p group. We show that in this case, 
X(A) splits. 

According to Theorem 6.8.4 and Corollary 6.8.5, the extension X(A) cor
responds canonically to an element 1 E H2(G, A), where f: G x G -- A is 
a 2-cocycle (a continuous factor system); moreover, X (A) splits if and only 
if 1 = o. By our assumptions, Resg (J) = o. By Corollary 6.7.7, Resg is a 

- p p 

monomorphism; therefore f = o. 
Step 2. Assume that A is a finite abelian p group. We identify Hn(G, A) 
with its image Resgp (Hn(G, A» in Hn(Gp, A) (this is permissible since in 

this case Resg is a monomorphism by Corollary 6.7.7). We show that there 
p 

exists a canonical decomposition 

where K is described below (of course, K depends on n). 

First we assert that if G is finite, then Hn(Gp, A) = Hn(G, A)EfJK, where 

K = Ker(CorgP ). Indeed, when G is finite, 

CorGpResG . Hn(G A) __ Hn(G A) 
G Gp ·' , 

is multiplication by [G: Gp]; since Hn(G,A) is finite and ~primary, multi
plication by [G: Gp ] is an isomorphism. Thus the assertion easily follows. 

If G is infinite, let U be the collection of all open normal subgroups of E 
such that UnA = 1; put U = cp(U). For each U E U, there is a corresponding 
extension 

o --A --E/U --G/U--l. 

By the above assertion, there is a canonical decomposition 

UG IU - - -where K(U) is the kernel of CorGIO : Hn(UGp/U,A) -- Hn(G/U,A). 
Let U, V E U be such that V ::; U. Denote by p: E/V -- E/U the natural 
epimorphism. Then p induces a homomorphism 

Hn(p,A): Hn(UGp/u,A) __ Hn(ftGp/V, A). 

Clearly Hn(p,A) sends Hn(G/U,A) to Hn(G/V,A), since Hn(p,A) com
mutes with Res. ~or~ver,_Hn(p,A) sepd~ K(U) to K(V), by Lemma 6.7.9: 
let the pairs (G/V, VGp/V) and (G/U, UGp/U) play the role of (GbKt) 
and (G2 , K 2 ), respectively. 

Therefore, taking direct limits, one has (see Corollary 6.5.6) 
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Hn(Gp,A) = lim Hn(UGpju,A) = ---t 
Ueu 

since the functor lim is exact in the category of abelian groups (see Propo---t 

sition 1.2.6). 

Step 3. Assume still that A is a finite abelian p group. We shall prove the 
existence of a canonical nonempty finite set S of continuous splittings of 
X(A). 

First we define the concept of 'closeness' of two continuous Gp-splittings 
a, a' : Gp ---t E of X(A). Put z(a, a') = a' - a. Then z(a, a') is a continuous 
derivation, z(a, a') = a' - a : Gp ---t A (see Corollary 6.8.5). Denote by 
z(a, a') the corresponding class in Hl(Gp, A). We say that a and a' are close 
if, in the canonical decomposition of Step 2 (for n = 1) 

(12) 

one has that z(a, a') E K. 
By hypothesis, there exists a certain Gp-splitting of X(A), 'Y : Gp---t E, 

that we fix. Define S to consist of those G-splittings r of X(A) such that rp 
and'Y are close, where rp denotes the restriction of r to Gp. 

We make two claims. 

Claim 1: S =/:-0, and 

Claim 2: S is a finite set (more precisely, two elements of S are conjugate 
by an element of A). 

By Step 1, the extension X(A) admits a continuous G~splitting r' : G ---t 
E. Denote by r; its restriction to Gp • Use (12) to find a 'decomposition 

z(r;, 'Y) = u + k, 

where k E K and u E Hl (G, Ap). Choose a continuous derivation u : G ---t A 
in u. Put r = u+r'. Then r is a continuous G-splitting of X(A) and clearly 
rp and 'Y are close. This proves Claim 1. 

To prove Claim 2, let r, r' E S and let u = r - r'. Thenu : G ---t A is 
a continuous derivation. Note that 

Resgp(u) = z(rp,r;) E Hl(Gp,A). 

Since z(rp, 'Y), z(r;, 'Y) E K, we have that z(rp, r;) E Kp. On the other 
hand, since we have identified Hl(G,A) with its image in Hl(Gp,A) under 
the map Resgp' we have that u = z(rp,r;) E Hl(G,A). Therefore, u E 

Hl(G,A) n K = o. Thus, u is an inner derivation; hence, there exists some 
a E A such that u(g) = ga - a, for every 9 E G. Since A is finite, there are 
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only finitely many possibilities for u = r - r'. Hence, the set S is finite. (Note 
that for 9 E G, one has u(g) = r(g) - r'(g) = ga - a = r(g) + a - r(g) - a; 
hence r'(g) = a + r(g) - a; Le., r' is the a-conjugate of r.) 

Step 4. General case: A is any abelian pro-p group. 

Let V = {V <lo A I V = An U for some U <lo E}. For each V E V, consider 
the extension of profinite groups 

X(A/V) : 0----+ A/V ----+ E/V ~ G ----+ 1, 

where <Pv is induced by <po If V, V' E V with V ::; V', denote by 

f(V, V') : X(A/V) ----+ X(A/V') 

the map of extensions naturally induced by E/V ----+ E/V'. The extensions 
X(A/V) together with the maps f(V, V') (V, V' E V) form an inverse system, 
and clearly 

!!!!! X(A/V) = X(A). 
VEV 

Denote by Sv the canonical finite set of continuous G-splittings described in 
Case 3 for the extension X(A/V). Let V, V' E V with V ::; V', and assume 
that r : G ----+ E/V is a G-splitting of X(A/V) contained in Sv. Then 

by the construction of the sets Sv, the map G ~ G /V ----+ G IV' is a 
G-splitting of X(A/V') contained in Sv'. In other words, f(V, V') induces a 
map Sv ----+ Sv'. Hence, the sets Sv (V E V) together with these maps form 
an inverse system of nonempty finite sets. Thus (see Proposition 1.1.4), 

lim Sv i= 0. 
~ 

VEV 

Let 
(rV)VEV E lim Sv· 

~ 

VEV 

Define 
r = lim rv. 
~ 

VEV 

Then r : G ----+ E is a continuous splitting of the extension X(A). 0 
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6.10 Induced and Coinduced Modules 

Let G be a profinite group and let H:::;c G. For A E DMod(H) consider the 
abelian group 

Coind~(A) = 
{f : G ~ A I f continuous, with f(hy) = hf(y) for all h E H, y E G}. 

The compact-open topology makes Coind~(A) into a discrete abelian group. 
Define an action of G on Coind~(A) by 

(xf)(y) = f(yx) (x, y E G, f E Coind~(A)). 

This action is in fact continuous. To see this we must show that the G
stabilizer of each element of Coind~(A) is open in G, according to Lemma 
5.3.1. Indeed, assume f E Coind~(A) and let Gf = {x E G I xf = f} be 
its stabilizer. For each x E G, choose an open normal subgroup Ux of G 
such that xUx ~ f-l(f(x». By compactness there exist finitely many points 
Xl, ... ,Xn such that 

n 

G= UXiUX'. 
i=l 

Put U = n~=l UX •. We claim that xU ~ f-l(f(x)), for each x E G. To 
see this consider x E Gj then x = XiUi for some i = 1, ... , n and some 
Ui E Ui. Hence, f(x) = f(Xi). Now, if u E U, then xu = XiUiU E XiUi. Thus 
f(xu) = f(Xi) = f(x). This proves the claim. Therefore, (uf)(x) = f(xu) = 
f(x), whenever x E G, u E U. Hence U ~ Gf, showing that Gf is open, as 
asserted. 

The G-module Coind~(A) is called a coinduced modulet. It is easy to see 
that Coind~( -) is an additive functor from DMod(H) into DMod(G). 

Remark 6.10.1 If the discrete G-module A is torsion, then in fact A is a 
discrete [ZG]-module (see Proposition 5.3.6(e». In this case one clearly has 
Coind~(A) = Hom(ZH)([ZG],A). In particular, if H is the trivial group, 

then Coindr(A) = Homz([ZG], A). 

The following is an analogue of Proposition 5.5.4(c) for non-necessarily 
torsion A. 

Lemma 6.10.2 Let G be a profinite group, H a closed subgroup of G, A a 
discrete H -module and A' a discrete G-module. Then there exists a natural 
isomorphism 

t Note that these modules are called 'induced' in Serre [1994], Ribes [1970] 
and Shatz [1972]' where they are denoted by MlJ (A). In this book we adopt a 
terminology and notation which is more in accordance to the traditional use 
of the term 'coinduced' in the context of the cohomology of abstract groups. 
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HomG(A',Coind~(A)) ~ HomH(A', A). 

Proof Given 'P E Home(A',Coind~(A)), define r:p : A' ~ A by r:p(a') = 
'Pa' (1) Ca' E A'); then r:p E HomH(:4-', A). Conversely, if'IjJ E HomH(A', A), 
define 'IjJ : A' ~ Coind~(A) by 'ljJal(X) = 'IjJ(xa') (a' E A', x E G); then 
indeed '¢a l E Coindg (A) and '¢ E Home (A' ,Coind~(A)). One easily verifies 
that the maps 'P !--; r:p and 'IjJ !--; '¢ are homomorphisms and inverse to each 
other; hence the result. D 

Corollary 6.10.3 The functor Coind~( -) sends injective H -modules to in
jective G-modules. 

Proof Let Q be an injective H-module. Then, by definition of injectivity, 
the functor HomH( -, Q) : DMod(H) ~ Q( is exact (Q( is the category of 
abelian groups). The isomorphism in Lemma 6.10.2 implies that the functor 
Home ( -, Coind~(Q)) : DMod(G) ~ Q( is also exact; hence Coind~(Q) is 
~~~~. D 

Proposition 6.10.4 Let G be a profinite group, H a closed subgroup of G 
and A a discrete H -module. Then 

(a) 

where U is the collection of open normal subgroups of G. 

(b) Coind~( -) is an exact functor. 

Proof The proof of (a) is similar to the proof of Lemma 5.1.4(a) and we leave 
it to the reader. Using (a), in the proof of (b) we may assume that G is finite, 
since lim is an exact functor. In this case, note that 
~ 

Coind~h -) = Hom[zH] ([ZG], -). 

Now, [ZGl is a direct sum of IG/HI copies of [ZH1; hence [ZGl is [ZH1-
projective; thus Hom[zH] ([ZG], -) is exact. D 

Let H ~c G be profinite groups and A E DMod(H). Then there exists a 
canonical H-homomorphism 

f..L : Coind~(A) ~ A 

given by 
f..L(f) = !(1), for all ! E Coind~(A). (13) 
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Theorem 6.10.5 (Shapiro's Lemma) Let G be a projinite group, H a closed 
subgroup of G and A E DMod(H). Then there exist natural isomorphisms 

Hn(G, Coind~(A)) ~ Hn(H, A) (n 2: 0). 

Proof. By Corollary 6.10.3, Proposition 6.10.4 and Theorem 6.6.2 

H-(H,-) and H-(G,Coind~(-)) 

are effaceable cohomological functors on the category DMod(H). We shall 
show that the morphism of cohomological functors 

Hn(G, Coind~(A)) ~ Hn(H, Coind~(A)) ~ Hn(H, A) 

is an isomorphism, where il is induced by J.L (see (13)). It suffices to do this 
in dimension zero. 

For n = 0 this map is the following: the element f E (Coind~(A))G = 
HO(G, Coind~(A)) is mapped to f(l) (note that f(x) = f(I), for all x E G; 
hence for h E H, one has that hf(l) = f(h) = f(I); and so f(l) E AH). 
To see that this is an isomorphism, check that the following is its inverse: if 
a E AH, put f : G ----+ A to be the constant function f(x) = a, for all x E G; 
then f E (Coind~(A))G = HO(G, Coind~(A)). 0 

Corollary 6.10.6 Let G be a projinite group and let A be an abelian group. 
Then COindr(A) = C(G, A) (the group of all continuous functions from G 
to A), and Hn(G, C(G,A)) = 0 for n > o. 

Proof. The first assertion is clear. For the second we use the theorem above, 
Hn(G,C(G,A)) = Hn(G,Coindr(A)) ~ Hn(I,A) = 0 (n > 0). 0 

The dual concept of a coinduced module is that of an induced module. 
Let H ::; G be profinite groups and let B be a profinite right [ZH]-module. 
Define a right G-module structure on the profinite group 

G ~ ~ 

IndH(B) = B ®[ZHJ [ZG] 

by (b®r)g = b®rg (g E G, b E B, r E [ZG]). Then Ind~(B) is called an 
induced [ZG]-module. 

Using Proposition 5.5.4(c) one obtains immediately the following result. 

Lemma 6.10.7 Let H ::; G be projinite groups and let B be a projinite right 
[ZH]-module. Then Ind~(B) and Coind~(B*) are Pontryagin dual. 

Hence, by duality one obtains automatically the following results from 
Corollary 6.10.3, Proposition 6.10.4, Theorem 6.10.5 and Corollary 6.10.6 
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(remark that part (c) of the following theorem can be also deduced from 
the fact that [ZG] is [ZH]-projective; however Proposition 6.10.4 cannot be 
obtained in full generality from this using duality, since the module A may 
not be torsion). 

Theorem 6.10.8 Let G be a pro finite group, H a closed subgroup of G and 
B E PMod([ZH]). 

(a) The functor Ind~( -) sends projective profinite [ZH]-modules to projec
tive profinite [ZG] -modules. 

(b) 
G () . G/U ( ) IndH B = ~ IndHu/u BunH , 

Ueu 

where U is the collection of open normal subgroups of G. 

(c) Ind~ ( -) is an exact functor. 

(d) (Shapiro's Lemma) There exist natural isomorphisms 

Hn(G,Ind~(B» ~ Hn(H,B), (n ~ 0). 

(e) Let M be a profinite abelian group. Then Indr(M) = M®Z[ZG], and 

Hn(G, M ®Z [ZG]) = 0 

forn > O. 

It is easy to give a direct proof of Shapiro's Lemma for homology (but 
we remark that this is not good enough for cohomology since in that case we 
want the proof to be valid for all discrete G-modules, even if they are not 
torsion). We do this in the next lemma for a general commutative profinite 
ring R. 

Theorem 6.10.9 (Shapiro's Lemma) Let G be a pro finite group, H a closed 
subgroup ofG, R a commutative profinite ring and BE PMod([RH]). Then, 
there are natural isomorphisms 

Hn(G, B ®[RH] [RG]) ~ Hn(H, B) (n ~ 0). 

Proof Since [RG] is a free [RH]-module, the functor - ®[RH] [RG] is ex
act; hence {Hn(G, - ®[RH] [RGnnEN is a universal homological sequence 
of functors from PMod([RH]) to PMod(R). By Proposition 6.6.3, this is 
also the case for the sequence {Hn(H, - )}nEN. Hence, it suffices to prove the 
lemma in dimension O. But this case is clear: 

Ho(G,B®[RH] [RG]) = B®[RH] [RG]®[RG]R ~ B®[RH]R = Ho(H,B). 
o 
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Next we observe that if A and Bare [RG]-modules, then 

B®[RGD A = (B®RA)G, 

Where G acts on (B ®R A)G diagonally. This is clear for abstract tensor 
products (it follows from the definition), and for complete tensor products it 
follows by taking inverse limits. 

We record next a technical result for future reference. 

Lemma 6.10.10 Let G be a profinite group, H a closed subgroup olG and R 
a commutative profinite ring. Let B be a right PMod([RG])-module. Then 
(a) For each n = 0,1, ... there exist natuml isomorphisms 

CPn : Tor~RGI(B, [R(H\G)]) ~ Hn(H,B). 

(b) For each n, there is a commutative diagmm 

where en is the map induced by the augmentation map [R(H\G)] ~ R. 

Proof 

(a) Since {H.(H, - )}nEN and {Tor!RGI( -, [R(H\G)])}nEN are univer
sal homological functors on the category PMod([RG]), it suffices to prove 
the existence of this natural isomorphism in dimension O. Using the above 
observation and Proposition 5.8.1, we have 

Tor~RG)(B, [R(H\G)]) = B®[RG) [R(H\G)] ~ (B®R[R(H\G)])G ~ 

«B ®R[R(H\G)]) ®RR)G ~ (B ®R[R(H\G)]) ®[RG) R ~ 

(B ®[RHD [RG]) ®[RGI R ~ B ®[RG) R = Ho(H, B), 

as needed. 
For use in part (b), we remark that if b E B and s E [R(H\G)], then 

CPo{b®s) = b®e(s). To see this it is enough to check it when s = r(Hg) 
r E R, 9 E G) j in this case one easily verifies the assertion with the explicit 
formulas used in the proof of Proposition 5.8.1. 

(b) Since 
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{Tor~RGJ{ -, [R{H\G)])}nEN, {Hn{H, - )}nEN and {Hn(G, - )}nEN 

are universal homological functors from PMod([RG]) to PMod{R), it suf
fices to prove the commutativity of the diagram in dimension zero. This 
follows from the remark at the end of part (a), since 

(Cor<po){b®s) = Cor{b®c{s» = b®c{s) = co{b®s) 

for bE B, s E [R{H\G)]. 0 

6.11 The Induced Module Ind~(B) for H Open 

Let H be an open subgroup of a profinite group G and let R be a commutative 
profinite ring. Consider a profinite right [RH]-module B. Next we wish to 
study Indg{B) = B ®[RHI [RG] in more detail in this special case. Choose 
a right transversal {t I t E T} of H in G with 1 E T. Then there is a 
decomposition of left [RH]-modules 

[RG] ~ Ee[RH]t. 
tET 

Correspondingly, there is a decomposition of R-modules 

B ~ EeB®[RH] [RH]t ~ EeB®t, 
tET tET 

where B®t = {b®t I bE B}. Remark that B®t ~ Bt, as R-modules, so 
that 

B ®[RH) [RG] ~ Ee Bt. (14) 
tET 

In fact this is an isomorphism of [RG]-modules if one lets G act on EBtET Bt 
by permuting the summands Bt. More explicitly, for 9 E G and t E T, one 
has 

tg = ht{g)t1rg, 

where ht (g) E Hand 1(" 9 is the permutation on T induced by the natural 
continuous action of G on the set H\ G of right cosetsj then 

(m®t)g = mht(g)®t1rg. 

Observe that the stabilizer of t under the action of G on T is rl Ht, and 
that Bt is naturally a t- 1 Ht-module. The R-isomorphism <Pt : B --+ Bt 
given by m 1-4 mt, and the isomorphism of groups £t : H --+ t- 1 Ht given 
by h 1-4 rlht, are compatible, Le., <pt(mh) = <pt(m)h£t. Hence <Pt induces an 
isomorphism of [RG]-modules 

G ~ G ~ 

IndH(B} = B ®[RH] [RGD --+ Indt-lHt(Bt) = Bt®[R(t-1Ht)) [RG] 
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given by m ® g 1--+ mt ® rIg. Then one has the following characterization of 
induced modules. 

Proposition 6.11.1 Let G be a pro finite group and let M be a right [RG]
module. Suppose that M = E9iE1 Bi is a direct sum decomposition of M as 
an R-module, where the indexing set I is finite. Moreover assume that G acts 
continuously and transitively on the finite set I in such a way that Big = Big' 
Fix i E I and let H be the stabilizer of i under the action of G. Then B = Bi 
is a right [RH~-module and 

G ~ 

M ~ IndH(B) = B ®[RHJ [RG~, 

as [RG~-modules. 

Proof That B is a right H-module is clear. Note [G : H] = III- Define 

p : B ®[RHJ [RG~ ----. M 

by p( m ® g) = mg (mg E Big ~ M). Then p is well-defined and it is an 
[RG]-homomorphism. Clearly B = B ® 1 is mapped to itself identically, and 
B = B ® g is mapped to Big bijectively. Therefore p is an isomorphism. 0 

Let K ~c G, and let M E Mod([RG]). Then M can be considered as 
an [RK~-module. Sometimes it is advisable to emphasize, for clarity, that we 
are regarding M as an [RKlmodule and we write res~(M), the restriction 
of scalars from G to K. With this notation we have, 

Proposition 6.11.2 Let G be a profinite group, H an open subgroup and 
K a closed subgroup of G. Assume that B is a projinite right [RH]-module, 
where R is a commutative pro finite ring. Then there exists an isomorphism 
of [RK] -modules 

res~(Ind~(B)) ~ E9Ind~ne-1Heresk~~elHe(Be), 
eEE 

where E is a set of representatives of the set of double cosets H\ G / K. 

Proof Consider the decomposition (14) of [RH]-modules. Since T is finite, 
the continuous action of K on T admits a continuous section. Denote by E 
the image of this section. Then E is a (finite) set of representatives of the 
space of double cosets H\ G / K, and K acts continuously on E. T~erefore 

Ind~(B) ~ E9( E9 Bf), 
eEE !Ee·K 

as [RK]-modules. Since K acts on each orbit e· K continuously and transi
tively, and since the stabilizer of fEe· K under the action of K is K n e-1 He, 
the result follows from Proposition 6.11.1. 0 
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6.12 Notes, Comments and Further Reading 

Most of the basic results on cohomology of profinite groups with discrete 
coefficient modules can be attributed to J. Tate. He has published almost 
nothing on this, but his work has been recorded in publications of Douady 
[1960]' Lang [1966] and Serre [1995]. In our presentation we have built on the 
detailed exposition in Ribes [1970]. Brumer [1966] contains a good treatment 
of the Ext and Tor functors using pseudocompact modules over pseudo com
pact algebras; it also contains references to results about homology groups. 
The book of Serre [1965] contains in addition a treatement of nonabelian 
cohomology. 

Lemma 6.7.9 was pointed out to us by Serre. Theorem 6.9.2 and its special 
case Theorem 6.9.3 are due to Schirokauer [1997] (in the context of profinite 
groups). The proof that we have presented here (Lemma 6.9.1 and Steps 2-4 
of the proof that we give here of Theorem 6.9.3) is due to Serre. The original 
proof of Schirokauer is longer but very natural; he defines cohomology groups 
Hn(G, A) of a profinite group G where the coefficient G-module A is allowed 
to be torsion profinite. He defines a transfer map Hn(H, A) ---t Hn(G, A) 
for any closed subgroup H of G; using this, he obtains a decomposition as 
in Corollary 6.7.6, to reduce to the case when A is pro-po Then he is able to 
use an argument similar to the one we use in Step 1 of the proof presented 
here. Theorem 6.9.2 is a generalization of a result of Gaschiitz [1952] for finite 
groups. 

The abstract version of Theorems 6.10.5 (and 6.10.9), which we call 
Shapiro's Lemma, is sometimes attributed also to B. Eckmann and to D. 
K. Faddeev. 

Accounts of (co)homology of abstract groups can be found in Serre [1968], 
[1971], Lang [1966], Bieri [1976], Gruenberg [1970] and Brown [1982]. 



7 Cohomological Dimension 

7.1 Basic Properties of Dimension 

Let G be a profinite group and let p be a prime number. Recall that if A is an 
abelian group, then Ap denotes its p-primary component, Le., the subgroup 
consisting of those elements of A of order pn, for some n. If A = Ap we 
say that A is p-primary. The cohomological p-dimension cdp(G) of G is the 
smallest non-negative integer n such that Hk(G,A)p = 0 for all k > nand 
A E DMod([ZG]), if such an n exists. Otherwise we say that cdp(G) = 00. 

Similarly, the strict cohomological p-dimension scdp( G) of G is the small
est non-negative number n such that Hk(G, A)p = 0 for all k > n and 
AE DMod(G). 

Define 

and 

cd(G) = sup cdp(G) , 
p 

scd(G) = supscdp(G). 
p 

The next proposition is an obvious consequence of these definitions. 

Proposition 7.1.1 Let G be a profinite group and let n be a fixed natural 
number. The following statements are equivalent 

(a) cdp(G) ::; n (respectively, scdp(G) ::; n)i 

(b) Hk(G, A)p = 0 for all k > n and A E DMod([ZG~) (respectively, for all 
k> n and A E Mod(G)). 

Proposition 7.1.2 Let G be a profinite group and let p be a prime. Then 

Proof. The first inequality is clear. For the second we may suppose that 
cdp(G) < 00. Let n = cdp(G) + 1. Assume A E Mod(G) and let p: A ---+ A 
be multiplication by p. Denote the kernel of this map A[P]; in other words, 

AlP] = {a E A I pa = O}. 
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Consider the short exact sequences 

o -+ A[P] -+ A ~ pA -+ 0, 

o -+ pA -+ A -+ A/pA -+ o. 
Then A[P] and A/pA are in DMod([ZG]I), in fact they are annihilated by p. 
So, if k 2:: n, 

Hk(G,A[p]) = Hk(G,A/pA) = o. 
Therefore, from the long exact sequences corresponding to the short exact 
sequences above, 

... -+ Hk(G,A[p]) -+ Hk(G,A) ~ Hk(G,pA) -+ .. . 

... -+ Hk-1(G,A/pA) -+ Hk(G,pA) ~ Hk(G,A) -+ ... , 

one obtains that the maps cp and 1/J are injections if k > n. Hence their 
composition 

1/Jcp: Hk(G, A) -+ Hk(G, A) 

is again an injection. On the other hand, it is clear that 1/Jcp is multiplication 
by p. Thus 

Hk(G, A)p = 0, if k > n. 

Hence the second inequality follows. o 

Example 7.1.3 Let G = Z. As we shall see later (Theorem 7.7.4), for every 
p, we have cdp(G) = 1. Consider Q as a G-module with trivial action. By 
Corollary 6.7.5, Hn(G, Q) = 0 for n 2:: 1. So, from the exact sequence 

o -+ Z -+ Q -+ Q/Z -+ 0, 

one obtains isomorphisms 

~+l(G, Z) ~ Hn(G, Q/Z) (n 2:: 1). 

In particular H2(G, Z) ~ Hl(G, Q/Z) = Hom(Z, Q/Z) = Q/Z. Thus 
scdp(G) = 2. 

A G-module S is simple if it has precisely two submodules, the module 
itself and the zero submodule. Observe that a simple p-primary G-module S 
is annihilated by p, i.e., pS = o. Our next proposition simplifies the problem 
of finding the cohomological p-dimension of a group. 

Proposition 7.1.4 Let G be a projinite group and let n be a fixed natural 
number. The following conditions are equivalent: 

(a) cdp(G) ~ ni 
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(b) Hk(C, A) = 0 for all k > n and all p-primary A E DMod([ZC]); 

(c) Hn+l(C,A) = 0 for all simple p-primary C-modules A E DMod([ZC]); 

(d) Extr:p1C] (Fp, A) = 0 for all A E DMod([FpC]); 

(e) There exists a projective resolution 

o -t Pn -t Pn - 1 -t ... -t Po -t F p -t 0 

ofFp in PMod([FpC]) of length n; 

(f) If 
o -t Ln -t Ln- 1 -t ... -t Lo -t F p -t 0 

is an exact sequence in PMod([F pC]) and Li is projective for 0 :::; i :::; 
n - 1, then Ln is projective. 

Proof The implications (a) '* (b) '* (c) are clear. 

(c) '* (d): By Remark 6.2.5, 

Hn+1 (C,A) = Extn.fl (Z,A) ~ Extn[:lC] (Fp, A), 
(ZC] p 

for all [F pC~-modules A, i.e., for all [ZC]-modules which are annihilated by 
p. So Extr:pcl (F p' A) = 0, for all simple modules A in DMod([F pC]). Since 
every module in DMod([F pC]) is a direct sum of simple modules, the result 
follows from Corollary 6.5.6(c). 

(d) {::} (e) {::} (f): Put R = [FpC]. The equivalence ofthese three statements 
is well-known and, in fact, it is valid for any ring. The implications (f) '* 
(e) '* (d) are obvious. Here we prove that (d) '* (f). Consider the exact 
sequence in part (f), and define short exact sequences 

where KHI = Ker(Li -t Li-d = Im(Li+l -) Li). Remark that Ln = Kn. 
Correspondingly, there are long exact sequences, 

Ext~(Li' A) -) Ext~(Ki+l' A) ~ Ext~+l(Ki' A) -) Ext~+l(Li' A) -) "', 

where c5f is the connecting homomorphism. Note that Ext~(Li' A) = 0 when
ever Li is projective and k 2: 1. Hence c5f is an isomorphism for 0 :::; i :::; n-1 
and k 2: 1. Thus the composite map 

15 = c5f··· c5~_l : Extk(Ln, A) = Extk(Kn, A) ~ Ext~+l(Fp, A) 

is an isomorphism. 
It follows from (d) and the hypotheses of (f), that Extk(Ln, A) = 0, for 

all A. One deduces that Ext~(Ln, -) = HomR(Ln, -) is an exact functor. 
Therefore, Ln is projective (see Section 5.4); thus (f) holds. 
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(d) => (c): This is clear since every simple p-primary G-module is annihilated 
by p, and so it is in DMod([FpG]). 

(b) => (a): Let A E DMod([ZG]). Then A = ESpAp is a decomposition of 

discrete [ZG]-modules. So (see Corollary 6.5.6), 

Hk(G,A) = EBHk(G,Ap). 
p 

Hence 
Hk(G,A)p ~ Hk(G, Ap). 

Thus if k > n, we have Hk(G, A)p = 0, and hence cdp(G) :::; n. 

(c) => (b): Assume first that A is a finite p-primary [ZGlmodule. We shall 
show, by induction on the order of A, that Hn+1(G,A) = O. If A = 0, this is 
obviously true. If A 1= 0, assume true for those modules of order less than IAI. 
Let A' be a simple G-module contained in A. Consider the exact sequence 

0--+ A' --+ A --+ A/A' --+ 0, 

and its corresponding long exact sequence 

... -+ Hn+1(G,A') -+ Hn+1(G,A) -+ Hn+1(G, A/A') -+ .... 

Since Hn+1(G,A') = Hn+1(G,A/A') = 0, one has Hn+1(G,A) = O. 
Now we prove that Hn+1(G,A) = 0 for allp-primary A E DMod(G). By 

Lemma 5.1.1 

where Ai runs through all the finite submodules of A. So (see Corollary 6.5.6), 

(1) 

It remains to prove that Hk(G,A) = 0 for all k > n and all p-primary 
A E DMod([ZG]). Let k 2:: n. Consider the exact sequence 

0--+ A ~ Coindf(A) --+ A' --+ 0 

of G-modules, where t.(a)(x) = xa (a E A, x E G) and A' = COindf(A)/t.(A). 
From the corresponding long exact sequence 

... -+ Hk(G,A') ~ Hk+1(G,A) -+ Hk+1(G,Coindf(A)) -+ ... 

and the fact that Ht(G, Coindr(A)) = 0 if t 2:: 1 (see Corollary 6.10.6), we 
obtain 
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for k 2: 1. By an induction argument on k, we deduce from (1) that 
Hk(G,A) = 0 for k > n. 0 

For pro-p groups, the simple p-primary modules are particularly conve
nient and easy to describe. In fact there is only one such a module, as shown 
in the following 

Lemma 7.1.5 If G is a pro-p group, every discrete simple p-primary G
module A is isomorphic to Z/pZ (where the abelian group Z/pZ is considered 
as a G-module on which G operates trivially). 

Proof. Since A is simple and p-primary, it follows from Lemma 5.1.1 that A is 
finite of order a power of p. Furthermore pA = 0, since pA is a G-submodule 
of A. Put U = naEA Ua, where Ua is the stabilizer of a. Since each Ua is 
open (see Lemma 5.3.1), so is U. Let V = ntEG/U t-lUt be the core of U in 
G. Then V is a normal open subgroup of G, and V acts trivially on A. So 
the finite p-group G/V acts naturally on A, and A is a simple G/V-module. 
Thus we may assume that G is finite. 

Claim that G acts trivially on A. Suppose not; then AG = 0, because A is 
simple. Write A as the disjoint union of its orbits under the action of G. Then 
the cardinality of each of these orbits is divisible by p, except for the orbit 
of 0 which has cardinality 1. It follows that IAI == 1 modulo p, contradicting 
the fact that IAI is a power of p. This proves the claim. Finally, since Z/pZ 
is the only simple abelian group of exponent p, we have A ~ Z/pZ. 0 

Combining this lemma with Proposition 7.1.4, we obtain the following 
useful characterization of cohomological dimension for pro-p groups. 

Corollary 7.1.6 Let G be a pro-p group and let n be a fixed natural number. 
Then cd(G) ::; n if and only if Hn+1(G, Z/pZ) = O. 

Corollary 7.1. 7 If G is a pro-p group and cd( G) = n, then Hn (G, A) :f:. 0 
for every finite p-primary discrete G-module A :f:. O. 

Proof. Let A be a finite p-primary discrete G-module. By Lemma 7.1.5, there 
exists some G-submodule K of A such that A/ K ~ Z/pZ. Construct an exact 
sequence of G-modules of the form 

o -t K -t A .L Z/pZ -t O. 

The corresponding long exact sequence in cohomology 

.,. -t Hn(G, A) L Hn(G, Z/pZ) -t Hn+l(G, K) = 0 

shows that 1 is onto. So, since Hn(G, Z/pZ) :f:. 0, we have Hn(G, A) :f:. O. 0 
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7.2 The Lyndon-Hochschild-Serre Spectral Sequence 

Throughout this section G is a profinite group and K a closed normal 
subgroup of G. Our aim is to obtain a spectral sequence that relates the 
(co)homology groups of G, K and GIK. We consider cohomology groups 
first, and we shall work with coefficient modules for the cohomology of G 
which are discrete G-modules, not necessarily torsion. The corresponding re
sults for homology will be obtained by restricting ourselves to torsion modules 
and dualizing. 

Let A E DMod(G). Define Cj}(G,A) to be the discrete abelian group 
consisting of all continuous maps I : Gn+! - A such that 

I(kxo, ... ,kxn) = kl(xo, ... ,xn) (k E K, XO, .•. , Xn E G). 

Define 

a = an+! : Cj}(G,A) _ C}(+!(G,A) 

by 

n+l 
(an+! J)(xo, ... ,xn+!) = I)-1)i/(xo, ... ,Xi, ... ,Xx+l) 

i=O 

(the symbol Xi indicates, as usual, that Xi is to be omitted). Then an+!an = 0 
(n ::::: 1), so that 

(CK(G, A), 8): ... ~ Cj}(G, A) ~ C~+l(G, A) ~ ... 

is a complex. 

Prool. Remark that this is clear if we assume that A is torsion, for then 
it follows from the fact that the G-resolution (1) in section 6.2 is a free 
K-resolution as well. Here we give a computational proof valid for any G
module. Taking into account Definition 6.4.1 and Shapiro's lemma (see The
orem 6.10.5), it suffices to show that the complexes C(G, Coind~(A)) and 
C K (G, A) are isomorphic. In order to prove this, define homomorphisms 

.pn G G .pn 
Cj}(G,A) - cn(G,CoindK(A)) and Cn(G,CoindK(A)) - Cj}(G,A) 

by 

(4)n J)(xo, . .. ,xn)(x) = I(xxo, . .. ,xxn)j 

and 
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(f E Cj«(G,A);g E Cn(G,Coind~(A));x,xi E G). Then it is easily verified 
that {4>n}nEN and {Wn}nEN are morphisms of complexes (Le., they commute 
with the maps a), and they are inverse to each other. 0 

We consider each Cj«(G,A) as a GIK-module by means of the following 
action. Let 

x E G and f E Cj«(G, A); 

put x = xK; then xf : Gn+l --+ A is defined by 

(xf)(xo, . .. ,xn) = xf(x-lxo, ... ,x-lxn). 

Note that this is well-defined. From the continuity of f one deduces that xf 
is also continuous. Using the normality of Kin G, we have 

(xf)(kxo, ... , kXn) = xf(x-lkxO,'" ,x-lkxn) = 

xf(x-lkxx-lxo, ... , x-lkxx-lxn) = k(xf)(xo, ... ,xn). 

Hence x f E Cj( (G, A). Moreover the action of G I K on Cj( (G, A) is contin
uous, therefore Cj«(G,A) E DMod(GIK). Since 

an+l(xf) = x(an+l f) 

(n E N,x E G,f E Cj«(G,A)), the groups Hn(K,A) are also GIK-modules. 

Remark 7.2.2 It is sometimes more convenient to describe the action of 
GIK on Hn(K,A) in terms of nonhomogeneous cochains. We claim that 
the action defined above is precisely the following: let f E cn(K, A) be a 
co chain representing an element of Hn(K, A), and assume that x E G and 
kb ... ,kn E K. Then 

(Xf)(kl"'" kn ) = xf(x-1k1x, ... , x-1knx). 

To verify this, note that multiplication by x determines automorphisms of 
the cohomological functors (on the variable A E DMod( G)) 

Hence, it suffices to see that the two actions that we have defined coincide 
on dimension zero (after we identify HO(CK(G,A)) with HO(K,A) via the 
isomorphism given in Lemma 7.2.1). An element of HO(K, A) can be repre
sented by a constant function f : K --+ A given by f(k) = a, for all k E K, 
where a is an element of A K. The corresponding element of ~ (C K (G, A)) 
can be represented by the constant function f : G --+ A given by /(y) = a, 
for all y E G. Now, according to our definitions, 

(xf)(y) = x/(x-ly) = xa, 

and 
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(x)f(k) = xf(x-1kx) = xa. 

Finally, the elements of HO (C K (G, A) and HO (K, A) represented by the con
stant functions with value xa, correspond to each other under the isomor
phism given in Lemma 7.2.1. Thus the assertion is proved. 

Next we shall construct a double complex using the complexes CK(G, -) 
and C(GjK, -)j then, following standard techniques (see Appendix A, Sec
tion A4) we build a spectral sequence relating the cohomology of the groups 
G, K and G j K. Define a double complex L = (Lr,s, ()', 8") by 

where 

is induced by 

and 
8": Cr(GjK,C'k,(G,A)) ~ Cr (GjK,CK+1(G,A)) 

is induced by 
( -1 r 8s+1 : CK( G, -) ~ CK+1 (G, - ). 

Clearly 8'8' = 0,8"8" = 0 and 8'8' + 8"8" = O. 

Lemma 7.2.3 HS(GjK, C'K(G, A)) = 0, if s > o. 

Proof Consider f E CK(GjK, cr(G, A)) with 8s+1(f) = O. Define 

g E CS-1(GjK,C'K(G,A)) 

by 

g(xo, ... ,Xs-l)(YO, ... ,Yr) = f(xo, ... ,Xs-l, Yo)(Yo, ... ,Yr), (Xi, Yj E G). 

Then one readily checks that 8S« _l)Sg) = f. 0 

In the following theorem a very useful spectral sequence is constructed. 
It is the counterpart of the Lyndon-Hochschild-Serre spectral sequence for 
abstract groups. 

Theorem 7.2.4 Let K be a normal closed subgroup of a profinite group G, 
and let A E DMod(G). Then there exists a spectml sequence E = (E;'S) 
such that 

and 
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Proof. We shall show that E is the first spectral sequence of the double 
complex 

u,S = (CT(G/K, C'K(G, A)), a', a"). 

We shall make use of the second spectral sequence of this double complex to 
show that E converges to H n (G, A). 

By the results in Appendix A4, we have 

'E~'s ~ HS(LT,e) = HS(CT(G/K, CK(G, A)), a"). 

Since CT(G/K, -) is an exact functor (see Lemma 6.5.4), we obtain 

'E~'s ~ CT(G/K,HS(K,A)). 

From this we get 
'E;'S ~ HT(G/K,HS(K,A)). 

This spectral sequence converges to Hn(Tot(L)) (see Theorem A4.1). To 
compute Hn(Tot(L)), we consider the second spectral sequence of the double 
complex L. We have 

By Lemma 7.2.3, "E~'s = 0, for s > O. Hence the second spectral sequence 
of L collapses, i.e., "E;'s = 0, for s > 0 and 1 :::; t :::; 00. Since 

" FT Hn (Tot(L)) I" FT+1 Hn (Tot(L)) = "E';;'s = 0 

if r + s = n, s > 0, we have 

"E;;';'o ~ "FnHn(Tot(L)) ~ "Fn-1Hn(Tot(L)) ~ ... ~ Hn(Tot(L)). 

On the other hand "E;'o ~ "E'~o. Thus 

Hn(Tot(L)) ~ "E;'o ~ Hn(HO(Le,i),a") ~ Hn(HO(G/K, CK(G, A)), a") 

~ Hn(CK(G,A)G/K,a) ~ Hn(ce(G,A),a) ~ Hn(G,A). 

o 

Corollary 7.2.5 Let G be a profinite group, K a closed normal subgroup of 
G and A E DMod(G). 

(a) Assume HS(K, A) = 0 for 0 < s < n. Then we obtain a five term exact 
sequence 

0--+ Hn(G/K,AK) ~ Hn(G,A) ~ 

Hn(K,A)G/K ~ Hn+1(G/K,AK) ~ Hn+1(G,A). 
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(b) In particular, there exists always a five term exact sequence 

0-- Hl(G/K,AK) ~ Hl(G,A) ~ 

Hl(K,A)G/K ~ H2(G/K,AK) ~ H2(G,A). 

Proof. This follows from Theorem A2.6 applied to the Lyndon-Hochschild
Serre spectral sequence. 0 

Dualizing part (b) of the above corollary, one obtains, 

Corollary 7.2.6 Let G be a pro finite group, K a closed normal subgroup of 
G and B E PMod([ZG]). Then, there exists a five term exact sequence of 
homology groups 

H2(G,B) -- H2(G/K,BK) -- H1(K,B)G/K 

-- Hl(G,B) -- H1(G/K,BK) -- o. 

As an application of the five term exact sequence in the above corollaries 
we obtain the following criterion. 

Proposition 7.2.7 Let 

·l--K--G~H--l 

be an exact sequence of prosolvable groups. Assume that for each simple dis
crete [ZH~-module A one has 

(1) 

is an epimorphism, and 

(2) 

is a monomorphism. 

Then cp is an isomorphism. 

Proof. The action of G on A is defined via cp, by xa = cp(x)a (x E G, a E A). 
Hence K act trivially on A, so that the maps in the statement are indeed 
inflation maps. Consider the five term exact sequence of Corollary 7.2.5, 

0-- H 1(H,A) __ Hl(G,A) __ Hl(K,A)H __ H2(H,A) __ H2(G,A). 

By our assumptions, Hl(K, A)H = O. We have to prove that K = 1. Suppose 
that K i= 1. Then there exists U <lo G such that K n U i= K. Since K / K n U is 
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a finite nontrivial solvable group, there exists W <lo K such that W ~ K n U 
and K jW is a finite nontrivial abelian group. Let W G be the core of W in 
G. Then KjWG is a finite nontrivial abelian group and WG <lo G. Therefore, 
there exists some closed subgroup V of G which is maximal with respect to 
the following properties 

V <lo K and KjV is nontrivial abelian. 

Let G act on KJV on the left by 'conjugation': 

x· (kV) = xkx-1V (x E G, k E K). 

Note that KjV is a finite simple discrete G-module, and that the induced 
action of K on KJV is trivial. Hence KJV becomes an H-module in a natural 
way. Clearly KjV is simple as an H -module. Therefore, 

Since KjV is a trivial K -module, we have 

H1(K,KjV) = Hom(K,KjV). 

Let f : K ----? KJV be the canonical epimorphism k f-+ kV. We claim that 
f E Hl(K, KjV)H. Indeed (see Remark 7.2.2), if x E G and k E K, one has 

(xf)(k) = X· f(x-1kx) = X· (x-1kxV) = xx-1kxx-1V = kV = f(k), 

so that xf = f. Thus f = 0, i.e., K = V, a contradiction. This proves the 
claim and the proposition. 0 

7.3 Cohomological Dimension of Subgroups 

This section contains results relating the p-cohomological dimension of a 
profinite group and its closed subgroups. 

Theorem 7.3.1 Let G be a profinite group, H a closed subgroup of G and p 
a prime number. Then 

(a) 

(b) 

cdp(H):::; cdp(G), 

scdp(H):::; scdp(G). 

Moreover, equality holds in either of the following cases 

(1) p f [G : H], 

(2) cdp(G) < 00 and the exponent ofp in the supernatural number [G: H] 
is finite (this is the case, e. g., if H is open in G). 
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Proof. We give proofs for the case of cohomological dimension; the case of 
strict cohomological dimension is analogous. 

(a) Let A E DMod([ZH]) and let k > cdp(G). Using Shapiro's lemma (see 
Theorem 6.10.5) we get 

Hk(H, A)p ~ Hk(G, Coind~(A))p = 0, 

as desired. 

(1) Let n 2: 1 be such that there exists A E DMod([ZG]) with 
Hn(G,A)p =1= 0. By Corollary 6.7.7, 

Res: Hk(G, A)p --t Hk(H, A)p 

is an injection if k 2: 1, since P f [G : H]. Therefore 

Hence cdp(H) 2: cdp(G). By part (a) we obtain equality. 

(2) First we consider the case that H is open. Let cdp(G) = n be finite. 

Then there exists A E DMod([ZG]) with Hn(G, A)p =1= 0. Choose a right 
transversal {tihEI of H in G containing 1. Define homomorphisms 

Coind~(A) ~ A 

and 
A ~ Coind~(A) 

by 

iEI 

and, for a E A, x E G, 

{
xa 

(~(a))(x) = ° if x E H 

if x E G - H. 

Then 7r~ = idA. So 7r is surjective. One verifies easily that 7r is a G
homomorphism. Let A' = Ker( 7r). Consider the exact sequence 

° --t A' --t Coind~(A) ~ A --t 0. 

From the corresponding long exact sequence in cohomology we obtain that 

Hn(G, Coind~(A))p ~ Hn(G, A)p ~ Hn+l(G, A')p 

is exact. Since Hn+1(G, A')p = 0, it is surjective. Hence, since Hn(G, A)p =1= 0, 
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Therefore, by Shapiro's lemma (see Theorem 6.10.5), 

Thus cdp(H) ~ n. Equality follows then from part (a). This proves the state
ment when H is open. 

Assume now that p has finite exponent, say t, in [G : H]. Choose p-Sylow 
subgroups Gp of G and Hp of H such that Hp ::; Gp. Let U be an open 
normal subgroup of G. Then [GpUjU : HpUjU] ::; pt. Hence [Gp : Hp] = pt, 
finite. By the above case, cdp(Gp) = cdp(Hp). On the other hand, by part 
(1), cdp(Hp) = cdp(H) and cdp(Gp) = cdp(G). Thus cdp(H) = cdp(G). D 

Remark 7.3.2 The condition cdp(G) < 00 in part (2) above is necessary. For 
example, if G is a finite p-group, then it is well-known that cdp ( G) = 00 (cf. 
Cartan-Eilenberg [1956]' p. 255), while cdp (l) = o. 

For an example involving infinite groups, let 

G = GQ and H = GQ(i} 

be the absolute Galois groups of the fields Q and Q(i), respectively. Then 
(cf. Ribes [1970], Theorem V.8.8) 

cd2(G) = 00 and cd2(H) = 2. 

Corollary 7.3.3 Let Gp be a p-Sylow group of a profinite group G. Then 

(a) 

(b) 

(c) cdp(G) = 0 if and only if p f #G. 

Proof. Parts (a) and (b) follow immediately from Theorem 7.3.1. To demon
strate part (c), we may assume that G is a pro-p group. In this case, if p f #G 
then G = 1, and so cdp(G) = O. Conversely, assume cdp(G) = O. Then 
Hl(G,A) = 0 for all A E DMod([ZG]). In particular Hl(G, ZjpZ) = 0, 
where ZjpZ is considered as a trivial G-module. However, 

0= Hl(G, ZjpZ) = Hom(G, ZjpZ), 

the group of continuous homomorphisms. This clearly implies that G = 1, 
since every nontrivial pro-p group has an open normal subgroup of index p. 
D 

Corollary 7.3.4 If cdp(G) i= 0,00, then poo divides #G. 
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Proof By Corollary 7.3.3, we may assume that G is a pro-p group and G =I- 1. 
Observe that G is infinite, for otherwise cdp(G) = 00 (d. Cartan-Eilenberg 
[1956]' p.255). Thus poo I #G. 0 

Next we supplement Theorem 7.3.1 with a powerful result due to Serre 
that establishes the equality of the p-cohomological dimensions of a group and 
an open subgroup when the group has no p-torsion. We deduce this result 
from a theorem of Scheiderer which we only state here. We need first some 
notation. 

Let G be a profinite group and express it as an inverse limit 

G= ~ G/U, 
UEU 

where U is the set of all open normal subgroups of G. Denote by S (respec
tively, Su) the set of all closed subgroups of G (respectively, of Gu = G /U). 
Clearly 

S = lim Suo 
f---
UEU 

Hence S can be thought of as a profinite space. 

Lemma 1.3.5 Let G be a profinite group having an open normal torsion-free 
subgroup H. Then 

(a) The space F of subgroups of G of finite order is closed in the space S of 
all closed subgroups of G; in particular, F is a profinite space; 

(b) Let n be a natural number. Then the space Sn of subgroups of G of order n 
is closed in the space S of all closed subgroups of G and so it is profinite; 

(c) The subset T = tor( G) - {1} of nontrivial torsion elements of G is closed 
in G. 

Proof· 

(a) Let R E :F. Since H is torsion-free, H n R = 1. Hence IRI divides 
[G : H]. For each U <10 G, let Fu denote the set of all subgroups of G/U 
whose order divides [G : H]. Then, using the notation introduced above, 

F = lim Fu < lim Su = S. 
f--- - f---
UEU UEU 

(b) Let S H denote the set of all subgroups of G / H and let SnH denote 
the set of all subgroups of order n in G / H. Let 

<p: S --+ SH 

be the projection map. Since H is torsion-free, <p-l(SnH) consists of all sub
groups of G of order n together with possibly some infinite subgroups. Hence, 
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Sn =:F n rp-1(SnH). 

Since both :F and rp-1 (SnH) are closed in S, the result follows. 

(c) Set n = [G : H]. Then yn = 1 for all yET since H is torsion-free. Let 
x E 'i'; hence xn = 1. Therefore, either x E T or x = 1. So, tor ( G) = T U {1} 
is a closed set. On the other hand H is an open neighborhood of 1 and 
H n T = 0. Thus, T is closed. 0 

Let G be a profinite group and let p be a prime number. Consider the set 
Sp of all subgroups of G of order p; then, by the preceding lemma, Sp has in 
a natural way the structure of a profinite space. Observe that Sp is a right 
G-space by means of the natural action 

Sp x G --+ Sp 

given by conjugation: (8, g) 1--+ g-18g (8 ESp). 
We can state now the following result (Scheiderer [1994]). 

Theorem 7.3.6 Let G be a profinite group which does not contain any sub
group isomorphic to Cp x Cp, where p is a fixed prime number. Assume that 
H is an open subgroup of G of finite cohomological p-dimension d. 

(a) Let A be a discrete p-primary left G-module. Then the natural homomor
phism 

that sends a E A to the constant map Sp ~ A with value a, induces 
isomorphisms 

for every n > d. 

Dually, 

(b) If B is a profinite p-primary right G-module, the natural homomorphism 

B ® [ZSp~ --+ B 

defined by b®f 1--+ b€(f) (b E B, f E [ZSp]), where € : [ZSp~ --+ Z is the 
augmentation map, induces isomorphisms 

for each n > d. 

We shall give a proof for this theorem in Ribes-Zalesskii [2001] after we 
develop the concept of direct sum of profinite modules indexed by a profinite 
space and a technique for the calculation of homology groups involving such 
direct sums. The proof that we shall present there is somewhat different from 
that of Scheiderer who uses etale cohomology. 
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We now prove a result, due to Serre [1965], as a consequence of this 
theorem. Historically Serre's result precedes the above theorem by 30 years. 

Theorem 7.3.7 

(a) Let G be a profinite group with no subgroups of order p, and let H be an 
open subgroup of G. Then 

(b) Let G be a torsion-free pro-p group. If G is virtually a free pro-p group 
( i. e., G contains an open subgroup which is a free pro-p group), then it is 
free pro-p 

Proof. Part (b) is a consequence of part (a) and Theorem 7.7.4. To show part 
(a) notice first that if cdp(H) = 00, the result follows since cdp(H) :::; cdp(G) 
(see Theorem 7.3.1). Assume then that cdp(H) = d is finite. Observe that in 
this case Sp = 0, and so [ZSp] = o. It follows from Theorem 7.3.6 that 

Hn(G, Z/pZ) = Hn(G, Hom([ZSp] , Z/pZ)) = 0 

if n > d. Therefore cdp ( G) = d. 

7.4 Cohomological Dimension of Normal Subgroups 
and Quotients 

o 

Here we study the relationship between the cohomology of a group and that 
of a normal subgroup and the corresponding quotient. The main tool again 
is the Lyndon-Hochschild-Serre spectral sequence. 

Lemma 7.4.1 Let G be a pro finite group and K a closed normal subgroup 
of G. Assume cdp(G/K) = m and cdp(K) = n are finite. Then, for every 
prime p and each discrete G-module A, 

Proof. Consider the Lyndon-Hochschild-Serre spectral sequence (see Theorem 
7.2.4) 

E~'B = Hr(G/K,HB(K,A)) => Hn(G,A). 

If r > m, then (E;,B)p = OJ and if r < m and r + s = m + n, then s > n, 
so again (E;,B)p = O. Hence (E-;l)p = 0 if r + s = m + n, r :I m. Thus the 
induced filtration of Hm+n(G,A)p is trivial and 
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Hffi+n(G, A)p ~ (E;;:;"n)p. 

Finally, one easily sees that (E,!;,n)p ~ (E;;::"n)p. D 

Proposition 7.4.2 Let K be a normal closed subgroup of a profinite group 
G and let p be a prime. Then 

(a) 
cdp(G) :::; cdp(K) + cdp(G/K). 

(b) Assume that cdp (G / K) is finite. Then 

cdp(G) = cdp(K) +cdp(G/K) 

in either of the following cases 

(i) K is a pro-p group and Hn(K, Z/pZ) is finite; 

(ii) K is in the center of G. 

Proof. 

(a) Consider the Lyndon-Hochschild-Serre spectral sequence 

E;'S = Hr(G/K,HS(K,A)) => Hn(G,A). 

Let m > cdp(K) + cdp(G/K). We shall show that Hffi(G,A)p = 0 if A E 

DMod([ZG]). Choose r, s ~ 0 such that r + s = m. Then either s > cdp(K) 
or r > cdp(G/K). So 

Therefore 

Thus 

Hffi(G,A)p = O. 

(b) We may assume that cdp(G) is finite. Say cdp(G/K) = m and 
cdp(K) = n. Let Gp be ap-Sylow subgroup ofG. Then GpK/K is ap-Sylow 
subgroup of G/K. Put H = GpK. Then 

cdp(H/K) = cdp(G/K) = m. 

By part (a), 
cdp(H) :::; cdp(G) :::; m + n. 

So, it will suffice to prove that 

cdp(H) = m + n. 
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We may assume that G j K is a pro-p group. 

Case (i) : Suppose that K is a pro-p group and that Hn(K, ZjpZ) is finite. 
By Lemma 7.4.1 and Corollary 7.1.7, 

since Hn(K, ZjpZ) is p-primary and finite by hypothesis. 

Case (ii): Suppose now that K is in the center of G. 
By the d~scription of the action given in Remark 7.2.2, one sees that the 

group GjK acts trivially on Hn(K, ZjpZ). Since K is abelian, it is the direct 
sum of its Sylow subgroups Kp (see Proposition 2.3.8). By Corollary 7.1.6, 
Hn(Kp, ZjpZ) =1= O. Using co chains one easily sees that Hn(Kp, ZjpZ) is a 
direct summand of Hn(K, ZjpZ) , and so Hn(K, ZjpZ) =1= o. Therefore, as a 
GjK-module, Hn(K, ZjpZ) is isomorphic to a direct sum EBI(ZjpZ) where 
I =1= 0. Thus we have 

Hn+m(G, ZjpZ) ~ E9Hm(GjK, ZjpZ) =1= o. 
I 

D 

Exercise 7.4.3 

(a) Let A = Zp EJ1 .~. EJ1Zp be a free abelian pro-p group of finite rank m. 
Then cdp(A) = m. 

(b) Let Zpjpmzp act on B = Zp EJ1 P:": EJ1Zp (the direct sum of pm copies of 
Zp) by permuting the summands in a natural way and let Zp act on B 
via the canonical epimorphism 

Zp ---+ Zpjpmzp. 

Consider the corresponding semidirect product 

7.5 Groups G with cdp(G) ::; 1 

Let G be a profinite group. Recall (see Definition 3.5.1) that an embedding 
problem for G is a diagram of profinite groups and continuous homomor
phisms 

G 

!~ 
1-K-A~B-1 

(2) 
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with exact row, and where <p is an epimorphism. 

Theorem 7.5.1 Let G be a profinite group and p a prime number. The 
following statements are equivalent: 

(a) cdp(G) ~ 1; 

(b) The embedding problem (2) is weakly solvable whenever A is finite and K 
is a finite elementary abelian p-group; 

(c) Every short exact sequence of profinite groups 

1 ----+ K ----+ A ----+ G ----+ 1, 

where K is a finite elementary abelian p-group, splits; 

(d) The embedding problem (2) is weakly solvable whenever K is a pro-p group; 

(e) Every short exact sequence of profinite groups 

1 ----+ K ----+ A ----+ G ----+ 1, 

where K is any pro-p-group, splits. 

Proof. The implications (d) =} (e) =} (c) and (d) =} (b) are clear. 

(b) =} (d): First, observe that if A is a profinite group and K is an abelian 
p-group which is a minimal normal subgroup of A, then K is annihilated by 
p. Hence (d) is equivalent (b) by Lemma 3.5.5. 

(a) =} (b): We need a continuous homomorphism TJ : G ----+ A such that 
O'.TJ = <p. Let f : B x B ----+ K be a representative in H2(B, K) corresponding 
to the extension 

1 ----+ K ----+ A ~ B ----+ 1, 

(see Theorem 6.8.4). We associate a cocycle 9 : G x G ----+ K to f by defining 

g(x, y) = f(<p(x), <p(y)) 

(Le., 9 = Inf(f), where Inf is the inflation map). Note that there is an action 
of G on K induced by <p, namely, if a E K and x E G, then xa = <p(x)a. 

To 9 there corresponds an extension 

I----+K----+A~G----+l 

which must split since by hypothesis H2(G, K)p = O. Say a : G ----+ A is a 
continuous homomorphism with Cia = ide. We identify A and A with the 
direct products K x Band K x G respectively (see the proof of Theorem 
6.8.4). Define 

by ")'( a, x) = (a, <p( x)) (a E K, x E G). One easily checks that ")' is a contin
uous homomorphism (see Theorem 6.8.4 for the definition of the operation 
in A and A, and their topologies) making the diagram 
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commutative. 

- & 
1--K--A~G--1 

id! ! ~ q ! ~ 
1--K--A~B--1 

Define rJ : G ~ A by rJ = "fa. Then arJ = <p, as desired. 

(c) ::::} (a): According to (c), H2(G, K) = 0, whenever K is a G-module which 
is an elementary abelianp-group. Now, every p-primary discrete simple [ZG]
module is a finite elementary abelian p-groupj therefore H2 (G, K) = 0 for 
every p-primary discrete simple [ZG]-module K. Hence the result follows 
from Proposition 7.1.4. 0 

Corollary 7.5.2 Let F be a free pro-p group of mnk at least 1. Then 

cdp(F) = cd(F) = 1. 

Proof. Since F =F 1, cd(F) 2': 1. We shall prove that (e) of the theorem above 
holds. Let F be free on the set X converging to 1, and let t : X ~ F be the 
canonical embedding. Let 

1~P~A~F~1, 

be an exact sequence, where P is a pro-p-group. Let a : F ~ A be a 
continuous section with a(1) = 1 (see Proposition 2.2.2). Then the map 
at : X ~ A converges to 1. Since P and Fare pro-p-groUPS, so is A. Hence 
there is a continuous homomorphism 'IjJ : F ~ A with 'ljJt = at. Thus a'IjJ is 
the identity on F. This verifies (e) and so, by Theorem 7.5.1, cd(F) ::; 1. 0 

See Theorem 7.7.4 for a converse of the above corollary. The following 
result is obtained using a similar argument. 

Corollary 7.5.3 Let C be NE-formation of finite groups (see Section 2.1) 
and let F be a nontrivial free pro -C group. Then cdp (F) = 1 for every prime 
p. 

Some parts of Theorem 7.5.1 can be sharpen in a certain direction. Recall 
that if 7r is a set of primes, a 7r-group is a profinite group whose order involves 
only primes in 7r. 

Proposition 7.5.4 Let G be a profinite group and let 7r be a fixed set of 
primes. The following conditions are equivalent: 

(a) cdp(G) ::; 1 for each p E 7r; 
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(b) Every embedding problem (2) where A is finite and K is a 7r-group, is 
weakly solvable; 

(c) Every embedding problem (2), where K is any profinite 7r-group, is weakly 
solvable. 

Proof. The equivalence of conditions (b) and (c) follows from Lemma 3.5.5. 
The implication (b) =}(a) is a consequence of Theorem 7.5.1. Here we prove 
that (a) implies (b). Consider an embedding problem (2) with A finite and K 
a 7r-group. We use induction on the order of K to show that the embedding 
problem (2) is weakly solvable. If K = 1, this is clear. Assume that K =J 
1 and, for a fixed p E 7r, consider a p-Sylow subgroup P of K. We may 
assume P =J K, for otherwise the embedding problem is solvable according 
to Theorem 7.5.1. We shall distinguish two cases: 

(1) P is a normal subgroup of A. Then P is the unique p-Sylow subgroup 
of K, and hence normal in A. By the induction hypothesis, the embedding 
problem 

G 

!~ 
1 ------ KIP ------ AI P ~ B ------ 1 

is weakly solvable. Say <PI : G ---t AlP is a solution. Then, again by induc
tion, the embedding problem 

G 

!~ 
1 ------ P ------ A ~ AI P ------ 1 

is weakly solvable. Hence the original embedding problem is solvable. 

(2) P is not normal in A. By the Frattini argument (see Exercise 2.3.13), 
A = KN, where N = NA(P) is the normalizer of P in A. Note that NnK < 
K since P is obviously not normal in K. Therefore, a(N) = a(A) = B. Then 

G 

! ~1 
1 ------ K n N ------ N ~ B ------ 1 

is an embedding problem. This is weakly solvable by induction. Thus the 
original problem is weakly solvable since N ::; A. 0 
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7.6 Projective Profinite Groups 

Let C be a variety of finite groups. We say that a pro - C group is C -projective 
if it is a projective object in the category of pro-C groups, Le., if every 
embedding problem 

G 

!~ 
1--K--A~B--1 

(2) 

of pro - C groups is weakly solvable. A profinite group is called projective if 
it is C-projective for the variety of all finite groups C. 

As an immediate consequence of Lemma 3.5.5, we have 

Lemma 7.6.1 A pro -C group G is C-projective if and only if every embed
ding problem (2) with A E C is weakly solvable. 

Example 7.6.2 Let C be a variety of finite groups. Then every free pro - C 
group is C-projective. Indeed, let F = F(X) be a free pro-C group on a set 
X converging to 1 (recall that every free pro - C group is of this type: see 
Proposition 3.5.12). Consider an embedding problem for F 

F 

!~ 
1--K--A~B--1 

Let a : B ---+ A be a continuous section (see Proposition 2.2.2) for a. Let 
p : X ---+ A be the restriction of acp to X. Since the restriction of cp to X 
converges to 1, so does p. Let p : F ---+ A be the unique continuous homo
morphism extending p. Then ap = cp, proving that the embedding problem 
above is weakly solvable. 

When the variety C is extension closed (see Section 2.1), the following 
lemma provides a complete characterization of C-projective groups in terms 
of free groups. 

Lemma 7.6.3 Let C be a variety of finite groups and let G be a pro -C group. 

(a) If G is C-projective, then it is isomorphic to a closed subgroup of a free 
pro -C group. 

(b) Assume in addition that the variety C is extension closed (see Section 
2.1). Then G is C -projective if and only if G is a closed subgroup of a free 
pro -C group. 
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Proof. 

(a) By Theorem 3.3.16, there exists a free pro-C group F and a continuous 
epimorphism a : F ~ G. Since G is C-projective, there exists a continuous 
homomorphism a: G ~ F such that aa = ide. Hence a is an embedding. 

(b) Assume that G :Sc F, where F is a free pro-C group. Consider an 
embedding problem (2) as above with A E C. Then Ker(cp) is an open normal 
subgroup of G. Hence there exists V <10 F such that V n G :S Ker(cp). Since 
GV is open in F and the variety C is extension closed, it follows that GV 
is a free pro-C group (see Theorem 3.6.2). Therefore we may assume that 
F = GV. Put U = VKer(cp). Then U <10 F and Un G = Ker(cp). Define an 
epimorphism CPI : F ~ B to be the composite of the natural maps 

F ~ FlU = GU IU ~ GIG n U = GIKer(cp) ~ B. 

Note that cp is the restriction of CPI to G. Since F is C-projective, there exists 
a continuous homomorphism CPI : F ~ A such that acpI = CPl. Therefore, 
the restriction of CPI to G is a weak solution of the embedding problem (2), 
as needed. 0 

Definition 7.6.4 A variety of finite groups C is called 'saturated' if whenever 
G is a finite group and its Frattini quotient G I iP( G) belongs to C, then G is 
in C. 

Example 7.6.5 The following are examples of saturated varieties of finite 
groups. 

(1) Every extension closed variety. This follows from the fact that if G is 
a finite group and p is a prime number which divides the order of the Frattini 
subgroup tJ>( G) of G, then p divides the order of the Frattini quotient G liP( G) 
(cf. Huppert [1967]' Satz III.3.8). Since iP(G) is nilpotent, this means that it 
is in C. Therefore, G E C. 

(2) The variety of all finite nilpotent groups (cf. Huppert [1967], Satz 
III. 3. 7) 

(3) The variety of all finite supersolvable groups (cf. Huppert [1967], Satz 
VI.8.6). 

Our interest in saturated varieties stems from the following result. 

Lemma 7.6.6 Let C be a saturated variety of finite groups. Let a : A ~ B 
be an epimorphism of finite groups with B E C. Then there exists a subgroup 
M of A such that ME C and a(M) = B. 

Proof. Let N = Ker(a). Consider the set of all complements of N in A: 

M = {H I H :S A, N H = A.} 
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Note that M f- 0 since A E M. Let M be a minimal element of M. It 
will suffice to show that M E C. In order to see this, we first show that 
MnN ::; {P(M). Indeed, if MnN 1: {P(M), then there is a maximal subgroup 
T of M such that MnN 1: Tj hence (MnN)T = M. So A = NM = NT, 
contradicting the minimality of M. Thus we have shown that MnN ::; {P(M). 
From A = NM, we deduce that 

M/MnN ~ A/N E C. 

Since C is closed under taking quotients, one has that M/{P(M) E C, and so 
M E C, because C is saturated. 0 

Proposition 7.6.7 Let C be a saturated variety of finite groups and let G be 
a pro -C group. Then the following conditions on G are equivalent: 

(a) G is a C-projective group; 

(b) G is a projective group; 

(c) cd( G) ::; 1. 

Proof Clearly (b) implies (a). The equivalence of (b) and (c) follows from 
Proposition 7.5.4. Hence it remains to prove that (a) implies (b). Consider 
an embedding problem for G 

G 

~~ 
l~K~A~B~l 

where K, A and B are arbitrary finite groups. Since <p is an epimorphism 
and G is a pro-C group, we have that B E C. By Lemma 7.6.6 there exists a 
subgroup M of A such that M E C and a(M) = B. Therefore by (a), there 
exists a continuous homomorphism tp : G ---+ M <.......+ A with atp = <po Thus 
(b) holds. 0 

Corollary 7.6.8 Let C be a saturated variety of finite groups and let B be 
a pro -C group. Suppose that a : A ---+ B is an epimorphism of pro finite 
groups. Then A contains a closed pro -C subgroup H such that a(H) = B. 

Proof Let <p : F ---+ A be a continuous epimorphism, where F is a free pro - C 
group (see Theorem 3.3.16). As mentioned in Example 7.6.5, the group F is C
projective. By Proposition 7.6.7, we deduce that F is projective. Hence there 
exists a homomorphism tp : F ---+ A with atp = <po Then take H = Im(tp). 
o 

Proposition 7.6.9 Let C be a variety of finite groups and let G and H be 
pro -C groups. 
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(a) Assume G is C-projective. Then every continuous epimorphism 

p: GjiP(G) ---> HjiP(H) 

of Frattini quotients can be lifted to a continuous epimorphism 

'ljJ: G ---> H, 

i.e., the following diagram commutes 

"if; 
G----~~ H 

a 1 1~ 
GjiP(G) ~ HjiP(H), 

where 0: and (3 are the canonical epimorphisms. 

(b) Assume that both G and H are C-projective. Then every continuous iso
morphism p: GjiP(G) ---> HjiP(H) can be lifted to a continuous isomor
phism'ljJ : G ---> H. 

Proof 

(a) Since G is C-projective, there exists a continuous homomorphism 'ljJ : 
G ---> H lifting p. Hence 'ljJ(G)iP(H) = H. Thus 'ljJ(G) = H (see Corollary 
2.8.5). 

(b) By part (a), there exists a continuous epimorphism 'ljJ : G ---> H 
such that (3'ljJ = po:. Since p is an injection, Ker('ljJ) ::; iP(G). Since H is C
projective, there exists a continuous homomorphism e : H ---> G such that 
'ljJe = idH. So e is a injection and, in addition, e(H)Ker('ljJ) = G. Therefore, 
e(H) = G (see Corollary 2.8.5). Thus, e is an isomorphism. Consequently, 'ljJ 
is an isomorphism. D 

Corollary 7.6.10 Let F be a pro-p group. Let Yl,"" Yn E F be linearly 
independent mod iP(F). Then there exists a basis Y of F converging to 1 
containing the elements Yl, ... , Yn' 

Proof Let 7r : F ---> FjiP(F) be the canonical epimorphism. We think of 
FjiP(F) as a free pro-C group, where C is the class of all finite elemen
tary abelian p-groups. Choose a basis Y converging to 1 of F jiP(F) such 
that 7r(Yi) E Y (i = 1, ... , n) and such that rank(F) = iYl (this can be 
done as follows: consider the finite subgroup A of F jiP(F) generated by 
7r(Yl), ... ,7r(Yn); by Proposition 2.8.16, F jiP(F) = A EB B for some closed 
subgroup B of FjiP(F); it is easy to see that in this case, B is a free pro-C 
group; then Y can be taken to be the union of 7r(Yl), ... ,7r(Yn) and a basis 
converging to 1 of the free pro - C group B). 

Let X be a basis of F converging to 1. Then 
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x = {x = 7r(x) I x E X} 

is a basis of F / p( F) converging to 1. Consider a bijection cp : X ~ Y. 
Choose a continuous homomorphism q; : F ~ F lifting cp such that q;(Xi) = 
Yi (i = 1, ... , n). By Proposition 7.6.9, q; is an isomorphism. Therefore, Y = 
q;( X) is the basis we were seeking. 0 

Exercise 7.6.11 Let C be a variety of finite groups and let {Gi, CPij, I} be 
an inverse system of C-projective pro-C groups over a poset I. Prove that 

lim Gi 
f-
ivl 

is C-projective. (Hint: use Lemma 1.1.16.) 

7.7 Free Pro-p Groups and Cohomological Dimension 

In this section we show that projective pro-p groups are precisely free pro-p 
groups. 

If G is a pro-p group, we denote by Hn(G) the cohomology group 
Hn(G, Z/pZ). Recall that the Frattini subgroup of G is peG) = [G, GlGP 
(see Lemma 2.8.7). 

Remark 7.7.1 

(a) Let G be a pro-p group. Then 

Hl(G) ~ Ee Z/pZ, 
X 

the direct sum of IXI copies of Z/pZ, for some indexing set X. This is clear 
since Hl(G) = Hom(G/P(G), Z/pZ) is an elementary abelian p-group. 

(b) Let F = F(X) be a free pro-p group on the set X converging to 1. Then 

Hl(F) = Hom(F, Z/pZ) ~ {h : X ~ Z/pZ I h converges to O} 

~ EeZ/pZ. 
X 

(c) Let G be a pro-p group. Then, Hl(G) and G/p(G) are Pontryagin dual, 
where peG) is the Frattini subgroup of G. Indeed, 

Hom(G/4>(G), Q/Z) ~ Hom(G/4>(G), Z/pZ) 

~ Hom(G, Z/pZ) = Hl(G). 

(d) Let G1 and G2 be pro-p groups and let 



7.7 Free Pro-p Groups and Cohomological Dimension 285 

be a continuous homorphism. Then 'l/J induces a homomorphism 

given by 
f ~ f'l/J (f E Hom(G2, ZjpZ)). 

The map 'l/J also induces a homomorphism of Frattini quotient groups 

since 'l/J(Gt} ::s; G2. Note that p and HI('l/J) are Pontryagin dual to each 
other. 

Proposition 7.7.2 Let 'l/J : G I --t G2 be a continuous homomorphism of 
pro-p groups. Then the following statements are equivalent. 

( a) 'l/J is surjective; 
(b) HI('ljJ) : HI(G2) --t HI(GI) is injective; 

(c) p: GI/4>(G I ) --t G2j4>(G2) is surjective. 

Proof. If'l/J is surjective, it is obvious that HI('l/J) is injective. Conversely, 
assume that HI('l/J) is injective and that 'l/J(G I ) :f:. G2. Choose a maximal 
open subgroup U of G2 containing 'l/J(GI ). Since G2 is a pro-p group, U is 
normal of index p (see Lemma 2.8.7). Then the canonical homomorphism 

f : G2 --t G2jU ~ ZjpZ 

is non-trivial. However HI ('l/J)(f) = f'l/J = O. A contradiction. This proves the 
equivalence of (a) and (b). 

The equivalence of (a) and (c) follows from Corollary 2.8.8 and Proposi-
tion 7.6.9. 0 

Lemma 7.7.3 Let G I and G2 be pro-p groups and assume that cdp(G I ) ::s; 1. 
Then every homomorphism 0: : HI(G2) --t HI(GI) is of the form HI('l/J), 
for some continuous homomorphism 'l/J : G I --t G2. 

Proof. Let p : GI/4>(G I ) --t G2j4>(G2) be the dual map of 0:. It suffices to 
prove the existence of a continuous homomorphism 'l/J : G I --t G2 which 
induces p on the Frattini quotients (see Remark 7.7.1 (d)). Consider the 
embedding problem 
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Since cdp(Gl) ::; 1, this embedding problem has a weak solution 'ljJ : G1 ----t 

G2 (see Theorem 7.5.1). Clearly 'ljJ induces the map p on the Frattini quo
~~. 0 

Theorem 7.7.4 Let G be a pro-p group. Then, the following statements are 
equivalent 

(a) cdp ( G) ::; 1; 

(b) H2(G) = 0; 

(c) G is a free pro-p group; 

(d) G is a projective group. 

Proof By Corollary 7.1.6 and Proposition 7.6.7, the statements (a), (b) and 
(d) are equivalent. By Corollary 7.5.3, (c) implies (a). Conversely, assume 
that cdp(G) ::; 1. According to Remark 7.7.1, 

for some index set X. Consider a free pro-p group F = F(X) on the set X 
converging to 1. Then (see Remark 7.7.1), there exists an isomorphism 

Therefore, its dual p : FjifJ(F) ----t GjifJ(G) is an isomorphism. By Lemma 
7.7.3, there is a continuous homomorphism 'ljJ : F ----t G such that Hl('ljJ) = a. 
By Propositions 7.7.2 and 7.6.9, 'ljJ is an isomorphism. 0 

Corollary 7.7.5 Every closed subgroup H of a free pro-p group G is a free 
pro-p group. 

Proof By Theorem 7.3.1, cd(H)::; cd(G) ::; 1. So the result follows from the 
theorem above. 0 

Corollary 7.7.6 Let G be a profinite group. Then G is projective if and only 
if for any prime p, a p-Sylow subgroup Gp of G is a free pro-p group. In 
particular, a projective profinite group is torsion-free. 
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The following corollary sharpens the content of Proposition 3.4.2. 

Proposition 7.7.7 Let G be a projective pro finite group. Then, for every 
prime number p, its maximal pro-p quotient G j Rp( G) is a free pro-p group. 

Proof. By Theorem 7.7.4, it suffices to show that GjRp(G) is projective. 
Consider the diagram 

G 

!~1 
GjRp(G) 

a 
!~ 

A .. B , 1 

where 0: and cP are continuous epimorphisms of pro-p groups and where CPI 
is the canonical quotient map. We have to show that there is a continuous 
homomorphism <p: GjRp(G) ---t A such that <po: = cpo Since G is projective, 
there exists a continuous homomorphism 'IjJ : G ---t A such that 0:'IjJ = CPCPI. 
Since GjKer('IjJ) is a pro-p group, we have Rp(G) ~ Ker('IjJ). Hence'IjJ factors 
through GjRp(G), i.e., there exists a homomorphism 'ljJ1 : GjRp(G) ---t A 
such that 'IjJ = 'ljJICPI. Define <p to be 'ljJ1. D 

Exercise 7.7.8 

(a) (Zassenhaus groups) Let G be a profinite group whose Sylow subgroups 
are all procyclic. Prove that then G contains a closed normal pro cyclic 
subgroup K such that G j K is procyclic and the orders of K and G j K are 
relatively prime. [Hint: use the corresponding property for finite groups: 
Hall [1959], Theorem 9.4.3.] 

(b) (Projective solvable groups) Let G be a solvable profinite group. Prove 
that if G is projective then there exists disjoint sets of primes 0' and 'T 

such that 

7.8 Generators and Relators for Pro-p Groups 

We recall that if G is a profinite group, d( G) denotes the minimal cardinality 
of a set of generators of G converging to 1 (see Definition 2.4.5). If Gis pro-p, 
then Hn(G) = Hn(G, ZjpZ) is in a natural way a vector space over the field 
Fp with p elements. In the sequel we write dim Hn(G) for dimFp Hn(G), the 
dimension of H n (G) over F p. 



288 7 Cohomological Dimension 

Theorem 7.8.1 Let G be a pro-p group. Then d( G) = dim Hl (G). 

Proof Assume dimHl(G) = lXI, for some set X. Let F = F(X) be a free pro
p group on the set X converging to 1. By Remark 7.7.1(b), dim Hl(F) = IXI. 
Let 

a: Hl(G) ----+ Hl(F) 

be an isomorphism. It follows from Lemma 7.7.3 and Proposition 7.7.2 that 
there exists a surjective continuous homomorphism 1/J : F ----+ G. Thus 

d(G) ::; IXI = dimHl(G). 

Now, assume d(G) = IYI, for some set Y. Let F(Y) be a free pro-p 
group on the set Y converging to 1. Then there is a continuous epimorphism 
<p: F(Y) ----+ G. By Proposition 7.7.2, <p induces an injection 

Thus, 
dimHl(G) ::; dim Hl(F(Y)) = IYI = d(G). 

o 

Let F be a free profinite group and let K be a closed normal subgroup 
of F. We say that a subset R = {ri liE I} of K converging to 1 is a set 
of generators of K as a normal subgroup of F, if the F-conjugates of the ri 

generate algebraicly a dense subgroup of K, i.e., if K is the smallest closed 
normal subgroup of F containing the rio We define dp(K) to be the smallest 
cardinal of a generating set of K as a normal subgroup of F. 

Proposition 7.8.2 Let F be a pro-p group and let K be a closed normal 
subgroup of F. Then 

dp(K) = dimHl(K)P 

where Hl(K)P is the fixed submodule of Hl(K) under the action of F de
scribed in Remark 7.2.2. 

Proof First we show that dF(K) ~ dim Hl(K)F. Assume dF(K) = III, where 
{ri liE I} converges to 1 and generates K as a normal subgroup of F. Define 
a homomorphism 

a : Hl(Kt ----+ E9 Z/pZ 
I 

bya(f)(i) = f(ri) (f E Hl(K)F = Hom(K, Z/pZ)F). Then a is an injection. 
Indeed, suppose a(f) = O. Then f(ri) = 0 for all i E I. Now, according to 
the definition of the action of F on Hom(K, ZjpZ) (see Remark 7.2.2), we 
have that for x E F, 
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So f = 0 on the dense subgroup {XTiX-1 liE I,x E F} of K. Thus f = o. 
Next we prove that dF(K) ~ dimHl(K)F. Observe that since Hl(K) 

and K/qJ(K) are Pontryagin dual (see Remark 7.7.1), the inclusion map 
Hl(K)F ~ Hl(K) induces a dual epimorphism K/qJ(K) ---+ K, where K 
is the dual of Hl(K)F. Put 

Hl(K)F = E9(Z/pZ)/j, 
J 

where {h : K ---+ Z/pZ I j E J} is a basis for Hl(K)F. Hence, 

K ~ II (Z/pZ)Xj 
jEJ 

where h(Xi) = 0 or 1, according to whether j = i or j =f. i. Let F(J) be the 
free pro-p group on the set J converging to 1, and consider the diagram 

K 

! 
K/qJ(K) 

r.p ! 
F(J) "K 

where the continuous homomorphism <p is defined by <p(j) = Xj (j E J). 
Since F( J) is projective, <p can be lifted to a continuous homomorphism 
rp : F(J) ---+ K. Set Vj = rp(j) (j E J). Then {Vj I j E J} is a subset of K 
converging to 1. 

To prove that dp(K) ~ dim Hl(K)F, it suffices to establish the following 

Claim: {Vj I j E J} is a set of generators of K as a normal subgroup of 
F. To prove this claim, let K' be the smallest closed normal subgroup of F 
containing the Vj. Then K' ~ K. We shall show that this map is surjective, 
or equivalently, that its dual map 

is an injection. First we prove that its restriction 

a: Hl(K)F ---+ H1(K')F 

is an injection: let f E Hl(Kt, and assume that f(K') = o. Then f(vj) = OJ 
so f(xj) = 0 for all j E J. Hence f(K) = o. Therefore, f = o. 

Finally we show that this implies that a is an injection. Indeed, since a 
an injection, Ker(a) contains no element different from 0 which is invariant 
under F. If Ker(a) =f. 0, it would contain a simple F-submodule all whose 
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elements are fixed by F (see Lemma 7.1.5), a contradiction. Thus the claim 
is proved. 0 

Let G be a pro-p group and let {Xi liE I} be a set of generators of G 
converging to 1. Let F = F(I) be a free pro-p group on the set I converging 
to 1. Then there exists a unique continuous epimorphism 

cp: F ----t G 

mapping i to Xi (i E I). Let K be its kernel. A set R of generators of K (as 
a normal subgroup of F) is called a set of defining relators corresponding to 
the set of generators {Xi liE I}. 

We then say that 
(Xl. ... ,xn I R) 

is a presentation of G as a pro-p group. (One can give an analogous definition 
of 'presentation' for a general profinite group, using a free profinite group 
instead.) 

Assume now that d( G) = III = d is finite and let F and K be as above. 
Then, define 

rr(G) = relation rank(G) = dF(K). 

The next result shows that rr( G) is independent of the choice of the minimal 
set of generators {Xl, . .. , Xd} of G. 

Theorem 7.8.3 Let G be a finitely generated pro-p group. Then 

rr(G) = dimH2(G). 

Proof Let d(G) = III = d, and consider the exact sequence described above 

1 ----t K ----t F ----t G ----t 1, 

where F = F(I) is a free pro-p group on the finite set I. By Corollary 7.2.5, 
we obtain a five term exact sequence 

o ----t Hl(G) ----t Hl(F) ----t Hl(K)F ----t H2(G) ----t H2(F). 

Since both Hl(G) and Hl(F) are finite dimensional Fp-vector spaces of the 
same dimension (see Theorem 7.8.1), the monomorphism 

Hl(G) ----t Hl(F) 

is an isomorphism. Since F is free pro-p, we have H2(F) = o. Hence 
Hl(K)F ~ H2(G). Therefore, the result follows from Proposition 7.8.2. 0 

Now, let G be a finite p-group. Then d(G) = dimHl(G) and rr(G) = 
dimH2(G). Clearly, both d(G) and rr(G) are finite, since in this case the 
kernel K is finitely generated as a profinite group. 
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Proposition 7.8.4 Let G be a finite p-group. Then 

rr(G) - d(G) = d(H3(G, Z)) 

Proof. Consider the short exact sequence 

o ---+ Z ~ Z ---+ ZjpZ ---+ 0, 

where p indicates multiplication by p. From this we obtain a corresponding 
exact sequence in cohomology 

0---+ Hl(G) ---+ H2(G, Z) ~ H2(G, Z) ---+ H2(G) ---+ H3(G, Z)[PJ ---+ 0, 

where H3(G, Z)[PJ denotes the subgroup of elements of H3(G, Z) annihilated 
by p. Since G is finite, each Hi(G, Z) (i ~ 1) is a finitely generated abelian 
torsion group, and hence finite. Therefore, 

Thus, 

dimHl(G) - dimH2(G, Z) + dimH2(G, Z) - dimH2(G) 

+ dim H3 (G, Z)[PJ = o. 

rr(G) - d(G) = dimH3(G,Z)[pJ. 

On the other hand it is plain that dimH3(G, Z)[PJ = d(H3(G, Z)), since 
H3(G, Z) is a finite abelian p-group. D 

We mention the following result without proof (see Section 7.10 for refer
ences). 

Theorem 7.S.5 (The Golod-Shafarevich inequality) Let G be a nontrivial 
finite p-group. Then 

rr(G) > (d(G))2j4. 

7.9 Cup Products 

Let G be a profinite group and let A, B E DMod(G). Consider the tensor 
product over the ring of integers A ®z B. In this section we shall write A ® B 
instead of A ®z B. Define an action of G on A ®z B by x( a ® b) = xa ® xb 
(x E G, a E A, b E B). Under this action A®B becomes a discrete G-module, 
since 

A®B = U(A®B)u, 
U 

where U runs through the set of all open subgroups of G. 
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Theorem 7.9.1 Let G be a pro finite group. Then there is a unique family of 
Z-linear maps, called 'cup products', 

denoted (a, b) t-+ aU b, defined for every pair n, m of natural numbers and 
every pair of discrete G-modules A, B such that the following properties hold: 

(a) These maps are morphisms of functors when we consider each side as a 
covariant bifunctor on (A, B); 

(b) For n = m = 0, the map 

HO(G,A) x HO(G,B) = AG x BG ~ HO(G,A®B) = (A®B)G 

is given by (a, b) t-+ a ® b; 

(c) Let BE DMod(G). If 

O~A ~A' ~A" ~O 

is an exact sequence in DMod( G) and if 

o ~ A®B ~ A' ®B ~ A" ®B ~ 0 

is also exact, then the diagram 

commutes, where 6 denotes the connecting homomorphism corresponding 
to the above exact sequences; in other words, if a" E Hn(G, A") and 
bE Hm(G,B) then 

6(a" U b) = 6(a") U bj 

(d) Let A E DMod(G). If 

o ~B ~B' ~B" ~O 
is an exact sequence in DMod(G) and if 

O~A®B~A®B' ~A®B" ~O 

is also exact, then the diagram 
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commutes; that is, if a E Hn(G,A) and b" E Hm(G,B"), then 

(-lt6(a U b") = aU 6(b"). 

Proof. 

Uniqueness: Let A E DMod( G), and consider the exact sequence 

o --t A ~ C(G, A) --t A" --t 0 (3) 

where C( G, A) is the group of all continuous functions from G to A considered 
as a G-module (see Section 6.10), and L is the G-homomorphism given by 
L(a)(x) = xa (x E G, a E A). Consider the map the map 

J.L: C(G,A) --t A 

defined by J.L(f) = f(l). Then J.L is an abelian group homomorphism such that 
J.LL = identity. Therefore, (3) splits as a sequence of abelian groups. Hence, 

o --t A ® B --t C(G, A) ® B --t A" ® B --t 0 

is an exact sequence of G-modules for every B E DMod(G). On the other 
hand, by Corollary 6.10.6, Hn(G, C(G, A» = 0 if n ~ 1. Hence, by property 
(c) we obtain a commutative diagram with exact upper row 

Hn(A") x Hm(B) ~ Hn+l(A) x Hm(B) __ 0 x Hm(B) 

u! !u 
Hn+m(A" ® B) 8 .. Hn+m+l(A ® B) 

for n, m ~ 0 (in this diagram Hr(x) stands for Hr(G, X». By an induction 
argument, it follows that 

uniquely determines the cup products 

Using property (c) one sees in a similar way that these maps in turn determine 
uniquely the cup products 

Existence: To prove the existence of cup products we define first analogous 
maps at the level of the groups Cn(G, -) of co chains (see Section 6.4). Given 
n, m ~ 0 and A, BE DMod(G), we define a mapping 
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by 
'ljJn,m(a, b)(xQ, ... , xn+m) = a(xQ, ... , xn) 0 b(xn, ... , xn+m) 

(a E Cn(G, A), bE Cm(G, B)). It is easy to see that 

'ljJn,m(a, b) E cn+m(G, A 0 B), 

and that each 'ljJn,m is a homomorphism of abelian group on each variable. 
One checks without difficulty that 

8('ljJn,m(a, b)) = 'ljJn+1,m(8(a), b) + (-It'ljJn,m+l(a, 8(b)) 

for a E Cn(G, A) and b E Cm(G, B). From these formulas one deduces that 
the maps 'ljJn,m induce well-defined maps 

given by 
aU b = 'ljJn,m(a, b) 

for a E Hn(G, A) and bE Hm(G, B) (by abuse of notation, we let a, b stand 
both for co cycles and the corresponding elements in the cohomology groups). 

Finally we prove that the products (a, b) 1---7 aU b satisfy the conditions of 
the theorem. Property (b) follows immediately from the definitions. 

Property (a): Let a : A ---t A' and (3 : B ---t B' be homomorphisms of 
discrete G-modules. Then the diagram 

Hn(G,A) x Hm(G,B) ~Hn+m(G,A0B) 

c.x/3! ! o:®i3 

Hn(G, A') x Hm(G,B') ~Hn+m(G,A'0B') 

commutes, where ii, [3, a 0 (3 are the maps induced on the cohomology groups 
by a, (3, a 0 (3, respectively. Indeed, 

(ii(a) U [3(b))(xQ, ... , xn+m) = 'ljJ (ii (a) , [3(b)) (xQ, ... , xn+m) = 

ii(a)(xQ, ... , xn) 0 [3(b)(xn, ... , xn+m) = (a0(3(a U b))(xQ,"" xn+m) 

(a E Hn(G, A), bE Hm(G, B)). 

Property (c): Let B E DMod(G) and let 

o ---t A ~ A' L A" ---t 0 

be an exact sequence in DMod( G) such that 

o ---t A 0 B ~ A' 0 B ~ A" 0 B ---t 0 
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is also exact. 
Next we recall the definition of the connecting homomorphism 8. Let a" E 

Cn(G, A") with o(a") = 0, so that a" represents an element of Hn(G,A"). 
Then, 8(a") is defined as follows (see the proof of Lemma 6.6.1): let a' E 
Cn(G,A') with i3(a') = a", and let a E Cn+1(G,A) be such that a(a) = o(a') 
(a exists since (i3o)(a') = (oi3)(a') = 0). Hence, o(a) = 0, so that a represents 
an element of Hn+l(G,A). We set 8(a") = a. 

Assume that bE Cm(G, B). Then, using Property (a), we have 

,B®1(a' U b) = a" U b, 

ll:®1(a U b) = o(a') U b. 

Hence, 

o(a" U b) = 0 and o(a U b) = o. 
Therefore, a" U b and a U b represent elements of the cohomology groups 
H n+m (G, A" ® B) and Hn+m+ 1 (G, A ® B), respectively. Thus, from the ex
plicit definition of the connecting homomorphism 8, we deduce that 

8(a" U b) = aU b = 8(a") U b 

(notice that, in the above considerations, a" and b stand both for cocycles 
and for the corresponding elements of the cohomology groups). 

The verification of Property (d) can be done in a similar manner. 0 

Next we establish some of the basic properties of cup products. 

Proposition 7.9.2 Let G be a pro finite group. Let A, B E DMod(G) and 
let a E Hn(G,A) and b E Hn(G, B). Then 

aUb=(-1)mnbUa, 

where A ® Band B ® A are identified canonically. 

Proof. This is plain if n = m = o. We proceed by induction. Suppose the 
result holds for n = no and m = mo, and assume a E H n°+1(G,A) and b E 

Hmo(G, B). As in the uniqueness proof of Theorem 7.9.1, we can construct 
a commutative diagram with exact upper row 

for no,mo ~ 0 (in this diagram Hr(x) stands for Hr(G,X». 
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Let a" E Hno(G,A") be such that 8(a") = a. Using Property (d) of 
Theorem 7.9.1 and induction, one has 

aub= 8(a"Ub) = (-1)nomo8(bUa") = (-ltomo(-1)mobU8(a") = 

(_l)(no+1)mob U a. 

One proves similarly that if the result holds for n = no and m = mo, then it 
holds for n = no and m = mo + 1. 0 

Proposition 7.9.3 Let G be a profinite group. Let A, B, C E DMod(G) and 
assume that a E Hn(G, A), bE Hm(G, B), c E HT(G, C). Then 

(a U b) U c = aU (b U c), 

after the canonical identification of (A ® B) ® C and A ® (B ® C). 

Proof. This follows immediately from the definition of the cup product and 
cohomology groups by means of co chains (see the proof of "existence" in 
Theorem 7.9.1 and Section 6.6). 0 

We now turn to the study of the relationship between cup products and 
the special maps Res, Cor and Inf (see Section 6.7). The next two results 
follow immediately from the description of Res and Inf in terms of co chains 
(see Sections 6.7 and 6.5). 

Proposition 7.9.4 Let H be a closed subgroup of a profinite group G. Let 
A,B E DMod(G) and assume that a E Hn(G,A) and b E Hm(G, B). Then 

Res(a U b) = Res(a) U Res(b), 

where Res is the restriction map. 

Proposition 7.9.5 Let H be a closed normal subgroup of a profinite group 
G. Let A,B E DMod(G) and assume that a E Hn(GjH,AH), b E 
Hm(GjH,BH). Then 

Inf(a U b) = Inf(a) U Inf(b), 

where Inf is the inflation map. 

Proposition 7.9.6 Let G be a profinite group and let H be an open subgroup 
of G. Let a E Hn(G, A) and b E Hm(G, B), where A, BE DMod(G). Then 

Cor(a U Res(b») = Cor (a) U b. 

Proof. Assume first that n = m = O. Then a E AH and bE BG. Let X!, ..• , Xt 

be a set of representatives of the left cosets of H in G. Then (see Section 6.7), 
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t t t 

Cor(aURes(b)) = LXi(aUb) = LXia®Xib= LXia®b= 
i=1 i=1 i=1 

t 

(Lxia) U b = Cor (a) U b. 
i=1 

Now we proceed by induction. Assume the formula holds true for n = no and 
m = mo. Let a E Hn°+l(G,A) and b E Hmo(G,B). Consider the split exact 
sequence of abelian groups 

o ~ A ~ C(G, A) ~ A" ~ 0 

(see proof of uniqueness in Theorem 7.9.1). Since Hn(H,C(G,A)) = 0, for 
n 2': 1, there is a" E Hno(H, A) with 8(a") = a, where 8 is the connecting 
homomorphism corresponding to the above short exact sequence and the 
cohomological functor {Hn(H, - )}n2':O' Since 

o ~A®B ~C(G,A)®B ~A"®B ~O 

is also exact, we can apply property (c) of Theorem 7.9.1. Hence, taking into 
account that Res and Cor commute with 8 (see Section 6.7), we have by the 
induction hypothesis 

Cor(a U Res(b)) = Cor(8(a") U Res(b)) = Cor(8(a" U Res(b))) = 

8(Cor(a" U Res(b))) = 8((Cor(a") U b)) = 

8(Cor(a")) U b = Cor(8(a")) U b = Cor (a) U b. 

Similarly, using property (d) of Theorem 7.9.1, one proves that if the 
formula holds for n = no and m = mo, it also holds for n = no and m = 
mo + 1. Thus, by induction, the formula is valid for all n, m 2': O. 0 

Corollary 7.9.7 Under the hypotheses of Proposition 7.9.6 we have 

Cor(Res(b) U a) = b U Cor(a). 

Proof· 

Cor(Res(b) U a) = Cor(( -ltma U Res(b)) = (-ltm Cor(a) U b = 

b U Cor(a). 

o 
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7.10 Notes, Comments and Further Reading 

Most of the results in Sections 7.1, 7.3, 7.4, 7.5, 7.7, 7.8 and 7.9 are due 
to J. Tate; we are influenced by the presentation of some of these results 
in Serre [1995]' Lang [1966] and Ribes [1970]. Theorem 7.3.6 was proved by 
Scheiderer [1994], while Theorem 7.3.7 is due to Serre [1965]; Haran [1990] 
gives a different proof of Theorem 7.3.7 based on a suggestion in Serre [1971]. 
Our presentation of the Lyndon-Hochschild-Serre spectral sequence follows 
(and improves) the presentation in Ribes [1970]. The useful five term exact 
sequences of Corollary 7.2.5 appear, for abstract groups, in Hochschild-Serre 
[1953]. Proposition 7.2.7 was proved by Neukirch [1971] for pro-p groups, and 
in the form presented here for prosolvable groups, by Ribes [1974]. In Cossey
Kegel-Kovacs [1980], a proof of Corollary 7.7.5 is given with no reference to 
cohomology. 

Projective profinite groups have been studied by Gruenberg [1967]. Propo
sition 7.6.9 is due to him. Lemma 7.6.6 is due to Huppert [1954] (the result 
is valid, more generally, for saturated formations of finite groups). Exercise 
7.7.8 is mentioned in Herfort-Ribes [1989a]. 

Let G be a finite p-group with, say, d = d( G). Then one can consider 
the relation rank of G as an abstract group: let iP = iP(I) be an abstract 
free group on a basis I of cardinality d. Consider a short exact sequence of 
abstract groups 

1 ~R~iP~ G ~ 1. 

Define the abstract relation rank arr( G) of G as the smallest cardinality of 
a set of generators of R as a normal subgroup of iP. Clearly rr( G) ~ arr( G). 
Serre mentions (skeptically) the following question (cf. Serre [1995], page 32). 

Open Question 7.10.1 For what finite p-groups G does one have rr(G) = 
arr(G) '? 

Theorem 7.8.5 was proved in a slightly weaker form by Golod-Shafarevich 
[1964]: what they actually proved was that rr(G) > (d(G) - 1)2/4. The 
improvement is due to Gaschiitz and to Vinberg, independently (cf. Roquette 
[1967]). Another proof of this inequality can be found in Serre [1995]' Chapter 
I, Annex 3. Lubotzky [1983] studies pro-p groups satisfying the analog of the 
Golod-Shafarevich inequality and applications to abstract infinite groups. 
He shows that p-adic analytic groups satisfy the analogous inequality. As a 
consequence he proves the following 

Theorem 7.10.2 Let r be a finitely generated nilpotent group different from 
Z, and let r = (X I R) be a minimal presentation of r. Then IRI ~ IXI/4. 

Answering a conjecture of J. Wilson, Zel'manov [2000] has recently proved 
the following 
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Theorem 7.10.3 Let G be a finitely generated pro-p group satisfying the 
analog of Golod-Shafarevich 's inequality. Then G contains a closed nonabelian 
free pro-p subgroup. 

Pro-p Groups G with one Defining Relator 

A finitely generated pro-p group G is said to admit a presentation with a 
single defining relator if G has a presentation (as a pro-p group) of the form 
G = (XI. •.. ,Xn I R), where R consists of just one element r (see Section 
7.8); in other words, G ~ F j(r), where F is a free pro-p group of finite rank, 
rEF, and (r) denotes the smallest closed normal subgroup of F containing 
r. 

In some analogy with a well-known result of Lyndon [1950] for ab
stract groups, Serre [1963] posed the following question, slightly corrected 
by Gildenhuys [1968]. 

Open Question 7.10.4 Let G be a finitely generated pro-p group such that 
cd(G) > 2 and dimH2(G, ZjpZ) = 1, i.e., rr(G) = 1. Does G admit a 
presentation with a single defining relator of the form uP? 

For studies of pro-p groups with one defining relator and connections 
with Lie algebras and group algebras, see Labute [1967], Romanovskii [1992], 
Gildenhuys-Ivanov-Kharlampovich [1994]; a 'Freiheitssatz' for pro-p groups 
appears in Romanovskii [1986]. Somewhat related are the results in Wiirfel 
[1986]. For results on finitely presented profinite groups, see Remeslennikov 
[1979], Myasnikov-Remeslennikov [1987]. 

7.10.5 Poincare Groups 

Let G be a pro-p group and let n be a natural number. We say that G is a 
Poincare group of dimension n if the following conditions are satisfied: 

(1) Hi(G) is finite for every i; 

(2) dim Hn(G) = 1; 

(3) Hi(G) = 0 for i > n; and 

(4) For every integer i, 0 ~ i ~ n, the cup product 

is a nondegenerate bilinear form. 

According to Theorems 7.7.4 and 7.8.1 and the definition of cup products, 
the only pro-p Poincare group of dimension 1 is Zp. 

Poincare groups of dimension 2 are called Demushkin groups. By Theorem 
7.8.3, a Demushkin group admits a presentation with a single defining relator. 
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These presentations have been studied in Demushkin [1959], [1963], Serre 
[1963], Labute [1966a], [1966b]. There is a good presentation of some of these 
results in Serre [1995]. 

For the study of general profinite groups satisfying a duality more general 
than a Poincare type duality, see the article of Verdier in Serre [1995], Chapter 
I, Annex 2, and Pletch [1980]. 

Next we state an unrelated problem due to Ivan Fesenko about finitely 
generated pro-p groups. The motivation for the problem comes from rami
fication theory. It is known (due to Abrashkin) that if Gr is a ramification 
subgroup of the Galois group G of the maximal p-extension of a local field 
with algebraically closed residue field of characteristic p, then every closed 
subgroup of infinite index in G jGr (which itself is an infinite generated pro-p 
group) is a free pro-p group. Thus, he proposes the following: 

Open Question 7.10.6 Study finitely generated pro-p groups with the fol
lowing property: every closed subgroup of infinite index is free pro-po 



8 Normal Subgroups of Free Pro - C Groups 

Throughout this chapter C denotes usually an NE-formation of finite groups, 
i. e., C is a nonempty class of finite groups closed under taking normal sub
groups, homomorphic images, finite subdirect products and extensions. Equiv
alently, C is the class of all finite Ll-groups, where Ll is a set of finite simple 
groups (see Section 2.1). In particular, C could be the class of all finite groups, 
the class of all finite solvable groups, etc. Often we require in addition that C 
'involves two different primes', that is, that there exists a group in C whose 
order is divisible by at least two different prime numbers. In this chapter Ec 
denotes the collection of all finite simple groups in C, and E denotes the class 
of all finite simple groups. 

The main theme of this chapter is the structure of the closed normal 
subgroups of a free pro-C group. In Chapter 7 (Corollary 7.7.5) we saw that 
all closed subgroups of a free pro-p group are free pro-po However, for a general 
class C, the closed subgroups of a free pro - C group F need not be free pro - C. 
For example, a p-Sylow subgroup of a free profinite group of rank 2 is not free 
profinite. Moreover, it is difficult to establish conditions under which closed 
subgroups of F will be free pro-C, other than being open in F or a certain 
type of free factors of F (e.g., if Y is a clop en subset of a topological basis X 
of F, then the closed subgroup of F generated by Y is a free pro - C group). 
Nevertheless, we shall see in this chapter that for closed normal subgroups of 
F, one can describe reasonable conditions to determine whether or not the 
subgroup is free pro - C. Examples of nonfree normal subgroups of a free pro
C group can easily be found using, for example, Lemma 3.4.1(e). We shall see, 
however, that a closed normal subgroup of F is always virtually free pro-C; 
more precisely we shall see that a proper open subgroup of a closed normal 
subgroup of F is necessarily free pro-C. Some of the results in the chapter 
apply not only to normal subgroups of F, but to 'accessible' subgroups, in 
particular subnormal subgroups of F. 
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8.1 Normal Subgroup Generated by a Subset of a 
Basis 

Definition 8.1.1 Let (Z, *) be a pointed topological space and let (X, *) and 
(Y, *) be pointed subspaces of (Z, *). We say that (Z, *) is the 'coproduct' of 
(X, *) and (Y, *) if 

(a) Z = X U Y and X n Y = {*}, and 

(b) a subset U is open in Z if and only if U n X is open in X and U n Y is 
open in Y. 

Example 8.1.2 

(1) Let N be a discrete space and let Z = N l:J {*} be its one-point compacti
fication. Let N = NIl:J N2 and set X = NI U {*} and Y = N2 U {*}. Then 
(Z, *) is the coproduct of (X, *) and (Y, *). 

(2) Let Z' be a profinite space and assume that Z' = X' l:J Y' where X' 
and Y' are clop en subsets of Z'. Let Z be endowed with the unique 
topology which induces on Z' its original topology and where * is an 
isolated point. Then (Z, *) is the coproduct of (X, *) = (X' U {*}, *) and 
(Y, *) = (Y' U { * }, * ). 

(3) Let (Z, *) be a profinite pointed space and let X be a finite subset of Z 
such that * E X. Set Y = (Z - X) U {*}. Then (Z, *) is the coproduct of 
(X,*) and (Y,*). 

Before stating the main result of this section we need some notation. 
Assume that a pro finite pointed space (Z, *) is the coproduct of two closed 
pointed subspaces (X,*) and (Y,*). Let F = F(Z,*) be a free pro-C group 
on the pointed space (Z, *). Put G = F(X, *), the free pro-C group on 
the pointed space (X, *). Consider the product space G x Y, and let R = 
(G x Y) / (G x {*}) be the quotient space of G x Y obtained by collapsing 
the closed subspace G x {*} to a point, which, by abuse of notation, we also 
denote by *. The elements of R are denoted by 19, yJ (g E G, y E Y). We 
think of R as a pointed space with distinguished point * = 19, * J. Clearly 
R is a profinite pointed space. We let G act on the pointed space (R, *) by 
g 19', * J = 199', * J; plainly this action is continuous. Then one has 

Theorem 8.1.3 With the notation above, let N be the closed normal sub
group of F generated by Y (i. e., the smallest closed normal subgroup of F 
containing Y). Then N is a free pro -C group on the pointed space (R, * ). If 
rank(F) = m > 1 and WI > 1, then the rank of N is m* = max{m, No}. 

Proof. It suffices to prove the first statement, since the second follows from 
the first (see Proposition 2.6.1). 
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The action of G on the space (R, *) extends to a continuous action of G on 
the free pro-C group F(R, *) (see Exercise 5.6.2(c)). Form the corresponding 
semidirect product 

H=F(R,*)~G. 

The elements of H can be written as pairs (j, g) (j E F( R, *), 9 E G). Then 
H is a pro-C group (see Exercise 5.6.2(b)). Next we define a continuous map 
of pointed spaces 

t: (Z,*) --+ H. 

To do this, it suffices to define its restrictions tx and ty to (X, *) and (Y, *), 
respectively, since (Z, *) is their coproduct. Put 

tx(x)=(l,x) and ty(y)=(ll,yj,l) (XEX,yEY) 

(note that in F(R,*), one has 19,*j = * = 1; while in G, * = 1). Since 
both tx and ty are continuous (this is clear since these are really maps into 
(R, *) x G, and the topology of this space is the product topology), we have 
that t is a continuous map of pointed spaces. 

We claim that (H, t) is a free pro-C group on the pointed space (Z, *). 
We prove this by checking the universal property of free groups. Let K be a 
pro - C group and let cp : (Z, *) --+ K be a continuous map of pointed spaces 
such that cp(Z, *) generates K. Denote by cpx the restriction of cp to X. Let 

<px : G = F(X,*) --+ K 

be the induced continuous homomorphism; such homomorphism exists, even 
if cpx(X) does not generate K: it is the restriction of the continuous homo
morphism <p : F(Z, *) --+ K induced by cpo Define 

by 
p(lg,yj) = <px (g)cp(y)<px (g-l) (g E G,y E Y). 

We shall prove that p( R, *) generates a subgroup L of K which is pro - C. 
To do that, set Kx = (<p(X)) and Ky = (<p(Y)). Since Kx and Ky are 
homomorphic images of F(X,*) and F(Y,*), respectively, they are pro-C 
groups. Note that p(R, *) is generated by 

{ab = b-1ab I a E Kx,b E Ky}; 

hence p( R, *) is a normal subgroup of K, because K is generated by K x and 
Ky. If follows that L is a pro-C group (see Proposition 2.2.1). 

One sees without difficulty that p is a continuous map of pointed spaces. 
Hence, there exists an induced continuous homomorphism 

p: F(R, *) --+ L ~ K. 
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The homomorphisms rp x and p are compatible with the action of G on 
F(R,*), i.e., 

p(g. J) = rpx(g)cp(y)rpX(g-l) (j E F(R, *),g E G). 

Indeed, this is certainly the case if fER, by definition; hence it is always 
true since the action of G on F( R, *) is induced by its action on the basis 
(R, *) of F(R, *) (see Exercise 5.6.2). 

Therefore, the map rp : H = F( R, *) )<J G ---+ K given by 

rp(j,g) = p(j)rpx(g), 

is a continuous homomorphism. Finally, observe that rp~ = cpo This proves the 
claim. 

Thus we can identify H with F(Z, *). Under this identification, Y corre
sponds to {lI, y J lyE Y} in H. By definition of the action of G, the closed 
normal subgroup N of H generated by {lI, yJ lyE Y} contains 

R = {lg,yJ lyE Y,g E G}. 

Hence, N = F(R, *), as desired. D 

8.2 The S-rank 

This section is of a technichal nature. Here we introduce the concept of B
rank of a group, where S is a finite simple group. In the next sections we 
shall use the idea of S-rank to characterize which profinite groups appear 
as normal, characteristic or subnormal subgroups of a free pro - C group; or, 
more generally, as 'accessible' (see Section 8.3) or 'homogeneous' (see Section 
8.4) subgroups of a free pro - C group. 

Lemma 8.2.1 Let G be a profinite group and let K be an open normal sub
group of G such that G / K is a nonabelian finite simple group. Let M be the 
set of all closed normal subgroups M of G for which MK = G. Then M is 
closed under arbitrary intersections, i. e., the intersection of any collection of 
groups in M is in M. 

Proof We show first that if Mb M2 E M, then MI n M2 E M. Suppose 
not, that is, suppose that (MI n M2 )K i= G. Since G/K is simple, we have 
MI nM2 :::; K. Consider arbitrary elements a,b E MI. Since M2K = G, there 
exist m E M2 and k E K with a = mk. Then, using elementary commutator 
calculus, 

[a,b] = [mk,b] = (mk)-Ib-Imkb = [k,bm][m,b]. 

Since [m, b] E K, it follows that [a, b] E K. Thus, 



8.2 The S-rank 305 

is abelian, a contradiction. This implies that Ml n M2 E M, as desired. 
Therefore M is closed under finite intersections. 

Now let C be an arbitrary subset of M, and put L = nMEC M. We need 
to prove that LK = G. Fix g E G and define BM = M n gK, for M E C. It 
follows from the first part of the proof that the family {B M I M E C} of closed 
subsets of G has the finite intersection property. Thus the intersection of all 
the subsets in this family is nonempty by the compactness of G. Therefore 
L n gK i= 0. So g ELK. Hence LK = G, as needed. D 

Lemma 8.2.2 Let G be a profinite group and let M 2 M' be sets of maximal 
open normal subgroups of G. Put M = nREM R. Assume that the natural 
homomorphism 

cp(M') : G ~ II GIR 
REM' 

is an epimorphism. Then there exists a subset N of M containing M' such 
that the natural homomorphism 

cp(N): G ~ II GIR 
REN 

is an epimorphism and M = Ker( cp(N)), i. e., 

GIM';li. II GIR. 
REN 

Proof. Let fl be the family of all subsets C of M such that M' ~ C and 

cp(C): G ~ II GIR 
REC 

is an epimorphism. The family fl is nonempty because M' belongs to fl. 
Since ilREC G IRis an inverse limit of direct products over finite sets (see 
Exercise 1.1.14), one deduces from Corollary 1.1.6 that C E fl if and only if 
cp(F) is an epimorphism for each of its finite subsets F. Therefore fl, ordered 
by inclusion, is an inductive set. Hence there exists a maximal N in fl by 
Zorn's Lemma. To finish the proof it suffices to show that M = Ker{cp(N)). 
Put N = nREN R. We must show that N = M. It is obvious that M ~ N. 
If M < N, then there would exist some K E M with K n N < N. So, since 
GIK is simple, KN = G, and hence GIK n N ';li. GIK x GIN. This would 
imply that N U {K} E fl, contrary to the maximality of N. Thus N = M, 
as desired. D 

Corollary 8.2.3 Let G be a profinite group and let M be a set of maximal 
open normal subgroups of G such that G IRis a nonabelian finite simple group 
for every REM. Put M = nREM R. Then the natural homomorphism 



306 8 Normal Subgroups of Free Pro-C Groups 

rp: GIM ~ II GIR 
REM 

is an isomorphism. 

Proof If M is finite, the result follows immediately from Lemma 8.2.2 and 
an induction argument. For the general case, observe that rp is in a natural 
way the inverse limit of the isomorphisms 

rpN: GIN ~ II GIR, 
REN 

where N ranges over the finite subsets of M, and where N = nRENR. 0 

Lemma 8.2.4 Let {Si liE I} be a family of finite simple groups and let 

Set Ia = {i E I I Si is abelian} and In = {i E I I Si is nonabelian}. Define 

Ga = II Si and Gn = II Si' 
iE1a iEI" 

(a) Let K <l G. Assume that Sj is nonabelian (some j E I). Then Sj ::; K 
if and only if 7rj(K) '" 1, where 7rj : G ~ Sj denotes the canonical 
projection. 

(b) If K <I G and Si is not abelian for each i E I, then 

where If = {i E I l7ri(K) '" I}. 
(c) If K <lG, then K = (K n Ga) x (K n Gn). 

(d) Let K be a closed normal subgroup of G considered as a profinite group. 
Then both K and G I K are a direct product of finite simple groups; more
over, there is a continuous isomorphism G ~ K x G I K. 

(e) Assume that {Gi liE I} and {Hj I j E J} are families of finite simple 
groups such that 

II Gi ~ II Hj . 

iEI jEJ 

Then III = IJI· 

Proof 

(a) In one direction the result is obvious. Assume 7rj(K) '" 1. Then there 
exists some k = (ki ) E K with kj '" 1. To see that Gj ::; K, it suffices to 
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prove that G j n K :/; 1. Since the center of G j is trivial, there exists some 
t E Gj such that C1kjt :/; kj . Define 9 = (gi) to be the element of G such 
that gi = 1, if i :/; j, and gj = t. Then 1 :/; k-1g-1kg E Gi, n K, as needed. 

Parts (b) and (c) follow easily from (a). 

(d) By part (b), 

Gn = (Gn nK) x ( II Si)' 
iEIa-I' 

Next, denote Ga by Land Ga n K by R. For each prime number p, let 
Lp and Rp denote the unique p-Sylow subgroups of Land R, respectively. 
Then L = TIp Lp, R = TIp Rp and Rp :::;c Lp' Observe that Lp and Rp are 
direct products of copies of a cyclic group of order p. By Proposition 2.8.16, 
Lp = Rp X Rp', where R/ is a closed subgroup of Lp' Hence Lp' is a direct 
product of copies of a cyclic group of order p. Put R' = TIp Rp'. Then 

G a = L = R X R' = (Ga n K) x R'. 

Using this and part (c), we deduce that K has a closed complement K' = 

R' X (TIiEIa-I' Si) in G and both K and K' are direct products of finite 
simple groups. Since K' ~ GjK, all statements in part (d) follow. 

(e) It is plain that either I and J are both finite or both infinite. If both 
are finite, the result is a consequence of the Krull-Remak-Schmidt theorem 
(cf. Huppert [1967], Satz 1.12.3). Suppose that I and J are both infinite. Then 
2111 = IGI = IHI = 21JI. Hence III = IJI. 0 

Let S be a fixed finite simple group and let G be a profinite group. Denote 
by Ms(G) the intersection of all closed normal subgroups N of G whose 
quotient group GjN is isomorphic to S. By Lemma 8.2.2, 

GjMs(G) ~ II s, 
I 

the direct product of III copies of S, where I is some indexing set. The S
rank rs(G) of G is defined to be the cardinality of the indexing set I. This 
is well-defined by Lemma 8.2.4(e). Observe that if S does not appear as a 
quotient of G, then rs(G) = O. If S ~ ZjpZ, where p is a prime number, we 
write r p (G) instead of r s ( G), and we refer to it as the p-rank of G. 

Lemma 8.2.5 Let S be a finite simple group and let G be a profinite group. 

(a) rs(K) :::; max{ wo(G), No}, for each closed subgroup K of G. 

(b) If H is a continuous homomorphic image of G, then rs(H) :::; rs(G). 

(c) rs(G) = rs(GjMs(G)). 

(d) If K <lc G, then rs(G) :::; rs(K) + rs(GjK). 
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Proof. Parts (a), (b) and (c) are clear. We show (d). It follows from Lemma 
8.2.4(b) that GjMs(G) ~ GjKMs(G) x KMs(G)jMs(G). On the other 
hand, there exist natural epimorphisms 

GjK ~ GjKMs(G) 

and 
KjMs(K) ~ KjK n Ms(G) ~ KMs(G)jMs(G). 

Hence the result is a consequence of part (b). o 

Proposition 8.2.6 Assume that C is a formation of finite groups. Let F = 
Fc(X) be a free pro-C group of infinite rank m. Then rs(F) = m for every 
finite simple group SEC. 

Proof. By Proposition 2.6.2, m = wo(F). Then rs(F) ~ m, according to 
Lemma 8.2.5(a). Let I be a set of cardinality m. Since d(TII S) = m, there 
exists an epimorphism F ~ TIl S. Hence, Lemma 8.2.5(b) implies that 
rs(F) ~ m. 0 

Lemma 8.2.7 Let nand m be natural numbers. Denote by Fc(n) the free 
pro -C group of rank n. 

(a) If p is a prime number and ZjpZ E C, then rp(Fc(n» = n. 

(b) If SEC is a simple nonabelian group and n ~ d( S), t then 

rs(Fc(n + 1» ~ 2rs(Fc(n». 

(c) If SEC is a simple nonabelian group and m > n ~ d(S), then 

rs(Fc(m» - rs(Fc(n» ~ m - n. 

Proof. 

(a) Consider the group A = (a1) x ... x (an), where (ai) ~ ZjpZ (i = 
1, ... , n). Say that X = {Xb ... , xn} is a basis for the group F = Fc(n), and 
let 

7r:F~A 

be the epimorphism defined by 7r(Xi) = ai (i = 1, ... , n). Every epimorphism 

r.p: F ~ ZjpZ 

factors through 7r; so, if L<loF and FjL ~ ZjpZ, there exists some subgroup 
L' of A of index p such that 7r-1(L') = L. It follows that 

t It follows from the classification of finite simple groups that d(S) = 2 for 
all nonabelian finite simple groups S. 
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Mp(F) = n{L I L <Jo F, F/L ~ Z/pZ} = 

1r- 1(n{L' I L':::; A,A/L' ~ Z/pZ}) = Ker(lr). 

Hence F/Mp(F) = A, and therefore rp(Fe(n)) = n. 

(b) Put 

E(n) = Fe(n)/Ms(Fe(n)) ~ II S, 
iEI 

where ill = rs(Fe(n)). Let v be an element of E(n) whose projection onto 
each of the direct factors of I1 S is nontrivial; let w be the preimage of 

iEI 

v in Fe( n); and let {x!, ... , xn} and {Yl, . .. , Yn+!} be bases of Fe( n) and 
Fe (n + 1), respectively. Define epimorphisms 

cP, 'l/J : Fe(n + 1) ---+ Fe(n) 

by CP(Yi) = 'l/J(Yi) = Xi for i = 1, ... , n, CP(Yn+!) = wand 'l/J(Yn+l) = 1. 

Fe(n + 1) ---- E(n + 1) 

~! ~ a!~ 
Fe(n) ~ E(n) 

Denote by K the normal subgroup of E(n + 1) generated by the image of 
Yn+l under the natural projection 

Fe(n + 1) ---+ E(n + 1), 

and let 
a, f3 : E(n + 1) ---+ E(n) 

be the epimorphisms induced by cP and 'l/J respectively. Since S is simple 
nonabelian, we infer from the choice of v, that v generates E(n) as a normal 
subgroup (see Lemma 8.2.4). It follows that a(K) = E(n). On the other 
hand, (J(K) = 1; therefore, (J induces an epimorphism from E(n + 1)/ K onto 
E(n). Thus, since K is a direct factor of E(n + 1) (see Lemma 8.2.4(c)), we 
have 

rs(Fe(n + 1)) = rs(E(n + 1)) = 
rs(K) + rs(E(n + 1)/ K) ~ 2rs(E(n)) = 2rs(Fe(n)). 

(c) Since n ~ d(S), we deduce from (b) that 

rs(Fe(n + 1)) - rs(Fe(n)) ~ 1. 

Hence 

rs(Fc(m)) - rs(Fc(n)) ~ m - n, 



310 8 Normal Subgroups of Free Pro-C Groups 

by induction on m - n. o 

Exercise 8.2.8 Let G be a profinite group. 

(1) Let p be a prime number. Then rp(G) = 0 if and only if Hl(G, ZjpZ) = 0, 
where ZjpZ is considered as a trivial G-module. 

(2) rp(G) = 0 for all prime p if and only if Hl(G, QjZ) = 0, where QjZ is 
considered as a trivial G-module. 

(3) Let F = F(n) be the free profinite group of finite rank n, F = Fsol(n) 
the free prosolvable group of rank n and r.p : F ---+ F the canonical 
epimorphism. Then rp(Ker(r.p)) = 0 for every prime p. 

8.3 Accessible Subgroups 

A closed subgroup H of a profinite group G is said to be accessible if there 
exists a chain of closed subgroups of G 

H = GI-' $ ... $ G>.. $ ... $ G2 $ G1 = G, 

indexed by the ordinals smaller than a certain ordinal j.L, such that 

(i) G)..+l <3 G>.. for all ordinals A $ j.L, and 

(ii) if 1/ is a limit ordinal such that 1/ $ J-t, then Gv = n>..~v G>... 

(1) 

A chain with properties (i) and (ii) will be called an accessible chain of 
HinG. 

Clearly, a closed subnormal subgroup is accessible since it has a finite 
accessible chain. We collect some basic properties of accessible subgroups in 
the following 

Proposition 8.3.1 Let H be an accessible subgroup of a profinite group G. 
Then 

(a) If N is an accessible subgroup of H, then N is an accessible subgroup of 
G. 

(b) For any subgroup L ofG, the intersection HnL is an accessible subgroup 
of L. 

(c) For any continuous epimorphism r.p : G ---+ K of profinite groups, the 
image r.p(H) of H is an accessible subgroup of K. 

Proof Parts (a) and (b) follow directly from the definition of an accessible 
subgroup. For (c), let (1) be an accessible chain of H in G. Then 
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is also an accessible chain. Indeed, it is plain that 'P(G>'+l) <l'P(G>.). Let v be 
a limit ordinal with v ::; J.L. Then, by Proposition 2.1.4(b), 

n 'P(G>.) = 'P(Gv ). 

>'::;v 

o 

The next theorem gives useful characterizations of accessible subgroups 
of a pro finite group. 

Theorem 8.3.2 Let H be a closed subgroup of a profinite group G. Define a 
chain of subgroups indexed by the natuml numbers 

G = Nl t> N2 t> ••• 

as follows: Nl = G, and if Nm has been already defined, let Nm+1 be the 
normal closure of H in Nm (that is, the smallest closed normal subgroup of 
N m containing H). Then the following statements are equivalent. 

(a) H is accessible in G; 

(b) The image of H in every finite quotient group of G is subnormal; 

(c) H = n:=l Nm · 

Proof. The implication (a) => (b) follows from Proposition 8.3.1(c) and the 
fact that every accessible subgroup of a finite group is subnormal. 

(b) => (c): Write G as an inverse limit G = lim Gi of a surjective inverse 
f---

system {Gi, 'Pij, I} of finite groups. Let 'Pi : G ---+ Gi be the projection, and 
set Hi = 'Pi(H) (i E I). Choose a subnormal chain of Hi in Gi 

Obviously 'Pi(N1 ) = Gil' Since 'Pi is an epimorphism, one has that 'Pi(Nm+1) 

is the normal closure of Hi in 'Pi(Nm), for every natural number m. Hence 
one can argue by induction on m to deduce that 'Pi(Nm) ::; Gim for all 
m = 1,2, ... ni' Therefore, 'Pi(Nk) = Hi, for k 2 ni' Put 

00 

N= n Nm . 

m=l 
By Proposition 2.1.4(b), one has 'Pi(N) = Hi = 'Pi(H), for all i E I. Then, 
by Corollary 1.1.8, H = N = n:l N i , as required. 

The implication (c) => (a) is obvious. 0 

Corollary 8.3.3 Let C be a formation of finite groups closed under taking 
normal subgroups. Then every accessible subgroup of a pro -C group is a pro -
C group. 
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Corollary 8.3.4 Let p be a prime number and let G be a pro-p group (or, 
more generally, a pronilpotent group). Then every closed subgroup of G is 
accessible. 

Proof. This follows from part (b) of the above theorem since in a finite p-group 
(more generally, in a finite nilpotent group), every subgroup is subnormal (cf. 
Hall [1959], Corollary 10.3.1). 0 

This corollary shows that the concept of accessible subgroup plays no role 
in the study of pro-p groups. It explains why whenever accessible groups are 
involved in this and subsequent sections, we shall assume that those groups 
are, in general, not pro-po 

The characterizations given in Theorem 8.3.2 are very useful in proving 
properties related to accessible groups. We begin with the following 

Proposition 8.3;5 

(a) Let {Hi liE I} be a family of accessible subgroups of a profinite group 
G. Then their intersection H = niEI Hi is an accessible subgroup of G. 

(b) If HI and H2 are accessible subgroups of a profinite group G, then the 
subgroup H = (HI, H2) generated by HI and H2 is also accessible. 

Proof· 

(a) Let F be the collection of all finite subsets of I. For F E F, put 
HF = niEF Hi· Let us show that HF is accessible in G, for every F E :F. By 
an obvious induction, we may assume that F consists of two elements i and 
j. Remark that Hi n Hi is accessible in Hi by Proposition 8.3.1(b). Since Hi 
is accessible in G, then Hi n Hi is accessible in G by Proposition 8.3.1(a). 

Note that 
H= n H F · 

FEr 

Let cp : G -- K be a continuous epimorphism onto a finite group K. Since 
the collection of subgroups {HF I FE:F} is filtered from below, one has 

cp(H) = n cp(HF) 
FEr 

(see Proposition 2.1.4(b)). Since K is finite, one deduces that cp(H) is sub
normal in K. Then H is accessible in G by Theorem 8.3.2. 

(b) Let cp : G -- K be a continuous epimorphism onto a finite group 
K. Clearly cp(HI) and cp(H2) are subnormal in K. Furthermore, cp(H) is 
generated by cp(HI) and CP{H2)' Now, a subgroup generated by subnormal 
subgroups is subnormal (cf. Suzuki [1982], Chapter 2, 3.23). Hence, by The
orem 8.3.2, H is accessible in G. 0 
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Let G be a profinite group. We denote by M(G) the intersection of all 
maximal closed normal subgroups of G. Next we show that M(G) has a 
Frattini type property with respect to accessible subgroups. 

Proposition 8.3.6 Let H be an accessible group of a profinite group G. If 
HM(G) = G, then H = G. 

Proof. Assume first that H is normal in G. If H =1= G, then H is contained in 
some closed maximal normal subgroup M of G. But M(G) ~ M; therefore 
HM(G) ::; M < G, a contradiction. 

Next consider the general case. Let N be the normal closure of H in G. 
We claim that N = G if and only if H = G. Indeed, if N = G, then, using 
the notation of Theorem 8.3.2, we have that Ni = G for all i = 1,2, ... , by 
induction. Hence H = n:l Ni = G. The converse is obvious. 

Since H::; N, then HM(G) = G implies NM(G) = G. By the first part 
of the proof, N = G. Thus from above, H = G. 0 

We end this section with two technical results that will be of use later. 

Lemma 8.3.7 Let cp : G ---+ H be a continuous epimorphism of profinite 
groups. Then cp(M(G)) = M(H). 

Proof. Since cp-l sends maximal closed normal subgroups of H to maximal 
closed normal subgroups of G and since cp-l preserves intersections, we have 
that cp-l(M(H)) ~ M(G). So, cp(M(G)) ::; M(H). For the reverse contain
ment, observe that Hjcp(M(G)) is a direct product of finite simple groups, 
since it is a homomorphic image of GjM(G) (see Lemma 8.2.4(d)). There
fore, cp(M(G)) is an intersection of maximal closed normal subgroups of H. 
Thus, cp(M(G)) ~ M(H). 0 

The following lemma shows how certain information on subgroups placed 
deep in a profinite group can be brought closer to the surface of the group. 
This lemma plays a crucial role in many of the results in this chapter. 

Lemma 8.3.8 Let C be a formation of finite groups which is also closed 
under taking normal subgroups. Let Hand K be subgroups of a pro -C group 
G with K <lc H, and assume that H is an accessible subgroup of G. Then G 
has a closed pro -C subgroup L containing H such that 

(1) L is an accessible subgroup of G; 

(2) there exists a continuous epimorphism p : L ---+ HjK extending the 
canonical epimorphism H ---+ H j K; and 

(3) wo(GjL) ::; wo(HjK) (note that GjL is not necessarily a group). 

Moreover, 
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(a) if [G : H] = 00 and [H : K] < 00, then L is open. Furthermore, any 
open subnormal subgroup L' of L containing H also satisfies conditions 
(1) - (3); in addition, such L' can be chosen so that it has arbitrarily large 
finite index in G; 

(b)ifH<lcG, thenL<lcG, K<lcL andLjK~HjKxKer(p)jK; and 

(c) if H <lc G and K <lc G, then Ker(p) <lc G. 

Proof. Since accessible subgroups of pro - C groups are pro - C (see Corollary 
8.3.3), we have that both Hand K are pro-C groups. Let {Ui liE I} be 
a family of open normal subgroup of H such that niE1 Ui = K and III = 
wo(HjK). For each i E I, choose ~<loG with Hn~:::; Ui . Put V = nEI K 
Define L = HV. In light of Proposition 8.3.5, L is an accessible subgroup of 
G; so L is pro- C (see Corollary 8.3.3). By Proposition 2.1.5, the set of all finite 
intersections of the open subgroups {~jV liE I} form a fundamental system 
of neighborhoods of GjV; hence wo(GjV) :::; III- Therefore, wo(GjL) :::; III = 
wo(HjK), because GjL is a quotient space of GjV. Since KV <l HV = L 
and V n H :::; K, we have 

LjKV = HKVjKV ~ HjHn (KV) ~ HjK. 

Define p : L ----? H j K to be the composition of natural maps 

L ----? LjKV ~ HjK. 

Plainly p is an epimorphism and its restriction to H is the natural epimor
phism H ----> H/K. Hence we have shown that L satisfies conditions (1), (2) 
and (3). 

(a) Assume now that [G : H] = 00 and [H: K] < 00. Let L be the group 
constructed above. Then Wo (G j L) :::; Wo (H j K) = 1; so L is open in G. Let r 
be a natural number; since H is an accessible subgroup of L, there exists an 
open subnormal subgroup L' of L with H :::; L' and such that [G : L'] ;::: T. 

Fix any such L'. Obviouly L' is an accessible subgroup of G; hence L' is 
pro-C. Note that L'V = L = HV. Thus 

L' ----? L'VjKV ~ HjK 

is an epimorphism extending H ----? H j K. 

(b) Assume that H <lc G. Then clearly L = HV <lc G. On the other hand, 

iEI iEI iEI 

where [V, K] is the closed subgroup generated by the commutators [v, k] (v E 

V, k E K). Therefore, V normalizes K. Thus K <lc HV = L. Finally, observe 
that Ker(p) = KV; so HnKer(p) = K. Hence LjK ~ HjK x Ker(p)jK. 

(c) If H <lc G and K <lc G, note that then Ker(p) = KV <lc G. 0 
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Exercise 8.3.9 Let C be an extension closed variety of finite groups. Let H 
and K be closed subgroups of a pro-C group G with K <J H. Then G has a 
closed subgroup L containing H such that 

(1) there is a continuous epimorphism p : L ----+ HI K extending the canonical 
epimorphism H ----+ HI K j and 

(2) wo(GIL) ~ wo(HIK) (note that GIL is not necessarily a group). 

Exercise 8.3.10 Let K be a minimal finite normal subgroup of a profinite 
group G. Then K ~ M(G) if and only if G does not split as a direct product 
G ~ K x GIK. [Hint: use Lemma 8.2.4(d).] 

8.4 Accessible Subgroups H with wo{F/H} < rank{F} 

In Theorem 3.6.2 we saw that open subgroups of free pro-C groups are free 
pro - C if C is an extension closed variety of finite groups, that is, freeness is 
preserved for groups that are "close to the surface" of F. In this section we 
pursue this idea of being close to the surface relative to the rank of the free 
group. The main result is that if H is an accessible subgroup of infinite index 
in a free pro - C group F and Wo (F I H) is sufficiently small in relation to the 
rank of F, then H is also free pro - C. 

Lemma 8.4.1 Let C be an NE-formation of finite groups. Let F be a free 
pro -C group of finite rank n ~ 2 and assume that K is a closed normal 
subgroup of F of infinite index such that d(FIK) < n. Let r be a natural 
number. Then there exists an open normal subgroup Lr of F containing K 
such that for every open subgroup U of F with K ~ U <J Lr, one has 

rank(U) - d(U / K) ~ r. 

Proof. We proceed by induction on r. For r = 1, choose Ll = Fj the result 
then follows from Corollary 3.6.3 and Theorem 3.6.2. For a given r ~ 1, 
assume the existence of Lr satisfying the conditions of the lemma. Define 
Lr+! to be a proper open subgroup of Lr containing K such that Lr <J F. Let 
U be an open subgroup of F with K ~ U <JLr+!. Then, using Theorem 3.6.2, 
Corollary 3.6.3 and the induction hypothesis, we have 

rank(U) = 1 + [Lr : U](rank(Lr) - 1) ~ 1 + [Lr : U](d(Lrl K) + r - 1) = 

1 + [Lr : U](d(Lrl K) - 1) + [Lr : U]r ~ d(U I K) + (r + 1), 

since [Lr : U] > 1. o 

In Theorem 3.6.2 we studied subgroups of finite index of a free pro - C 
group. The next theorem considers certain accessible subgroups of infinite 
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index which are also free (see Theorem 8.9.4 for further results in this direc
tion). 

Theorem 8.4.2 Let C be an NE-formation of finite groups. Let F be a free 
pro-C group of mnk m 2: 2 . Set m* = max{m ,~o}. 

(a) Suppose that H is an accessible subgroup of F of infinite index with 
Wo (F j H) < m (note that F j H is not necessarily a group). Then H is 
a free pro -C group of rank m*. 

(b) Suppose that H is a closed normal subgroup of F of infinite index with 
d(FjH) < m. Then H is a free pro-C group of mnk m*. 

Proof. Let £ = £c be the class of all epimorphisms of pro-C groups. 

(a) In this case we may assume that m > ~o, for otherwise H would have 
finite index. By Corollary 8.3.3 H is a pro-C group. Observe that wo(H) = 
m = m*, since wo(FjH) < m = m*. 

Consider the following £-embedding problem for H 

H ; ............ ~~ 
l~N~A~B~l 

(2) 

with wo(B) < wo(H), wo(A) 5:wo(H) and where the row is exact. We shall 
show the existence of an epimorphism r:p : H ----4 A such that o:r:p = cpo This 
will prove two things. First, that d(H) = m (for if B is a finite simple quotient 
of H, then A can be chosen to be a direct product of m copies of B). And 
second, that H is free pro-C of rank m (see Theorem 3.5.9). 

Our strategy to find r:p is to search for a convenient open subnormal sub
group U (hence free pro - C of rank m) of F, containing H so that cp can be 
extended to an epimorphism from U onto Bj then use the freeness of U to 
lift that epimorphism to an epimorphism from U onto Aj and finally, make 
sure that the restriction of the latter epimorphism restricted to H is still an 
epimorphism onto A. 

By Lemma 3.5.4, we may assume that in diagram (2), the kernel N is 
finite. Hence, there exists an open normal subgroup W of A such that WnN = 
1. Consider the commutative diagram 

A-~"" 

~! 
AjW~AjNW 
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where /3, ,,(,0 are the natural epimorphisms, and w = "(CP. 
Let K = Ker(w)j then K is open in H. By Lemma 8.3.8, there exists an 

open subnormal subgroup U of F containing H and a continuous epimor
phism U --+ HjK whose restriction to H is the canonical map H --+ HjK. 
Hence there exists an epimorphism 

WI: U --+ H/K ~ AjNW 

whose restriction to H is w. Note that Ker(cp) :S Ker(w) = K. Since U is 
open and subnormal in F, it is a free pro-C group of rank m, since m is 
infinite (see Corollary 3.6.4). 

Our next step is to construct a special continuous epimorphism 

'l/JI: U --+ AjW 

lifting WI. Say X is a basis of U converging to 1. We know that HjKer(cp) ~ B, 
wo(B) < m and wo(U j H) < m (the latter inequality is a consequence of our 
hypothesis Wo (F j H) < m). Therefore, there exist collections 

{~(I) I ~(I) :So U, i E h} and {~(2) I ~(2) :So U, i E 12 } 

such that Ihl, IIzI < m, niEh ~(I) = Hand niEI2 ~(2) n H = Ker(cp) (see 
Proposition 2.1.4). So, there exists a collection 

{Vi I Vi :So U, i E I} 

such that III < m and niE1 Vi = Ker(cp). Therefore 

IX - Ker(cp)I = I U(X - Vi)1 < m, 
iEI 

since each X - Vi is a finite set. Hence IX n Ker( cp) I = m. Define a mapping 

'l/JI: X --+ AjW 

as follows: On X - Ker(cp), let 'l/JI be equal to the function awl. where a : 
AjNW --+ AjW is a section of OJ and let 'l/JI on X n Ker(cp) be a mapping 
from X nKer( cp) onto Ker( 0) converging to 1 (such a mapping exists since m is 
an infinite set and Ker(o) is finite). Then 'l/JI is a mapping converging to 1 and 
'l/JI(X) generates AjW. Hence it defines an epimorphism 'l/JI : U --+ AjW, 
such that O'I/JI = WI· 

Define 'I/J : H --+ AjW as the restriction of 'l/JI to H. Then 'I/J(Ker(cp)) = 
Ker(o). One deduces that 'I/J is onto and Ker(w) = Ker(cp)Ker('I/J). Next note 
that 

A O! ~ B=AjN 

!~ ~! 
AjW~AjNW 
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is a pullback diagram since W n N = 1 (see Exercise 2.10.1). Therefore, 'IjJ 
and cp induce a homomorphism cp : H ---t A such that pcp = 'IjJ and acp = cpo 
Finally observe that cp is onto by Lemma 2.10.2. Thus cp is the desired solution 
of the [-embedding problem (2). 

(b) Suppose first that m > No. Then, wo(F/H) = max{No,d(F/H)}. 
Hence wo(F/H) < m, and so the result follows in this case from part (a) 
above. 

Hence we may assume from now on that m ::; No. We distinguish two 
cases. 

Case 1. m = n is finite. 

Observe that wo(H) = No, since H is an infinite group. As in case (a), we 
shall prove that every [-embedding problem (2), where the row is an exact 
sequence of pro- C groups with wo(A) ::; No and where B is finite, is solvable. 
Again, this will show both that d(H) = No and that H is free of rank No. By 
Lemma 3.5.4 we may assume that N and A are finite as well. 

Let K = Ker(cp)j then K is open in H. By Lemma 8.3.8, there exist an 
open normal subgroup L of F containing H and a continuous epimorphism 
p : L ---t H / K extending the map H ---t H / K. In addition, if we put V = 
Ker(p), then L/K = H/Kx V/K. Define an epimorphism fJ : L ---t Bx V/K 
as the composition 

fJ: L ---t L/K = H/K x V/K ---t B x V/K 

(the last map is the natural isomorphism induced by cp). 
By Theorem 3.6.2, L is a free pro-C group of finite rank. Next we shall 

show that, after changing L appropriately if necessary, we can find a basis X 
of L such that IX n Ker(fJ)I ~ d(N). First remark that as a consequence of 
Corollary 3.6.4 and our hypothesis, 

d(L/H) ::; 1 + [F: L](d(F/H) -1) < 1 + [F: L]{rank(F) -1) = rank(L). 

Hence by Lemmas 8.4.1 and 8.3.8, L can be chosen so that 

rank(L) ~ d(L/H) + d(B) + d(N). 

Put r = rank(L) and t = d(B x V/K). Therefore, 

T = rank(L) ~ d(B x V/K) + d(N) = t + d(N). 

By Proposition 2.5.4, there exists a set of generators 

of L such that O«(Xl,." ,Xt)) = B x V/K and O(Xi) = 1 for i = t + 1, ... ,T. 

Since L is a free pro - C group of rank T, we have that X is a basis of L (see 
Lemma 3.3.5). 
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Now, let a : B ---t A be a section of n : A ---t B. Denote by (it the 

composition map L ~ B x VI K ---t B. To define a homomorphism 

iii : L ---t A 

it suffices to define it on X. We do this as follows: iii (Xi) = alit(xi), for 
i = 1, ... ,t, and we let iii send Xt+1. . .. ,Xr to a set of generators of N. This 
is possible since r - t ~ d(N). 

Clearly iii is an epimorphism and niii = (it. Let cp : H ---t A be the 
restriction of iii to H. Then 

ncp = cpo 

Therefore, cp(H)N = A. Finally, remark that N ::; cp(H) since Xt+!, ... , Xr E 
Ker(O) = H. So, cp(H) = A. Thus cp is an epimorphism, as needed. 

Case 2. m = No. 

In this case d( F I H) is finite by assumption. We shall prove that every em
bedding problem (2) with A and B finite is solvable. Again, this will show 
that H is a free pro-C group of rank No. 

Write 
F = lim Fi , -

where each Fi is a free pro - C group of finite rank i and where the canonical 
map 7ri : F ---t Fi is an epimorphism, for each i = 1,2, ... (see Corollary 
3.3.10). Set Hi = 7ri(H). Then Hi <3 Fi and 

FIH = lim Fi/Hi. -
Clearly d(Fi/Hi) ::; d(FIH), for i = 1,2, .... Choose a natural number n 
such that n ~ d(F I H) and such that cp factors through Hn (see Lemma 
1.1.16). Say cp(h) = CPn7rn(h) , for all h E H, where 'Pn : Hn ---t B is an 
epimorphism. By Case 1, there exists a continuous epimorphism CPn : H ---t A 
with nCPn = CPn. Then the composition 

cp : H ---t Hn ~ A 

is the desired solution of the embedding problem (2). o 

Part (a) of the result above has an analog valid not only for accessible 
subgroups, but also for closed subgroups in general, if the class C is an exten
sion closed variety, in particular for closed subgroups of free profinite groups. 
Precisely, we have, 

Theorem 8.4.3 Let C be an extension closed variety of finite groups. Let 
H be a closed subgroup (not necessarily accessible) of infinite index of a free 
pro -C group F of rank m ~ 2. If wo(F I H) < m, then H is also free pro-C 
of rank m*. 
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The proof of this result can be obtained by mimicking almost word by 
word the proof of part (a) in the theorem above. One simply has to use the 
result contained in Exercise 8.3.9 rather than Lemma 8.3.8. 

Let r be a natural number and let G be a profinite group with d( G) = r. 
We say that G satisfies Schreier's formula or that G is r-freely indexed if for 
every open normal subgroup U of G one has 

d(U) = 1 + [G : U](r - 1). 

The prototype of a group that satisfies Schreier's formula is a free profinite 
group of rank r (see Theorem 3.6.2). 

Corollary 8.4.4 Let C be an NE-formation of finite groups. Let r ~ 2 be a 
natural number, F a free pro -C group of rank r, and let H be a closed normal 
subgroup of F of infinite index. If F / H does not satisfy Schreier's formula, 
then H is a free pro -C group of rank No. 

Proof. Observe that F / H does not satisfy Schreier's formula if and only if 
there exists some open normal subgroup L of F containing H such that 

d(L/H) < 1 + [G: L](r -1). 

By Theorem 3.6.2, d(L) = 1 + [G : L](r -1), and so d(L/H) < d(L). Thus 
the result follows then from Theorem 8.4.2(b) applied to H and L. 0 

The following result provides examples of groups which do not satisfy 
Schreier's formula. 

Lemma 8.4.5 Let K = Kl X K2 be a nontrivial direct product decomposition 
of a pro finite group K. Assume that 2 $ d(K) < 00. Then K does not satisfy 
Schreier's formula. 

Proof. Note that max{d(Kt}, d(K2)} $ d(K) ~ d(Kl) + d(K2) (i = 1,2). If 
Ki is finite, then K 3- i is a proper open normal subgroup of K with d(K3- i ) ~ 
d(K) (i = 1,2). Thus K does not satistfy Schreier's formula. Assume now 
that both Kl and K2 are infinite. Let Li be a proper open normal subgroup 
of Ki of index ni (i = 1,2). Then d(Li) ~ 1 + ni(d(Ki) - 1) (see Corollary 
3.6.3). So, 

d(Ll x L2) $ 2 + nl(d(Kl) -1) + n2(d(K2) -1) ~ 2 + (nl + n2)(d(K) -1). 

Next observe that 

if 
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nln2 - (nl + n2) ~ 2, 

in particular, if nI, n2 ~ 3. Hence, in any such a case, 

o 

Exercise 8.4.6 

(a) Let G be a free pronilpotent group with d(G) ~ 2. Show that G does 
not satisfy Schreier's formula. 

(b) Let G be a free prosupersolvable group with d(G) ~ 2, and assume 
that the order of G is divisible by only finitely many primes. Show that G 
does not satisfy Schreier's formula. (Hint: use Proposition 2.8.11 .) 

Theorem 8.4.7 Let p be a prime number and let G be a finitely generated 
pro-p group. Then G is free pro -p if and only if it satisfies Schreier's formula. 

Proof. Let d(G) = r and let F be the free pro-p group of rank r. If G = F, 
then G satisfies Schreier's formula by Theorem 3.6.2. 

Assume that G satisfies Schreier's formula. Let cp : F ---+ G be a contin
uous epimorphism. Consider the Frattini series 

of F and G respectively (that is, Fi+l and Gi+1 are the Frattini subgroups 
of Fi and Gi respectively, for i = 1,2, ... ). By Proposition 2.8.13, 

00 00 

nFi =1 and nGi = 1; 
i=l i=l 

so 
F = lim FIFi and G = lim GIGi. +--- +---

Therefore, it suffices to show that the natural epimorphisms 

induced by cp are isomorphisms. We do this by induction. This is obviously 
the case for i = 1. Assume that CPn : F I Fn ---+ G I Gn is an isomorphism, and 
consider the commutative diagram 

1 ---~, Fnl Fn+1 --- FI Fn+1 ---, F I Fn ----, 1 

! ~n+l ! ~n+l ! ~n 
1---,,~GnIGn+1 - GIGn+1 " GIGn ----, 1 
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where 'l/Jn+1 is the natural epimorphism induced by cpo Since F and G sat
isfy Schreier's formula, d(Fn) = d(Gn). Hence the finite Fp-vector spaces 
Fn/ Fn+1 and Gn/Gn+1 are isomorphic. Therefore, 'l/Jn+1 is an isomorphism. 
We deduce then from the above diagram and the induction hypothesis that 
CPn+ 1 is an isomorphism. 0 

8.5 Homogeneous Pro - C Groups 

The main purpose of this section is to obtain a workable characterization of 
accessible subgroups of infinite index of free pro - C groups; this characteriza
tion provides criteria to decide which of those accessible subgroups are free 
pro-C. If C consists of finite p-groups for a fixed prime number p, then we 
already have a good understanding of the subgroups of free pro-p groups (see 
Section 7.7); therefore, for most results in this section we exclude the case 
of pro-p groups by assuming that the class C involves at least two primes. 
Indeed, many of the results in this section are not valid for pro-p groups. 

As we saw in Lemma 7.6.3, every projective group G is a subgroup of 
a free profinite group and by Proposition 7.6.9, such a group is determined 
by its Frattini quotient G/iP(G). However, for many projective groups the 
Frattini subgroup iP(G) is trivial and so G = G/iP(G). 

The situation is much better when we consider accessible (in particular, 
normal) subgroups of free profinite groups. The key point in this situation is 
the replacement of the Frattini subgroup by its analog M(G), the intersection 
of all closed maximal normal subgroups of G. 

As we see in this section, the class of accessible subgroups of infinite index 
in free profinite groups coincides with the class of 'homogeneous' groups. 
These are defined as profinite groups having the strong lifting property with 
respect to certain types of epimorphisms. We remark that, in analogy with 
projective groups, every homogeneous group is determined uniquely by its 
local weight and the quotient group G/M(G) (see Theorem 8.5.2 below). 

Let C be a formation of finite groups closed under taking normal sub
groups. Denote by C the class of epimorphisms of pro - C groups a : A ---t B 
such that Ker(a) ~ M(A). Obviously, C is an admissible class of epimor
phisms (see Definition 3.5.1(c)). An infinite pro-C group G is said to be 
homogeneous if it has the strong lifting property over the class C. 

Remark 8.5.1 By Theorem 3.5.8, a free pro-C group F of infinite rank is 
homogeneous. 

Let H be a profinite group. Denote by r*(H) the function that assigns 
to every finite simple group S the S-rank rs(H) of H. We shall name it the 
S-rank junction of H. 
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Next we state the main results of this section. The proofs will be given 
later. The first theorem says that homogeneous groups are characterized by 
their rank functions and their local weights. 

Theorem 8.5.2 Let C be a formation of finite groups closed under tak
ing normal subgroups. Let G 1 and G2 be homogeneous pro -C groups with 
wo(G1) = wo(G2 ). Then G 1 ~ G2 if and only ifr*(Gd = r*(G2 ), or equiva
lently, if and only if GdM(G1 ) ~ G2 /M(G2 ). In particular, a homogeneous 
pro -C group G is free pro -c of infinite rank m if and only if rs(G) = m for 
every simple group SEC. 

The next result is of a more technical nature; it serves as a preparation for 
Theorem 8.5.4 which characterizes homogeneous pro-C groups as accessible 
groups of infinite index in nonabelian free pro - C groups. 

Theorem 8.5.3 Assume that C is an N E-formation of finite groups involv
ing at least two different prime numbers. Let m be an infinite cardinal and 
let f be a function that assigns to each simple group SEC a cardinal f (S), 
with f (S) ::; m. Then there exists a homogeneous pro -C group G such that 
wo(G) = m and r*(G) = f. 

Theorem 8.5.4 Assume that C is an NE-formation of finite groups involv
ing at least two different prime numbers. Let F( m) be a free pro -C group 
of rank m 2: 2. Put m* = max{m, ~o}. Then, a pro-C group G is isomor
phic to an accessible subgroup of infinite index of F(m) if and only if G is 
homogeneous and Wo (G) = m * . 

Theorems 8.5.2 and 8.5.4 allow us to classify accessible subgroups of free 
pro - C groups. We state this in the following corollary_ 

Corollary 8.5.5 Assume that C is an N E-formation of finite groups involv
ing at least two different prime numbers. Let G 1 and G2 be accessible sub
groups of infinite index in a free pro - C group of rank m 2: 2. Then G 1 ~ G2 

if and only ifr*(Gl) = r*(G2 ). 

Our strategy to prove these theorems will be as follows. First we prove 
Theorem 8.5.2. Then we prove that homogeneous groups are precisely the 
accessible subgroups of free pro - C groups (of infinite index if the rank of the 
free group is finite). Finally we shall show Theorem 8.5.3. 

Lemma 8.5.6 Let C be a formation of finite groups closed under taking 
normal subgroups. Let G be a pro -C homogeneous group with wo(G) = m. 
Then any embedding problem 
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G , ............. !~ 
A~B 

(3) 

with wo(A) ::; m, Ker(a) ::; M(A) and wo(M(A)jKer(a)) < m, is solvable. 

Proof. We consider two cases. 

Case 1. K = Ker(a) is a finite minimal normal subgroup of A. 

From the finiteness of K = Ker(a) it follows that wo(M(A)) < m. Then, by 
Lemma B.3.B, there exists a closed normal subgroup L of A containing M(A) 
and a continuous epimorphism p : L ---+ M(A) such that p is the identity map 
on M(A) and wo(Aj L) ::; wo(M(A» < mj moreover R = Ker(p) is normal 
in A and RM(A) = A. Clearly RnM(A) = 1 and so wo(LjR) = wo(M(A». 
Therefore, wo(Aj R) < m, since m is infinite. 

Consider the embedding problem 

G 
~ ........... ! 

.. w , ..... 
Aj R --.5-. Aj K R 

where ( is the canonical epimorphism and w is the composition of natural 
epimorphisms G ~ B = AjK ....!... AjKR. Clearly wo(AjKR) < m and 
Ker«() = KRjR ::; M(AjR) (since K ::; M(A». Hence there exists an 
epimorphism e solving the embedding problem above, i.e., such that w = (e. 

Next we define a map 1/J : G ---+ Aj to do this observe that the commuta
tive diagram 

A (3 J AjR 

a! 1, 
AjK~AjKR 

is a pullback since K ::; M(A) and R n M(A) = 1 (see Exercise 2.10.1). 
Therefore, from 11'P = (~, we deduce the existence of a continuous homomor
phism 1/J : G ---+ A such that a1/J = 'P and IN = ~ . It remains to prove that 
1/J is surjective. Next consider the following commutative diagram 

AjR 

Y.~l~ 
A "" G W J AjKR-----_J AjM(A)R 

~ ~ ~ u / 

B = AjK J AjM(A) 
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where all mappings are (canonical) epimorphisms except possibly 'IjJ. 
Note that 

A (3) AIR 

u! 10 

AIM(A) --:-. AIM(A)R 

is a pullback diagram since R n M(A) = 1. Observe that 'IjJ is also the map 
induced by the pair ~ and "'cp with respect to this pullback. According to 
Lemma 2.10.2, to prove that 'IjJ is surjective, it suffices to show that 

Ker(~)Ker(,..cp) = Ker(<>~). 

Since AIM(A) ~ GIKer(,..cp), one has that Ker(,..cp) is the intersection of 
maximal normal subgroups of G; hence Ker(,..cp) ;::: M(G). Thus, using this 
and Lemma 8.3.7, we have 

Ker(<>~) = C 1(M(A)RIR) = Ker(~)M(G) ::; Ker(~)Ker(,..cp). 

To prove equality observe that 

Case 2. General K = Ker( a:). 
By Corollary 2.6.5, there exist an ordinal number J..t and a chain of closed 
subgroups of K 

K = Ko > Kl > ... > K>.. > ... > KJL = 1 

such that 

(i) each K>.. is a normal subgroup of A with K>.I K>"+l E C; moreover K>. 
is maximal with respect to these properties; 

(ii) if >. is a limit ordinal, K>. = nv<>. Kv; and 

(iii) if K is an infinite group, then wo(M(A)1 K>.) < wo(A) whenever 
>. < J..t. 

We use induction (transfinite, if K is infinite) on >. to construct an epi
morphism 

cp>. : G -t AI K>. 

for each>' ::; J..t, such that if >'1 ::; >. the diagram 

AI K>. ----~) AI K>'1 



326 8 Normal Subgroups of Free Pro-C Groups 

commutes, where the horizontal mapping is the natural epimorphism. Then 
<PI-' : G ---t A will be a solution to the embedding problem (3). 

Note that A/ Ko = B; so, put <Po = <po Let>. ::; f.L and assume that <Pv has 
been defined for all v < >. so that the above conditions are satisfied. 

If >. is a limit ordinal, then 

A/K>.. = ~ A/Kv ; 
v< .... 

in this case, define 

If, on the other hand, >. = 0' + 1, we define <P>.. to be a solution to the 
embedding problem 

Remark that such a solution exists because Ker(A/ K>.. ---t A/ Ku) 
Ku/K>.. ::; M(A/K>..) = M(A)/K>.. and 

wo((M(A)/K>..)/(Ku/K>..)) = wo(M(A)/K>..) < m. 

It is clear that in either case <P>.. satisfies the required conditions. 0 

The following proposition is a variation of Proposition 3.5.6. 

Proposition 8.5.7 Let C be a formation of finite groups closed under taking 
normal subgroups. Let m be an infinite cardinal and let G1 and G2 be ho
mogeneous pro-C groups such that wo(G1 ) = wo(G2 ) = m. Assume that Ni 
is a normal subgroup of Gi such that Ni ::; M(Gi) and wo(M(Gi)/Ni ) < m 
(i = 1,2). Then any isomorphism j3 : GdNl ---t G2/N2 can be lifted to an 
isomorphism w : G1 ---t G2 . 

Proof Let f.L be the smallest ordinal whose cardinal is m. By Corollary 2.6.5, 
there exists a chain of closed normal subgroups of Gi (i = 1,2) 

Ni = NiO ~ Nil ~ ... ~ Ni), ~ ... ~ Nil-' = 1 

indexed by the ordinals>. ::; J.1" such that 

(1) Ni>../Ni>..+l is finite for >. ~ 0, 

(2) if >. is a limit ordinal, Ni>.. = nv<>.. Niv , and 

(3) wo(M(Gi)/Ni>..) < m, if>. < J.1,. 
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One now proceeds essentially as in the proof of Proposition 3.5.6; the only 
new ingredient is the use of Lemma 8.5.6 at the appropriate places. We omit 
the details. 0 

Proof of Theorem 8.5.2: Since G/M(G) ~ TIsEL'c TIrs(G) S for any pro-C 
group G, the equality r*(G1 ) = r*(G2 ) implies the existence of an isomor
phism j3 : GdM(G1 ) ---+ G2/M(G2 ). In light of Proposition 8.5.7, j3 lifts to 
an isomorphism G1 ---+ G2 . 

For the last statement of the theorem, just recall that if F is a free pro - C 
group of infinite rank m, then rs(F) = m for each finite simple group SEC 
(see Proposition 8.2.6). 0 

Next we construct certain groups of arbitrarily large local weight which 
we shall need in several occasions. 

Lemma 8.5.8 Let S, T be finite simple groups with S '1- T if S = Cp , where p 
is a prime number. Then, for every cardinal number m, there exists a profinite 
group A = Am (S, T) such that 

(1) A has a unique maximal closed normal subgroup Band A/ B ~ T; 

(2) B = TIiE! B i , where III = m and Bi is a finite direct product of copies of 
S. 

Proof. Let I be an indexing set of cardinality m. For each i E I, define a 
group Bi as follows. If S is nonabelian, put 

where St is a copy of S. And if S = Cp , choose 

Bi = L = F pEEl' .. EEl F p 

to be a fixed irreducible T-module of dimension n > lover F p' 

Let 

If S is nonabelian, let an action of T on Bi be defined by 

And if S = Cp , let the action of Ton Bi be the module action. Let T act on 
B via the action on each Bi described above. 

Consider the corresponding semidirect product 

A= B ~T. 
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Since the action of T on B is continuous, A is a profinite group. In fact, each 
Bi (i E 1) is T-invariant under this action, and so Bi <l A for each i E I. 

Clearly B is a maximal closed normal subgroup of A. We claim that B is 
the unique maximal closed normal subgroup of A. Indeed, let K be a maximal 
closed normal subgroup of A, and suppose K 1, B. Then there exists some 
j E I with B j 1, K, that is, B j n K =I B j . Since K is maximal normal, one 
has that A = BjK. Plainly B j n K <l A. Note that Bi does not contain any 
proper nontrivial T-invariant subgroup; hence, Bj n K = 1. Therefore, 

But Bj is not simple; therefore, K is not maximal normal, a contradiction. 
Thus B is the unique maximal closed normal subgroup of A, as asserted. D 

Corollary 8.5.9 Assume that C is an N E-formation of finite groups in
volving at least two different prime numbers. Then every homogeneous pro -C 
group G is infinitely generated. 

Proof. By definition of homogeneous group, wo(G) = m is infinite. Let S, T E 
C be simple groups (different if S is abelian). Construct A = Am(S, T) as in 
Lemma 8.5.8. Clearly d(A) = wo(A) = m. Consider the embedding problem 

G ; ............ !~ 
A~S 

where a is the natural epimorphism A = B )4 S ~ S. Then Ker(a) 
M (A) = B. Hence there exists an epimorphism cp : G ~ A such that 
acp = cp. Thus d(G) ~ d(A) = wo(G). Therefore, d(G) = wo(G). D 

Proposition 8.5.10 Assume that C is an N E-formation of finite groups in
volving at least two different prime numbers. Let H be an accessible subgroup 
of a free pro-C group F = Fc(m), where m ~ 2. Assume that H is nontriv
ial and has infinite index in F. Then H is a homogeneous pro -C group and 
wo(H) = m*, where m* = max{m, No}. 

Proof. Consider an embedding problem of pro - C groups 

where Ker(a) ~ M(A), a and cp are epimorphisms, wo(A) ~ m* and wo(B) < 
m *. We must prove that there exists an epimorphism cp : H ~ A such that 
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arp = i.p and that wo(H) = m*. By Lemma 3.5.4, we may assume that Ker(a) 
is a finite minimal normal subgroup of A. 

8tep 1. We shall first show the existence of an epimorphism rp : H ---7 A such 
that arp = i.p. (Observe that this will not yet show that H is homogeneous, 
for one does not know that wo(H) = m*; this will be proved in Step 2.) By 
Lemma 8.3.8, there exists an accessible subgroup L of F containing H and a 
continuous epimorphism p : L ---7 H /Ker( i.p) such that 

wo(F/L) :::; wo(H/Ker(i.p)) = wo(B) < m* 

and such that the restriction of p to H is the natural map H ---7 H/Ker(i.p). 
Define an epimorphism 

i.pl : L ---7 B 

to be the composition of epimorphisms L ~ H /Ker( i.p) ---7 B, the latter 
map being the isomorphism induced by i.p. Plainly i.p is the restriction of i.pl 

to H. 
If m is finite, then m * = ~o; hence B is finite. Therefore, A and F / L 

are finite. In addition L can be chosen subnormal in F so that [F : L] is 
arbitrarily large (see Lemma 8.3.8); thus L is a free pro-C group whose rank 
is finite, but as large as we wish (see Corollary 3.6.4). Choose L to be such 
that rank(L) 2 d(A). 

If m 2 ~o, then L is free pro-C of rank m; indeed, if [F : L] is finite, 
this follows from Theorem 3.6.2; while if [F : L] is infinite, it follows from 
Theorem 8.4.2, since then wo(F/L) < m* = m. 

Next consider the embedding problem 

By Theorem 3.5.8 or Theorem 3.5.9 and the considerations above, i.pl can be 
lifted to an epimorphism 'ljJ : L ---7 A such that a'ljJ = i.pl. Define rp : H ---7 A 
to be the restriction of 'ljJ to H. It remains to show that rp is an epimorphism, 
that is, 'ljJ(H) = A. 

From the definition of 'ljJ we deduce that a'ljJ( H) = B. Since Ker( a) :::; 
M(A), we have 'ljJ(H)M(A) = A. On the other hand, 'ljJ(H) is an accessible 
subgroup of A (see Proposition 8.3.1); thus by Proposition 8.3.6, we have 
'ljJ(H) = A, as desired. 

8tep 2. Next we show that wo(H) = m*. Certainly wo(H) :::; m*. Since H is 
nontrivial, there exists some finite simple group T E C and an epimorphism 
8 : H ---7 T. Choose a finite simple group 8 E C (if T is abelian, choose 
8 ~ T). Consider the group A = Am- (8, T) constructed in Lemma 8.5.8; 
then there exists a canonical epimorphism 
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13: A ~ AjM(A) = T. 

As shown in Step 1, the embedding problem 

.~ ................ l( 
.JF-.... , 

f3 A = Am. (S, T) -T 

is solvable, since obviously Ker(f3) :::; M(A). In other words, there exists an 
epimorphism 8 : H ~ Am. (S, T) such that 138 = 8. Thus, 

wo(H) ~ wo(Am. (S, T)) = m*, 

as desired. o 

Proposition 8.5.11 Let F = Fe(m) be a free pro -C group 01 rank m ~ 2. 
Assume that I is a function that assigns to each finite simple group SEC a 
cardinal number I(S) such that I(S) :::; m*. Then there exists an accessible 
subgroup H 01 infinite index in F such that I (S) = rs (H) lor every S E he. 

Proof Let X be a basis of Fc(m) converging to 1. Choose x E X and denote 
by N the closed normal subgroup of F generated by x. By Theorem 8.1.3, N 
is a free pro-C group of rank m*. Note that the index of N in F is infinite. 
We shall construct H as an accessible subgroup of N. From the isomorphism 
N ~ Fc(m*), it follows that 

NjM(N) ~ II II S. 
SEEc m· 

Since I (S) :::; m * for all S E Ee, there exists K <Ie N j M (N) such that 

K~ II II S. 
SEEc I(S) 

Let cp : N ~ NjM(N) be the canonical epimorphism. Denote by C the set of 
all accessible subgroups L of N such that cp(L) = K. The set C is nonempty, 
since cp-l(K) E C. Define a partial order on C by reverse inclusion, that is, 
if L, L' E C, we define L ~ L' if and only if L ~ L'. We claim that C is an 
inductive poset. Let 

... ~ Li ~ .' .. ~ Lj ~ ..• 

be a chain in C indexed by I. Put L = niEI Li . Plainly L !: Li for all 
i E I. By Proposition 2.1.4, cp(L) = K. In light of Proposition 8.3.5, L is an 
accessible subgroup of N. Hence L E C. This proves the claim. By Zorn's 
lemma, there exists a maximal element H in (C, ~). That is, if L E C and 
L :::; H, then H = L. 
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We shall show that f(8) = rs(H) for all 8 E Ec. Let V be an arbitrary 
maximal closed normal subgroup of N. Then, either V 2:: H or H n V is a 
maximal closed normal subgroup of Hj hence V 2:: M(H)j therefore 

H n M(N) 2:: M(H). 

To prove the reverse inclusion, consider a maximal closed normal subgroup 
W of H. Then, either W 2:: H n M(N) or (H n M(N))W = H. In the latter 
case, M(N)W = M(N)Hj hence cp(W) = cp(H) = K, contradicting the 
minimality of H. Therefore, H n M(N) :::; W. Since W is arbitrary, M(H) 2:: 
H n M(N). Thus H n M(N) = M(H). This means that H/M(H) ~ K. 
Therefore, f(8) = rs(H) for all 8 E Ec. 0 

Proof of Theorem 8.5.B. By Proposition 8.5.11, there exists an accessible 
subgroup G of Fc(m) of infinite index such that f(8) = rs(G) for all 8 E Ec. 
The group G is homogeneous and wo(G) = m by Proposition 8.5.10. 0 

Proof of Theorem 8.5.4. Let G be a homogeneous pro-C group of local 
weight m*. By Proposition 8.5.11, there exists an accessible subgroup H 
of Fc(m) of infinite index such that rs(H) = rs(G) for all 8 E Ec. By 
Proposition 8.5.10, H is homogeneous with wo(H) = m*. Hence by Theorem 
8.5.2, H ~ G. The converse is just the content of Proposition 8.5.10. 0 

Corollary 8.5.12 Assume that C is an N E-formation of finite groups in
volving at least two different prime numbers. Let N be an accessible subgroup 
of a free pro -C group F = Fc(m) of rank m 2:: 2. Then d(N) is finite if and 
only if m is finite and N has finite index in F. 

Proof. If F has finite rank and the index of N in F is finite, then clearly 
deN) is finite. Conversely, assume that deN) is finite. If the index of N in F 
were infinite, then, by Proposition 8.5.10 N would be homogeneous of rank 
m* = max{m, No}. Hence N has finite index and so it is open and subnormal 
in F. Therefore, by Corollary 3.6.4, m has to be finite. 0 

Now we can prove the following criterion of freeness of an accessible sub
group of a free pro-C group Fc(m) of rank m 2:: 2. 

Theorem 8.5.13 Assume that C is an NE-formation of finite groups in
volving at least two different prime numbers. Let F = F(m) be a free pro-C 
group of rank m 2:: 2. Then, a nontrivial accessible subgroup H of F of infinite 
index is free pro -C if and only if r s (H) = m * = max{ m, No} for all 8 E Ec. 

Proof. By Theorem 8.5.4, H is homogeneous with wo(H) = m*. By Corollary 
8.5.12, d(H) is infinite. Hence d(H) = m*. Now, if H is free, then its rank is 
m* by Corollary 2.6.3. Therefore, rs(H) = m* for all 8 E Ec. 
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Conversely, if rs(H) = m* for all S E Ee, then, by Theorem 8.5.2, H ~ 
Fc(m*) , since both groups are homogeneous and wo(H) = wo(Fc(m*)). 0 

An accessible subgroup H of a homogeneous group G is homogeneous of 
the same local weight as G, according to Theorem 8.5.4. If H is open in Gone 
can get more precise information about H. It is more convenient to state the 
corresponding result in terms of accessible subgroups of free pro - C groups. 

Theorem 8.5.14 Assume that C is an N E-formation of finite groups in
volving at least two different prime numbers. Let G be an accessible subgroup 
of infinite index of a free pro -C group F = Fc(m) , m ~ 2, and let H be a 
proper open normal subgroup of G. Set m* = max{m, No}. Then 

(a) rs(H) = m* for every nonabelian finite simple group S; 

(b) r p( H) = m * if G / H is not a finite p-group (any prime number p); 

(c) rp(H) = [G : H](rp(G) - 1) + 1 if G/H is a finite p-group (any prime 
numberp; note that ifrp(G) is infinite, then [G : H](rp{G)-1)+1 = rp(G) 
by convention). 

Proof. (a) Let 
H = Gn+! <lc Gn <lc ... <lc G1 <lc Go = G 

be a composition series from H to G. Then T = Gn / H is a simple group. 
Since S is nonabelian, we can consider the group Am- (S, T) constructed in 
Lemma 8.5.8. Let a : Am- (S, T) ----+ T and <p : Gn ----+ T be the canon
ical epimorphisms. By Theorem 8.5.4, the group Gn is homogeneous and 
wo{Gn ) = m*. Since Ker(a) = M{Am*{S,T)), the embedding problem 

Gn 

)if~""""""" ! ~ 
Am*{S,T)~T 

is solvable. Clearly, cp(H) = M(Am- (S, T)), since M{Am- (S, T)) is the unique 
maximal normal subgroup of M{Am- (S, T)) ~ I1m- S. It follows that 

rs(H) ~ rs{M(Am* (S, T)) = m*. 

On the other hand, it is obvious that rs(H) ~ m*. 

(c) Let Rp(G) be the intersection of all normal subgroups K of G 
such that the quotient G/K is a pro-p group (see Lemma 3.4.1). Since 
G is projective, the quotient group G/Rp(G) is free pro-p by Proposi
tion 7.7.7. We claim that the rank of GjRp(G) is rp(G). To see this, put 

L = G/Rp(G). Note that rank(L) = d(L/<p(L)) and Rp(G) ~ [G,G]GP. 
Hence <p{L) = [G,G]GP/Rp{G); so L/<p{L) ~ G/[G,G]GP. Thus rank{L) = 
d(G/[G,G]GP) = rp{G), proving the claim. 
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Now, since G I[H, H1HP is an extension of the pro-p group H I[H, H1HP 
by GIH, then G/[H,H1HP is a pro-p group. Therefore Rp(G) :s [H,H1HP. 
Let Ho be the image of H in GIRp(G), that is, Ho = HIRp(G). Hence 
rank(Ho) = [G: Hl(rank(GIRp(G)) -1) + 1 (see Theorem 3.6.2). Then the 
following equalities complete the proof of (c) 

rp(H) = rp(Ho) = rank(Ho) = [G: H](rank(GIRp(G)) -1) + 1. 

(b) Assume that G = G I H is not a p-group. Let 

H = Gn +! <Ie Gn <Ie ••• <Ie G l <Ie Go = G 

be a composition series. Then there are quotients in this series which are not 
isomorphic to Cpo Let 0 :s k :s n be the largest index such that GklGk+! ~ 
Cpo We claim that rp(Gk+l) = m*. Put T = GklGk+l and consider the group 
Am. (Cp, T) from Lemma 8.5.8. Then M(Am. (Cp, T)) 9:! TImo Cpo Hence, by 
Theorem 8.5.4, the embedding problem 

is solvable. Since M(Am. (Cp, T)) is the unique maximal normal subgroup of 
Am.(Cp,T), then cp(Gk+d = M(Am·(Cp,T). Hence WO(Gk+!) 2: m*j thus 
rp(Gk+d = m*. 

Since m* is infinite and Gi/GHl is a finite p-group for all i = k + 1, k + 
2, ... , n, one deduces from (b) inductively that rp(Gn+!) = rp(H) = m*, as 
desired. 0 

Corollary 8.5.15 Assume that C is an NE-formation of finite groups in
volving at least two different prime numbers. Let G be an accessible subgroup 
of a free pro -C group F = Fc(m) of mnk m 2: 2. Then G is virtually free 
pro -C. More precisely, if H is a maximal open normal subgroup of G, then 

(a) H is free pro -C if G I H is a finite nonabelian simple group; 

(b) H contains a free pro -C subgroup of finite index if G I H 9:! Cp , for some 
prime p. 

Proof. We may assume that G has infinite index, for otherwise the result 
follows from Corollary 3.6.4. 

(a) By Theorem 8.5.14, rs(H) = m* for every finite simple group S. 
Hence H is free pro-C of rank m* by Theorem 8.5.13. 

(b) Choose a nonabelian finite simple group S. Then rs(H) = m* by 
Theorem 8.5.14. In particular, there exists some open normal subgroup K of 
H with H / K 9:! S. Then by part (a), K is free pro - C of rank m * . 0 
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Theorem 8.5.16 Assume that C is an extension closed variety of finite 
groups involving at least two different prime numbers. Let R be a closed 
finitely generated subgroup of a free pro -C group F = F(m) of rank m 2: 2. 
Suppose R contains a nontrivial accessible subgroup H of F. Then m is finite 
and R is open in F. 

Proof. First note that if H is open in F, then so is R, and this implies the 
finiteness of m by Theorem 3.6.2. Thus, we may assume that H has infinite 
index in F. Then, by Theorem 8.5.4, H is homogeneous and wo(H) = m*. 

Since H is nontrivial, there exists an epimorphism H ----+ T onto some 
finite simple group T E C. Therefore (see Exercise 8.3.9), there exist an open 
subgroup L of F containing H and a continuous epimorphism <p : L ----+ T 
extending H ----+ T. Put Rl = R n L. Choose a finite simple group SEC 
such that S 'IE T if T is abelian. 

Case 1. m is infinite. 

If m > ~o, then wo(R) 2: wo(H) = m > ~o, contradicting the fact that 
R is finitely generated. Therefore, m = ~o. Construct A = ANo (S, T) as in 
Lemma 8.5.8. Hence, there exists an epimorphism a : A ----+ T whose kernel 
is M(A) ~ rho S. By Theorem 3.6.2, L is free pro-C of rank ~o; so, the 
embedding problem 

L ; ............ !~ 
A~T 

is solvable. Say r:p : L ----+ A is a continuous epim~rphism making the diagram 
commutative. Note that r:p(H) is an accessible subgroup of A. The equality 
a(r:p(H)) = <p(H) = T implies that r:p(H)M(A) = A. Then, by Proposition 
8.3.6, rp(H) = A. Since H ::; Rl ::; L, we have rp(Rl) = A. Therefore, 
d(Rd 2: d(A) = ~o. However, Rl is finitely generated because it is open in 
R, a contradiction. Thus, subgroups Rand L with the stated conditions do 
not exist if m is infinite. 

Case 2. m is finite. 

Since Rl is open in R, one has that d(Rl) < 00. Choose a natural number 
n such that d(A) > d(R1), where A = An(S,T) is the group constructed in 
Lemma 8.5.8. 

We may assume that [F : R1] = 00 (otherwise, R would be of finite 
index in F as needed). Then there exists an open subgroup V of F such 
that Rl < V ::; Land [F : V] 2: d(A). Set <p* = <PW' Since H ::; Rl < V, 
then <p* (V) = <p(V) 2: <p(H) = T. So, <p* is an epimorphism of V onto T 
whose restriction to H coincides with H ----+ T. By Theorem 3.6.2, V is a 
free pro-C group of rank [F : V](m - 1) + 1 > d(A). Hence one can extend 
the epimorphism <p* to an epimorphism rp : V ----+ A. As in the previous case, 
it follows that rp maps Rl onto A. This, however, contradicts the fact that 
(by construction) d(A) is greater than d(R1). 0 
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Exercise 8.5.17 Let C be an NE-formation of finite groups involving at least 
two different prime numbers. Let R be an accessible subgroup of a free pro - C 
group F = F(m) of rank m 2:: 2. Suppose that R is finitely generated. Then 
m is finite and R is open in F. 

Compare the following lemma with Theorem 3.2.9. 

Lemma 8.5.18 Assume that C is an N E-formation of finite groups involving 
at least two different prime numbers. Let F = F(m) be a free pro-C group 
of rank m 2:: 2 and let G be an accessible subgroup of F with wo(G) = No. 
Suppose that every group in C is an epimorphic image of G. Then G is a free 
profinite group of countably infinite rank. 

Proof. By Theorem 8.5.13, it suffices to prove that rs(G) = No for every S E 

Ec. For every natural number n and every S E Ec, there is a epimorphism 
G ----+ TIn S. Hence rs(G) 2:: n by Lemma 8.2.5. Since n is arbitrarily large, 
the result follows. 0 

Exercise 8.5.19 Let {Gi , ct'ij, I} be a surjective inverse system of countably 
generated homogeneous pro-C groups G i over a countable poset I. Then 
G = lim iEIGi is a count ably generated homogeneous pro-C group. -
8.6 Normal Subgroups 

According to Theorem 3.6.2, open normal subgroups of a free pro - C group are 
free and their ranks are determined by their indices. By Theorem 8.5.4, closed 
normal subgroups of a free pro - C group are homogeneous and therefore they 
are determined up to isomorphism by their S-rank functions (see Theorem 
8.5.2). Thus, to classify normal subgroups of free pro-C groups it suffices to 
describe all their possible S-rank functions. These description is contained in 
Theorems 8.6.11 and 8.6.12. 

In Theorem 8.5.13 we saw that if C involves at least two primes, then 
rs(H) = m* = max{m, No} for (in particular) any closed normal subgroup 
H of infinite index in a nonabelian free pro - C group and for any finite simple 
group S. The next three results are intended to reprove this result but without 
the restriction on the number of primes involved in C. 

Lemma 8.6.1 Let C be an NE-formation of finite groups. Let F = F(X) be 
a free pro - C group on a set X converging to 1 with IXI 2:: 2. Let iP be the 
abstract subgroup of F generated by X. Assume that H is a closed normal 
subgroup of F of infinite index such that H n iP =I- 1. Then there exists an 
open normal subgroup U of F containing H and a basis X' of U converging 
to 1 such that H n X' =fi 0. 
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Proof By Corollary 3.3.14, if! is a free abstract group on the basis X. Let 
{Ui liE I} be the collection of all open normal subgroups of F containing 
Hj then H = niEI Ui . For i E I, denote by Xi the set of all bases Z of the 
abstract free group Ui n if! such that Z is a basis converging to 1 of Ui . The 
set Xi is not empty by Theorem 3.6.2. Let 1 # W E H n if!. Then W E if! n Ui 
for each i E I. For Y E Xi, let l(Y) denote the word length of w with respect 
to the abstract basis Y of if! n Ui and set 

l = min{l(Y) lYE Xi, i E I}. 

Choose j E I and Xj E Xj such that l = l(Xj ). Say w = xp·· 'X~l (er = 
±1,xr E Xj,r = 1, ... ,l). We shall show that Xl E H. To see this, assume 
to the contrary that Xl ¢ Hj then there exists some k E I such that Xl ¢ Uk 
and Uk is a proper subgroup of Uj . Choose a Schreier transversal T of Uk in 
Uj containing X11 (the existence of such T is easily seen using, for example, 
Proposition I.14 in Serre [1980]). Then, using the notation of Theorem 3.6.2, 
the set 

- -1 
X(k) = {St,:!: = txtx It E T, X E Xj, St,:!: # 1} 

is in Xk. Moreover, if we put tl = 1 and ta = X11 ... X::,-ll (s = 2, ... ,l + 1), 

w = (tlX?t2l)(t2X~2t3-l) ... (tlx~ltl+ll)' 

since tl+1 = 1. Note that tlx11t2-l = 1, and that 

(4) 

It follows that (4) is a word for w in terms of the basis X(k), and so l(X(k)) < 
l, contradicting the choice of l. Therefore Xl E H. If we set U = Uj and 
X, = Xj, we deduce that X, is a basis of U' converging to 1 and HnX' # 0, 
as desired. 0 

Proposition 8.6.2 Let C be an NE-formation of finite groups. Let F be a 
free pro -C group of rank m, with m ;::: 2. Assume that N is a closed normal 
subgroup of F of infinite index. Let X be a basis of F converging to 1 and let 
if! be the subgroup of F generated by X as an abstract group. If if! n N # 1, 
then rs(N) = maxim, No} for each simple group SEC. 

Proof By Lemma 8.2.5, rs(N) ::; maxim, No}. We shall show that rs(N) ;::: 
maxim, No}. According to Lemma 8.6.1, we may assume that X n N # 0. 
Case 1. m = IXI is finite. 

Fix a natural number t. Set G = FIN and d = d(G). From X n N # 0, we 
deduce that d < m. Since G is infinite, there exists an open subgroup U of 
G of index j sufficiently large so that (m - d)j ;::: t + d(S). Let V be the 
preimage of U in F. Then, according to Theorem 3.6.2, V is a free pro-C 
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group Fc(n) ofrank n = (m -l)j + 1. Moreover, d(U) ::; k = (d -l)j + 1, by 
Corollary 3.6.3. Since U ~ V/N, we deduce from Lemma 8.2.5 (d) and (b) 
that 

rs(N) 2 rs(V) - rs(U) 2 rs(Fc(n)) - rs(Fc(k)). 

Now, if rs(Fc(k)) = 0, we have 

rs(N) 2 rs(Fc(n)) 2 rs(Fc((m - l)j)) 2 rs(Fc(t + d(S))) 2 t 

by Lemma 8.2.7. On the other hand, if rs(Fc(k)) i= 0, we can use Lemma 
8.2.7 again to obtain 

rs(N) 2 rs(Fc(n)) - rs(Fc(k)) 2 n - k = (m - d)j 2 t. 

Since t is arbitrary, we infer that 

rs(N) 2 No. 

Case 2. m = IXI = No. 
Fix x E XnN. Let t be a natural number bigger than d(S) and let Y be a 

finite subset of X of cardinality t such that x E Y. Consider the epimorphism 

cp : Fc(X) -t Fc(Y) 

that sends Y to Y identically and X - Y to 1. Let K = cp( N). Then x E K n Y 
and K <lc Fc(Y). If [Fc(Y) : K] = No, we get that 

rs(N) 2 rs(K) = No, 

by Case 1. If [Fc(Y) : K] = j < No, then by Theorem 3.6.2, K is free of rank 
j(t - 1) + 1. So, by Lemma 8.2.7, 

rs(N) 2 rs(K) = rs(Fc(j(t - 1) + 1)) 2 t - d(S) + rs (Fe (d(S)). 

Since t is arbitrarily large, it follows that 

rs(N) 2 No. 

Case 3. m = IXI > No· 
Again, fix x E X n N. We consider two subcases. First assume that S 

is nonabelian. Let I denote an indexing set with the same cardinality as X, 
and consider the direct product 

where Si ~ S for all i E I. Observe that UiEI Si is a set of generators of E 
converging to 1. Choose S = (Si) E E to be such that Si i= 1 for every i E I. 
Then there exists an epimorphism 
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cp : F ----+ E = II Si 
iEI 

such that cp(x) = s. Since S is simple and nonabelian and since x E N, we 
infer from Lemma 8.2.4 that cp(N) = E. Thus, rs(N) ~ III = IXI = m. 

Next, assume that S ~ Z/ pZ, where p is a prime number. Let R denote the 
intersection of the open normal subgroups of F whose index is a finite power of 
p. Then F = F / R is the free pro-p group on the set X (see Proposition 3.4.2). 
Let N = NR/R. Then N is a closed normal subgroup of F. If [F: Nl < 00, 

then rank(N) = IXI by Theorem 3.6.2; hence rp(N) = IXI by Proposition 
8.2.6. Therefore, rp(N) ~ IXI. If [F : Nl is not finite, the result follows from 
Proposition 8.6.3 below. 0 

Proposition 8.6.3 Let p be a prime number and let F = Fp(X) be a free 
pro-p group on a set X converging to 1, where IXI ~ 2. Assume that N is a 
closed nontrivial normal subgroup of F of infinite index. Then, 

rank(N) = max{IXI, No}. 

Proof Note that in this case Mp(F) = M(F) = ~(F), the Frattini subgroup 
of F. By Proposition 2.1.4, N = n u, where U runs through the open normal 
subgroups of F containing N. It follows that (see Proposition 2.8.9) 

~(N) = 1!!!! ~(U) = n ~(U). 
Since N is nontrivial, we have ~(N) f:. N. So, there exists some U such that 
N ~ U <]0 F and N 1, ~(U), that is, such that N - (N n ~(U)) f:. 0. Choose 
yEN - (Nn~(U)). By Corollary 7.6.10, there exists a basis Y converging to 
1 of the free pro-p group U with y E Y (note that U is free pro-p by Theorem 
3.6.2). Hence, replacing F by U if necessary, we may assume that X n N f:. 0. 

Then the hypotheses of cases 1 and 2 in the proof of Proposition 8.6.2 
are valid under our present assumptions, and therefore our result holds if 
IXI ~No. 

Suppose next that IXI > No. We know that N is a free pro-p group 
(see Corollary 7.7.5). If rank(N) = lXI, then rp(N) = rank(N) = IXI by 
Proposition 8.2.6; hence, in this case, the result follows. 

The other alternative is that rank(N) < IXI; but we shall show presently 
that this in fact is not possible. Indeed, assume that rank(N) < IXI. Then, 
by Lemma 8.3.8(b), there exist closed subgroups Land R of F such that 
N,R ~ L<]F, L = N x R and wo(F/L) ~ wo(N). Remark that wo(N) < 
IXI = wo(F), because either N has finite rank and then wo(N) = No, or 
wo(N) = rank(N). It follows that wo(F/L) < IXI; hence, wo(L) = lXI, 
and so wo(R) = IXI. Choose elements x and y such that 1 f:. x E Nand 
1 f:. y E R. By Corollary 7.7.5, (x, y) is a free pro-p group. Since xy = yx, 
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this group is abelian, and hence (x, y) = (z), for some element z. On the 
other hand, it is plain that 

Say x = z'" and y = z13. Then (x) n (y) ~ (z"'13) # 1. This contradiction 
implies that, in fact, the case rank(N) < IXI never occurs. 0 

Corollary 8.6.4 Let C be an NE-formation of finite groups and let F = 
Fc(m) be a free pro -C group of rank m ~ 2. Let N be a closed normal 
subgroup of F. Assume that either m or the index of N in F is infinite. 
Then for any given prime number p, either rp(N) = 0 or rp(N) = m*, where 
m* = maxim, No}. 

Proof. Consider a prime number p for which rp(N) f. O. Then there ex
ists some K <lo N with NIK ~ Cpo We must show that rp(N) = m*, and 
for this it suffices to check that rp(N) ~ m*. By Lemma 8.3.8(b) there ex
ists an open normal subgroup L of F containing N such that K <l Land 
L I K = N I K x N' I K, where N' is a certain closed normal subgroup of L 
containing K; furthermore, if the rank of F is finite, L can be chosen so that 
its rank is arbitrarily large. According to Theorem 3.6.2, L is free pro-C and 
max{rank(L), No} = maxim, No}. So, we may assume that F = L, and if 
rank(F) is finite, we may suppose it is as large as we wish. It follows that 
K = NnN' and FIN' ~ NIK ~ Cpo Recall that if R = Rp(F) is the intersec
tion of all closed normal subgroups T of F where FIT is a pro -p group, then 
FIR is the free pro-p group of rank m (see Proposition 3.4.2). By Lemma 
8.2.5, rp(N) ~ rp(NRIR). Note that NRIRis nontrivial, for if NR = R, then 
N ~ R ~ N' and so N N' = N'; however we know that N N' = F f. N'. If the 
index of NRIR in FIR is infinite, then rp(N) ~ rp(NRIR) = m* by Propo
sition 8.6.3. Suppose now that [FIR: NR/R] < 00. Then rp(NRjR) ~ m 
by Theorem 3.6.2 and Proposition 8.2.6. If m is infinite, we clearly have 
rp(N) ~ rp(NRIR) = m = m*. On the other hand, if m is finite, we may 
assume that rp(NRIR) is as large as we wish; thus rp(N) ~ No = m*. There
fore, if m is finite, then rp(N) = No. 0 

Theorem 8.6.5 Let C be an NE-formation of finite groups. Assume that N 
is a closed normal subgroup of a free pro -C group F = Fc(m) of rank m ~ 2. 
Then d( N) is finite if and only if m is finite and N has finite index in F. 

Proof. If C involves at least two primes, this follows from Corollary 8.5.12. 
If F is a pro-p group, then the result follows from Proposition 8.6.3 and 
Theorem 3.6.2. 0 

Using Proposition 8.6.3 and Theorem 3.6.2 one obtains the following 
sharper result in the case of varieties of finite groups. 
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Theorem 8.6.6 Let C be an extension closed variety of finite groups and let 
L be a finitely genemted subgroup of a free pro-C group F = F(m) of mnk 
m;::: 2. Suppose L contains a nontrivial normal subgroup N of F. Then m is 
finite and L is open in F. 

Theorem 8.6.7 Let C be an NE-formation of finite groups and let F 
Fe (m) be a free pro - C group of infinite mnk m. Assume that Nl and N2 are 
closed normal subgroups of F with the same S-mnk junctions, i.e., rs(Nd = 
rs(N2) for all SEE. Then Nl ~ N2. 

Proof. If F is a free pro-p group, then Nl and N2 are free pro-p groups 
of rank m. Therefore Nl ~ N2. Assume next that C involves at least two 
different primes. Then by Theorems 3.6.2 and 8.5.4, the groups Nl and N2 are 
homogeneous and wo(N1 ) = WO(N2). Then the result follows from Theorem 
8.5.2. [] 

Theorem 8.6.8 Let C be an NE-formation of finite groups and let F = 
Fc(m) be a free pro-C group of mnk m ;::: 2. A nontrivial closed normal 
subgroup N of infinite index in F is free pro-C if and only if rs(N) = m* 
for every finite simple group 8 E C, where m* = maxim ,No}. 

Proof. If C involves at least two different primes, this follows from Theorem 
8.5.13 and Theorem 3.6.2. If F is a free pro-p group, every closed subgroup 
N of F is free pro-p by Corollary 7.7.5; moreover if N is of infinite index in 
F, then rp(N) = m* = maxim ,No} by Proposition 8.6.3. [] 

Example 8.6.9 Let F = Fc(m) be a free pro finite group of rank m > 2. 
Let S be the class of all finite solvable groups. Let Rs(F) be as defined in 
Section 3.4, so that FjRs(F) is the maximal prosolvable quotient of F. Then 
Rs(F) has no nontrivial prosolvable quotients (see Lemma 3.4.1). Hence, in 
particular, Rs(F) is not a free profinite group. 

Similarly, for every prime number p, the normal subgroup Rp(F) of F is 
not a free profinite group. Observe that if p and q are different primes, then, 
using Theorem 8.6.7, one sees that Rp(F) and Rq(F) are not isomorphic. 
Similarly, Rp(F) o/E Rs(F). 

Definition 8.6.10 Let m be an infinite cardinal. Denote by Xc(m) the col
lection of all functions f = fe that assign to each finite simple group 8 a 
cardinal number f(8) satisfying the following conditions: 

(a) 0:::; f(8) :::; m, for all SEE; 

(b) If S rf. Ee, then f(S) = 0; and 

(c) For a prime number p, f(Cp) is either 0 or m. 
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The next two theorems indicate the importance of such functions f. They 
show that Xc(m) is exactly the collection of all 8-rank functions of normal 
subgroups of a free pro - C group of rank m. 

Theorem 8.6.11 Let C be an NE-formation of finite groups. Let F = Fe{m) 
be a free pro - C group of rank m ~ 2 and N a closed normal subgroup of F. 
Assume that either m or the index of N in F is infinite. Then the 8 -rank 
function r*{N) of N belongs to Xc(m*), where m* = max{m, No}. 

Proof If N = 1, the result is obvious. Assume N :/= 1. By Lemma 8.2.5, 
rs{N) ::; wo{N) ::; wo(F) = m* for 8 E E, and obviously rs{N) = 0 for 
8 ¢ Ee. The function r*{N) satisfies condition (c) by Corollary 8.6.4. 0 

Theorem 8.6.12 Let C be an NE-formation of finite groups. Let m be an 
infinite cardinal and let f E Xc(m). Then F = Fc(m) contains a closed 
normal subgroup N with rank function r * (N) such that f (8) = r s (N) for 
every 8 E Ee. 

Proof Recall that Ee is the collection of all simple groups in C. 
8tep 1. Construction of N. 

For each 8 E Ee, choose Ks to be a closed normal subgroup of F such that 

Ms{F) ::; Ks ::; F 

and 
rs{Ks/Ms{F)) = f(8). 

Put 
H= n Ks· 

SEEc 

We claim that H MT(F) = KT for each T E Ec. To see this, first set 

Hi'= n Ks· 
S=l-T 

Remark that F / Hi' does not admit T as a quotient, since F / Hi' is a quotient 
of F/(nS=l-T Ms(F)). 

F 

/~ 

H 
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We deduce that F / HrKT = 1, since F / HrKT is a quotient of both F / Hr 
and F/KT. So F = HrKT; therefore KT/H ~ F/Hr does not admit T as 
a quotient. Now, since KT / H MT(F) is a product of copies of T as well as a 
quotient of KT/H, we have HMT(F) = KT, proving the claim. 

Consider now the set £ of all closed normal subgroups L of F such that 
LMT(F) = KT for each T E Ee. Since H E £, £ i=- 0. Define a partial 
ordering on £ by reverse inclusion, i.e., L1 -< L2 if and only if L1 2:: L2. Then 
(£, -<) is an inductive poset. Indeed, let {Li liE I} be a totally ordered 
subset of £, and set L = niEI Li; then LMT(F) = KT for each T E Ee (to 
see this, let k E KTi then the nonempty closed subsets Bi = Li n kMT(F) 
(i E 1) have the finite intersection property; hence, by the compactness of 
F, niEI Bi = L n kMT(F) i=- 0, i.e., k E LMT(F)). By Zorn's Lemma there 
exists a maximal N in the poset (£, -<). Therefore, N is a minimal closed 
normal subgroup of F with respect to the property 

NMT(F) = KT for all T E Ee. 

Step 2. We shall show that for this N, rs(N) = I(S) for every finite simple 
group S. 

Clearly, rs(N) = 0 if S t/. Ee, and rs(N) ::; m for each S E Ee (see 
Lemma 8.2.5). Assume S E Ee and I(S) = m. Since NMs(F) = Ks, there is 
an epimorphism from N onto Ks/Ms(F); so rs(N) 2:: rs(Ks/Ms(F)) = m; 
thus rs(N) = I(S). 

Next suppose that S E Ee and I(S) = O. We claim that Ms(N) is in the 
set £ defined in Step 1 above. Since Ms(F) = Ks , one has N ::; Ms(F), and 
hence Ms(N)Ms(F) = Ks. For T E Ee, T i=- S, observe that the image of 
the natural epimorphism 

N/Ms(N) ---+ NMT(F)/Ms(N)MT(F) = KT/Ms(N)MT(F) 

must be trivial, since N/Ms(N) is a direct product of copies of S, and 
KT/Ms(N)MT(F) a direct product of copies of T. Therefore 

Ms(N)MT(F) = KT, 

proving our claim. From the minimality of N, we infer that Ms(N) = N. 
Thus rs(N) = 0, as needed. 

Finally, let S E Ee with 0 i= I(S) i= m. In particular, S is not abelian. 
To verify that rs(N) = I(S), it suffices to show that N n Ms(F) = Ms(N). 
Indeed, if that is the case, 

N/Ms(N) ~ NMs(F)/Ms(F) = Ks/Ms(F), 

and, by assumption, rs(Ks/Ms(F)) = I(S). 
Suppose N n Ms(F) i=- Ms(N). Then there exists U <lo N with N/U ~ S 

such that for every V <lo F with F /V S:! S, one has V n N i=- U. For any such 
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V we have either N ::; V, and then NV = V = UV, or N 1:: V, and then 
NV = F = UV. Therefore, for any x E F, one has 

x-1UxV = x-1UVx = x-1NVx = NV. 

Set 

Now, if N ::; V, then RV = V. On the other hand, if N 1:: V, RV = F 
by Lemma 8.2.1, since S is a nonabelian simple group, and, as pointed out 
above, x-1UxV = F for all x E F. Hence 

NV = RV for all V <10 F with F /V 9:! S. 

Therefore, taking intersections over these V, 

nRV=n NV. 
v v 

Now, 

n V = RMs(F), 
V V2:R V2:RMs(F) 

since RMs(F) is normal in F (see Lemma 8.2.4 for the last equality). Simi
larly, 

n V = NMs(F) = Ks. 
V2: NMs(F) 

Thus RMs(F) = Ks. Further, we shall show that R E C. To see this it 
remains to show that if S f T E Ee, then RMT(F) = KT. First observe 
that N/R is a direct product of copies of S (see Lemma 8.2.2), and hence so 
is its homomorphic image NMT(F)/RMT(F) = KT/RMT(F). But this last 
group is a direct product of copies of T. Thus KT = RMT(F). So R E C. By 
the minimality of N, we get that R = N, a contradiction. Hence U does not 
exist. Therefore N n Ms(F) = Ms(N), as desired. 0 

Theorem 8.6.13 Let C be an NE-formation of finite groups. Let F = Fc(m) 
be a free pro - C group of finite rank m ~ 2 and let N be a closed normal 
subgroup of F of infinite index. Then N is isomorphic to a normal subgroup of 
Fc(No) (in fact to any closed normal subgroup of Fc(No) whose rank function 
is r*(N)). 

Proof. If C involves only one prime p, then the result is clear since then 
N is a free pro-p group of countably infinite rank (see Proposition 8.6.3). 
Assume that C involves at least two different primes. Then N is homogeneous 
by Theorem 8.5.4. By Theorem 8.6.11, r*(N) E Xc(No)j and according to 
Theorem 8.6.12, there exists a closed normal subgroup Nl of Fc(No) such 
that r*(N1) = r*(N). If Nl has finite index in Fc(No), then it is isomorphic 
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to Fc(No) (see Theorem 3.6.2); therefore, Nl is homogeneous. If, on the other 
hand, the index of Nl is infinite, then Nl is homogeneous by Theorem 8.5.4. 
Thus, by Theorem 8.5.2, N ~ N l . The last assertion of the theorem follows 
from Theorem 8.6.7. 0 

Exercise 8.6.14 Let C be an NE-formation of finite groups. Let F = Fc(m) 
be a free pro - C group of finite rank m ~ 2 and N a closed normal subgroup 
of F of infinite index. Then N is isomorphic to a normal subgroup of Fc(No). 

Exercise 8.6.15 Let 7r be a nonempty set of prime numbers and let C be 
the class of all finite solvable groups whose orders involve only primes in 7r. 

Let F = Fe (m) be the free pro - C group of rank m ~ 2 and let N be a closed 
normal subgroup of F of infinite index. Let C' be the class of all finite solvable 
groups whose orders involve only those primes p E 7r such that Cp is not a 
(continuous) quotient of N. 

(a) C and C' are extension closed varieties of finite solvable groups. 

(b) The isomorphism class of N is determined by the primes involved in 
C' in the following sense. Let mOO = {m, No} and let R = RcI(Fc(mOO)) be 
the intersection of all closed normal subgroups M of the free pro - C group 
Fc(mOO) of rank moo such that Fc(mOO)/M is pro-C'. Then 

N~R. 

8.7 Proper Open Subgroups of Normal Subgroups 

In Example 8.6.9 we saw explicit instances of closed normal sugroups of a free 
pro-C group which are not free pro-C. The main result of this section is that 
any proper open normal subgroup of closed normal sugroups of a free pro - C 
group are free pro-C. This follows immediately from the work above and it 
is stated in Theorem 8.7.1. A more general result holds if C is an extension 
closed variety of finite groups. In this case, any proper open subgroup of 
a closed normal sugroups of a free pro-C group is free pro-C. This result 
requires some additional preparation and it is proved in Theorem 8.7.9. 

Theorem 8.7.1 Let C be an NE-formation of finite groups. Let F be a free 
pro -C group of rank m ~ 2 and N a closed normal subgroup of F. Then, 
every proper open normal subgroup K of N is a free pro -C group. 

Proof. If F is a free pro-p group, then the result is clear by Corollary 7.7.5. 
Assume that C involves at least two different primes. By Theorem 3.6.2 we 
may assume that N has infinite index in F. Next observe that if p is a prime 
number and N/K is ap-group, then rp(N) = mOO = ma.x{m, No} by Corollary 
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8.6.4. Therefore, by Theorem 8.5.14, rs(K) = m* for every finite simple group 
Sin C. Thus K is free pro-C by Theorem 8.5.13. 0 

Proposition 8.7.2 Let C be an NE-formation of finite groups. Let F 
F(m) be a free pro-C group ofrankm;::: 2. Then, every closed abelian normal 
subgroup of F is trivial. 

Proof. Let N <lc F. If [F : N] < 00, then N is free pro-C of rank at least 
2 according to Theorem 3.6.2; hence N is not abelian. If [F : N] is infinite, 
then it contains a proper normal subgroup T, which is free pro-C by Theorem 
8.7.1. Using Theorem 8.6.5 one deduces that the rank of T is infinite, and 
thus T is not abelian. 0 

Corollary 8.7.3 Let C be an NE-formation of finite groups. Let F = F(m) 
be a free pro -C group of rank m ;::: 2. Then, the center of F is trivial. 

Proposition 8.7.4 Let C be an NE-formation of finite groups involving at 
least two different prime numbers. Let F = F( m) be a free pro - C group of 
rank m ;::: 2. Then, every closed pronilpotent normal subgroup of F is trivial. 

Proof. Let p, q be distinct primes such that Cp , Cq E C. Consider the wreath 
product G = Cp I Cq. Then G E C, d(G) = 2 and G is not nilpotent. Let 
N be a nontrivial closed normal subgroup of F. If [F : N] < 00, then N is 
free pro-C of rank at least 2 according to Theorem 3.6.2; hence there is a 
continuous epimorphism N ~ G, and so N is not pronilpotent. Assume that 
[F: N] = 00. Let K be a proper open normal subgroup of N. By Theorems 
8.7.1 and 8.5.16, K is free pro-C of infinite rank. Hence G is a homomorphic 
image of K. Therefore K is not pronilpotent, and so neither is N. D 

Since the Frattini subgroup of a profinite group is pronilpotent (see Corol
lary 2.8.4), we deduce 

Corollary 8.7.5 Let C be an NE-formation of finite groups involving at least 
two different prime numbers. Let F = F(m) be a free pro -C group of rank 
m ;::: 2. Then, the Frattini subgroup of F is trivial. 

Exercise 8.7.6 

(a) Prove that results 8.6.2-8.6.8, 8.6.11 and 8.7.1-8.7.4 remain valid for sub
normal subgroups N. 

(b) Show that Theorem 8.7.1 is not necessarily valid if one only assumes that 
N is an accessible subgroup, even if C is an NE-formation of finite groups 
involving at least two different prime numbers. 

Proposition 8.7.7 Let C be an NE-formation of finite groups. A free pro
C group F = F(m) of rank m ;::: 2 cannot be written as a nontrivial direct 
product. 
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Proof. Suppose F = A x B, where A i= 1 i= B. Choose open normal proper 
subgroups Al and BI of A and B respectively. By Theorem 8.7.1, Al and B1 
are free pro - C. Choose a prime p such that Cp E C. Then F contains a closed 
subgroup isomorphic to Zp x Zp- Hence (see Theorem 7.3.1 and Exercise 
7.4.3) the cohomological dimension of F would be at least 2, a contradiction. 
D 

We can now generalize Corollary 8.7.3. 

Proposition 8.7.8 Let C be an NE-formation of finite groups. Let F be a 
pro -C group of rank at least two, and let N <lc F. Then the centralizer CF(N) 
of N in F is trivial. 

Proof. Put C = CF(N). Then CnN is an abelian normal subgroup of F, and 
hence CnN = 1 by Corollary 8.7.3. Therefore, CN = C x N. If C i= 1, let C1 

be a proper open normal subgroup of C. Then by Theorem 8.7.1, the group 
C1 x N is a free pro - C group. This contradicts the conclusion of Proposition 
8.7.7. Thus C = 1. D 

Next we state a sharper version of Theorem 8.7.1 when the class C is in 
addition a variety. 

Theorem 8.7.9 Let C be an extension closed variety of finite groups and let 
F = Fc(m) be a free pro-C group of rank m 2': 2. Let N be a closed normal 
subgroup of F and R a proper open subgroup of N. Then R is a free pro-C 
group. If either [F : N] = 00 or m = 00, then rank(R) = m* = max{m, ~o}; 
while, if [F : N] < 00 and m < 00, then rank(R) = [F : R](m -1) + 1. 

The proof of this theorem consists of first reducing the problem to the 
situation when R is a normal subgroup of infinite index of a free pro - C group; 
then one uses Theorem 8.6.8. The key step is contained in the following 
lemma; it will allow us to compute the rank function of R. 

Lemma 8.7.10 Let C be an extension closed variety of finite groups, and let 
F = Fe (m) be a free pro - C group of infinite rank m. Let E be a proper open 
subgroup of F. Let S be a finite simple group in C. Then there exists a closed 
normal subgroup H of E such that H (E n Ms (F)) = E and E / H ~ TIm S. 

Proof. We shall use the fact that S can be generated by two elements; but 
the proof can be easily modified if one does not want to use this fact. 

Let I denote a set of cardinality m. Let X = Y l:J {Xi, x~ liE I} be a 
basis of F converging to 1 such that X n E = {Xi, X~ liE I}. Note that Y is 
finite. For each i E I define a continuous epimorphism 

<Pi: F ~ S 
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such that 'Pi (y) = 1 for y E Y and 

If S is abelian, we shall assume in addition that 'Pi(Xj) = 'Pi(xj) for all j E I. 
Clearly, EnMs(F) is a closed normal subgroup of En(niEI Ker('Pi)). Define 
1/Ji : E --t S to be the restriction of 'Pi to E. Set 

iEI iEI 

Hence it suffices to show the existence of a closed normal subgroup H of E 
such that HM = E and E/H ~ ilmS, 

By the construction in the proof of Theorem 3.6.2, E admits a basis W = 
{Xi, X~ liE I} l:J Z converging to 1, where Z has cardinality m. Furthermore, 
the elements of Z have the form tx(tx)-l(# 1), where t ranges through a 
certain right transversal T, containing 1, of E in F, and where X E X. 

For each i E I, define 
O'i : E --t S 

to be a continuous epimorphism such that O'i(Z) = 1 for all Z E Z and 

( ( ) (' )} {S if j = ij 
O'iXj,O'iXj = 1 ifj#i. 

If S is abelian, we shall assume in addition that O'i(Xj) = O'i(Xj) for all j E I. 
It follows from this definition that Ker(O'i) # Ker(O'j) for all i,j E I, i # j. 

Next we claim that Ker(O'i) # Ker(1/Jj) for all i,j E I. Assume to the 
contrary that Ker(O'i) = Ker(1/Jj). Choose x E {Xi,Xa and 1 # t E T (such t 
exists since [F : E] > 1) so that tx(tx)-l E Z. Then O'i(tx(iX)-l) = 1, and 
therefore (note tx = t, since x E E) 

Hence, 'Pj(x) = 1, and so 1/Jj(x) = 1. Thus O'i(X) = Ij but, by definition of O'i, 
O'i(X) # 1, a contradiction. This proves the claim. 

Define H = niEl Ker(O'i). 

Case 1: S is nonabelian. 

Then, by Corollary 8.2.3, the canonical homomorphism 

E/H --t II E/Ker{O'i) 
iEI 

is an isomorphism. Therefore, 

m 
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Finally, we have to show that HM = E. Suppose not. Then, by Lemma 
8.2.4, there exists an open normal subgroup L of E such that L = Ker(O"i) = 
Ker('l/Ij), for some i,j E I. This contradicts the claim above. 

Case 2: S ~ Z/pZ is cyclic of prime order p. 

In this case, let E / Rp(E) be the maximal pro-p quotient of E. Then 
E/Rp(E) is free pro-p ofrank m. Observe that E/H is the Frattini quotient 
of E/Rp(E). Therefore, wo(E/H) = m; so, E/H ~ TIm Z/pZ. 

It remains to prove that E = H M. To show this, consider the Z/pZ
vector space V = E/Mp(E) , written additively. Let II and AI denote the 
canonical images of Hand M in V, respectively. 

It suffices to prove that II + AI = V. Denote by ifii : V ---t Z/pZ and 
ai : V ---t Z/pZ the maps induced on V by 'l/Ii and O"i respectively (i E I). 
Then, using the notation of Section 2.9, we have AI = Annv((ifii liE I)) 
and fI = Annv( (ai liE I)). Hence, according to Proposition 2.9.10, 

II + AI = Annv((ifii liE I) n (ai liE I)). 

Therefore, it suffices to show that (ifii liE I) n (ai liE I) = O. To see this, 
consider an element 0: in this intersection. Say 

0: = L aiifii = L biai, 
iEI iEI 

where ai, bi E Z/pZ, and all coefficients ai, bi are zero but for a finite number 
of cases. We must show that 0: = o. Consider the image z in V of an element 

--1 
z = tXitxi E Z (i E I, 1 it E T). Then 

By definition of !.pi we have that !.pj(Xi) = 0 if and only if j i i. On the other 
hand, aj(z) = 0 for all j E I. Therefore, ai = 0 for all i E I. Thus 0: = o. 0 

Proof of Theorem 8.7.9: If [F : N] < 00, the result follows from Theorem 
3.6.2. Suppose [F : N] is infinite. By Theorem 8.6.13 we may assume that m 
is an infinite cardinal. By Theorem 8.6.8, it suffices to prove that rs(R) = m 
for every finite simple group SEC. Choose an open subgroup E of F with 
En N = R. Replacing F by EN if necessary, we may assume that F = EN. 
By Theorem 3.6.2, E is a free pro - C group of rank m. Given any finite simple 
group SEC, it follows from Lemma 8.7.10 that there exists a closed normal 
subgroup H of E such that E/H ~ TIm Sand H(EnMs(F)) = E. We claim 
that H R = E. Suppose not. Then there exists a closed normal subgroup K of 
E such that E / K ~ Sand K ;::: H R (this assertion is clear if S = Cp for some 
prime p, for in this case E / H is an elementary abelian p-group; while, if S 
is nonabelian, the assertion follows from Lemma 8.2.4). Put L = N K. Then 
L<lF and F/L ~ S. Therefore K = LnE;::: Ms(F). Thus K;::: HMs(F), 
contradicting the fact that E = HMs(F). This proves the claim. Hence, 
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R/RnH ~ E/H ~ II s. 
m 

So rs(R) ~ m. But obviously wo(R) ~ m. Thus rs(R) = m, as desired. D 

8.8 The Congruence Kernel of SL2 (Z) 

Recall (see Section 4.7) that the congruence kernel K of SL2(Z) is the kernel 
of the natural continuous epimorphism 

<p : SQZ) -t SL2(Z) ~ II SL2(Zp). 
p 

The following theorem describes K and, in particular, it shows that <p is not 
an isomorphism, i.e., that the profinite topology of SL2(Z) is strictly finer 
than its congruence subgroup topology. 

Theorem 8.8.1 The congruence kernel K of SL2 (Z) is a free profinite 
group of countably infinite rank. 

Proof. The group SL2(Z) can be expressed as an amalgamated product 

where 

SL2(Z) = (a) *(c) (b), 

and c = [-1 0] = a2 = b3 o -1 

(cf., for example, Serre [1980], Example I.4.2(c)). 
Consider the congruence subgroup r 2 (3), that is, the kernel of the natural 

epimorphism 
'ljJ : SL2(Z) -t SL2(Z/3Z). 

Note that r2(3) has finite index in SL2(Z) and r2(3) n (a) = r2(3) n (b) = 1. 
Hence, r2(3) is a free abstract group of finite rank (cf. Serre [1980], Proposi
tion I.18). Since (c) is a~ite central su~up of SL2(Z), we have that (c) is 

a central subgroup of SL2(Z), Let <pp : SL2(Z) -t SL2(Zp) be the continuous 
epimorphism induced by <po Clearly <pp( (c)) is a subgroup of order 2 which is 

ce~al in SL2(Zp). Since SG(Z)/ K ~ SL2(Z) ~ TIp SL2 (Zp), we have that 

SL2 (Z)/K contains an infinite closed central subgroup ..£.of exponent 2. 

Since r2(3) is an abstract free group of finite rank, r2(3) is a ~ profinite 

group of the same rank (see Propositi~ 3.3.6). The group r2(3) can be 

identified with the closure of r2(3) in S~) because r2(3) ~s finite index 

in SL2 (Z); moreover, it is clear that r2(3) ~ K. Since r 2 (3)/K is open 
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in SG(Z)/K, we have that (r-;(3)/K) n L i= 1. ~ce r-;(3)/K contains a 
normal subgroup R/ K of order 2, where K <loR<lcr2(3). Therefore, d{R) = No 
by Proposition 8.5.10. Thus, Theorem 8.7.1 implies that K is a free profinite 
group of rank No. 0 

8.9 Sufficient Conditions for Freeness 

The criterion of freeness for normal subgroups of free pro - C groups given in 
Theorem 8.6.8 is sometimes difficult to use in practice. So it is convenient to 
have other sufficient conditions of freeness that one can verify more easily. To 
give such conditions is the purpose of this section. Sufficient conditions for 
freeness have already appeared in Theorems 8.4.2 and 8.4.3 and in Corollary 
8.4.4. Our first result is a very useful test for freeness for certain "verbal" 
subgroups of a free pro-C group. 

Theorem 8.9.1 Let C be an NE-formation of finite groups. Let F = Fc{m) 
be a free pro-C group of rank m on a basis X converging to 1. Assume that 
iP = iP{X) is the subgroup of F generated by X as an abstract group. Let 
N <lc F. If N n iP i= 1, then N is a free pro-C group. 

Proof. By Theorem 3.6.2, we may assume that N is of infinite index in F. 
Note that if m = 1, then iP ~ Zj hence N = N n iP has finite index in F. 
Therefore, we may also assume that m ~ 2. Let S be a finite simple group. 
By Proposition 8.6.2, rs(N) = moo, where mOO = maxim, No}. Thus the result 
follows from Theorem 8.6.8. 0 

Let G be a profinite group. Its n-th derived subgroup G(n) (n = 0, 1,2, ... ) 
is defined recursively by 

The series 
G = G(O) ~ G(l) ~ ... ~ G(n) ~ ... 

is termed the derived series of G. The group G(l) is also called the commu
tator subgroup of G, and often denoted by G'. 

Similarly, recall (see Exercise 2.3.17) that the n-th term Gn = 'Yn(G) 
(n = 1,2, ... ) of the lower central series 

G = G1 ~ G2 ~ ... ~ Gn ~ ... 

of G is defined recursively by 
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As examples of how to make use of the test for freeness of Theorem 8.9.1, 
we list explicitly some types of subgroups of a free pro - C group for which 
freeness is preserved. 

Corollary 8.9.2 Let C be an NE-formation of finite groups. Let F = Fc(m) 
be a free pro -C group. Then the following closed subgroups of F are also free 
pro -C groups. 

a) The n-th derived group F(n) of F (n = 0,1, ... ); 

b) The n-th term Fn of the lower central series of F (n = 1,2, ... ). 

Corollary 8.9.3 Let C be an NE-formation of finite groups. Let N be a 
closed normal subgroup of a free pro -C group F = Fc(m) of rank m 2:: 2 such 
that F j N is abelian. Then N is a free pro -C group. 

Proof. We use the notation of the theorem above. Since FjN is abelian, it 
follows that N 2:: [F,F]. Hence N n <P(X) # 0 (<P(X) is the abstract free 
group on X). So the result is a consequence of Theorem 8.9.1. D 

The next result sharpens Theorem 8.4.2. 

Theorem 8.9.4 Let C be an NE-formation of finite groups. Let F = Fc(m) 
be a free pro -C group of rank m 2:: 2. Assume that Nand K are closed normal 
subgroups of F such that N < K <I F and d(KjN) < d(K). Then N is a free 
pro -C group. 

Proof. By Theorems 3.6.2, 8.7.1 and 8.4.2, we may assume that [F : K] and 
[K : N] are both infinite. Then d(K) = m* according to Theorem 8.6.5. 
Choose a proper open normal subgroup L of K containing N; then L is 
free pro-C of rank m* by Theorem 8.7.1. If d(LjN) is finite, then obviously 
d(LjN) < d(L). On the other hand, if d(LjN) is infinite (see Corollary 2.6.3 
and Corollary 3.6.3), 

d(LjN) = wo(LjN) = wo(KjN) = d(KjN) < d(K) = m* = d(L). 

Thus, applying Theorem 8.4.2 to the subgroup N of L, one deduces that N 
is free pro - C, as asserted. D 

Lemma 8.9.5 Let C be an NE-formation of finite groups. Let F = Fc(m) be 
a free pro -C group of infinite rank m and let N be a closed normal subgroup 
of F. Assume that the set 

Ll = {S E CIS is a simple group and rs(N) < m} 

is nonempty, and let C(Ll) be the class of all finite Ll-groups (see Section 
2.1). Then, 
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(a) An embedding problem of the form 

is solvable whenever A and B are pro-C groups such that wo(B) < m, 
wo(A) ~ m and Ker(o:) is a pro -C{Ll) group. 

(b) If SELl, then rs(FIN) = m. 

Proof. 

(a) We need to construct a continuous epimorphism r:p : FIN --+ A such 
that o:r:p = cpo By Lemma 3.5.4, we may assume that E = Ker{o:) is a finite 
minimal normal subgroup of A. By the minimality of E = Ker(o:), we must 
have that E = II S (a finite direct product of copies of S), for some SELl 
(for, if SELl is involved in E, then Ms{E)<lcA). By Lemma 8.3.8, there exist 
closed normal subgroups L and Q of F with Ms{N) <lcQ<lcL and N <lcL such 
that LIMs{N) = NIMs{N) x QIMs{N) and wo{FIL) ~ wo{NIMs{N)). 
Hence Q n N = Ms{N). Since, by assumption, wo(NIMs{N)) < m, we 
have wo{FIQ) < m. Let Ker(cp) = KIN, where N ~ K <I F. Denote by w : 
F --+ FIN and 6 : F --+ D = F I Q n K the canonical epimorphisms. Let 
1J : D --+ B be the epimorphism defined by 1J(J (Q n K)) = cp(J N) (J E F). 
Clearly 1J6 = cpw. Consider the pullback (see Section 2.10) 

of 0: and 1J. We shall think of C as consisting of those pairs (a, d) E A x D 
such that o:{a) = 1J{d). Since 0: and 1J are epimorphisms, so are 0:1 and 1Jl. 
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MTe 'r 
~~/F. 

/// ..• // ..... , 
FIN 

'Y ......... / 

..... · .. · .. /D = FI(Q n K) 

p~ 
C~/B 

~A 
E 

Note that wo(F I K) = wo(B) < m. Since D can be embedded in the group 
FIQ x FIK and C can be embedded in A x D, we have wo(D) < m and 
wo(C) ~ m. Then, according to Theorem 3.5.9, there exists an epimorphism 

'Y : F ----+ C 

such that al'Y = 8. Since 8(N) ~ Ker(11), one has 

'Y(N) ~ al1(8(N)) = E x 8(N). 

Claim: (111"1) (N) = 1. 

Case 1. S is nonabelian. 

Observe that 
8(N) = N(Q n K)/Q n K ~ NIMs(N). 

Hence E x 8(N) is a direct product of copies of S. Since 'Y(N) is a normal 
subgroup of Ex 8(N), it follows that 'Y(N) = El x 8(N), for some subgroup 
El of E. Since 8 (N) ~ N 1M s (N) is the largest quotient of N which is a 
direct product of copies of S, it follows that El = 1. Thus (W'Y)(N) = 1 in 
this case. 

Case 2. S = Cp , for some prime p. 
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Since rp(N) < m, we have rp(N) = 0 (see Theorem 8.6.11). So Mp(N) = N, 
and hence Q = F; therefore Q n K = K. Then 8(N) = 1. If ,(N) =11, we 
would have that ,(N) = Ex 8(N) has a quotient isomorphic to Cpo Therefore, 
rp(N) 2:: 1, a contradiction. Thus ,(N) = 1, and hence the claim is proved. 

From the claim we deduce that TIl, induces an epimorphism 

r:p: FIN -+ A. 

Then ar:p = cp, as needed. 

(b) First observe that rs(FIN) > O. Indeed, if rs(FIN) = 0, then 
NMs(F) = F; hence NIN n Ms(F) ~ FIMs(F). Therefore, rs(N) = m, 
a contradiction. It follows that there exists a continuous epimorphism cp : 
GIN -+ S. Choose a projection map a : TIm S -+ S. By part (a), cp can 
be lifted to an epimorphism r:p: GIN -+ TIm S. Thus, rs{FIN) 2:: m. 0 

Theorem 8.9.6 Let C be an NE-formation of finite groups. Let F = Fc(m) 
be a free pro -C group of infinite rank m and let N be a closed normal subgroup 
of F. Assume that the set 

..1 = {S E CIS is a simple group and rs(N) < m} 

is nonempty, and let 

R = n{H I N ~ H <lo F,FIH is a pro - C(..1) group}, 

where C(..1) is the class of all finite ..1-groups (see Section 2.1). Then FIR is 
a free pro -C(..1) group of rank ni. 

Proof. Let S E ..1. By Lemma 8.9.5(b), there is a continuous epimorphism 
GIN -+ TIm S. Remark that every continuous epimorphism FIN -+ 

A onto a pro-C(..1) group A factors through the canonical epimorphism 
FIN -+ FIR. Hence, there exists a continuous epimorphism 

FIR-+ ITS. 
m 

Thus, wo(GI R) = m. So, by Theorem 3.5.9, it suffices to prove that FIR has 
the strong lifting property over the class e of all epimorphisms of pro-C(..1) 
groups. From the remark above, it suffices to prove that FIN has the strong 
lifting property over e. This follows from Lemma 8.9.6(a). 0 

Theorem 8.9.7 Let C be an NE-formation of finite groups and let F = 
Fc(m) be a free pro-C group of rank m 2:: 2. Suppose that Kl and K2 are 
closed normal subgroups of F such that neither of them contains the other. 
Then N = Kl n K2 is a free pro-C group. 

Proof. By Theorem 8.7.1, we may assume that [F: KiJ = 00 (i = 1,2). Choose 
Li to be a proper open normal subgroup of Ki containing N (i = 1,2); then 
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Ll and L2 are both free pro-C by Theorem 8.7.1. Clearly L1 n L2 = N. One 
easily checks that Li <I KIK2 (i = 1,2); it follows that LIL2 is a proper open 
normal subgroup of K1K2. So, by Theorem 8.7.1, LIL2 is a free pro-C group. 
Hence, replacing Ki by Li (i = 1,2) and F by L1L2, we may assume that 
F = K1K2, and that Kl and K2 are free pro-C nontrivial normal subgroups 
of infinite index. 

Suppose first that the rank m of F is finite. Since FIN ~ KI/N x K2/N, 
the group FIN does not satisfy Schreier's formula (see Lemma 8.4.5). There
fore N is free pro - C by Corollary 8.4.4. 

Assume now that the rank m of F is infinite. Consider the family 

.1 = {S E CIS is a simple group and rs(N) < m} 

If .1 is empty, then N is free pro-C ofrank m by Theorem 8.6.8. Suppose 
that .1 is nonempty. Put C' = C(.1), the class of all finite .1-groups, (see 
Section 2.1) and let 

R = n{H IN::; H <10 F,FIH is a pro - C' group}. 

Then, by Theorem 8.9.6, F = FIR is a free pro-C' group of rank m. Let 
<p : F ~ F be the canonical epimorphism and let Ki = <P(Ki) = KiRIR 
(i = 1, 2). Since R 2:: N, <p factors through FIN. From 

FIN = KI/N x K2/N 

we deduce that K1 nK2 is in the center of F. By Corollary 8.7.3, K1nK2 = 1, 
and, by Proposition 8.7.7, this implies that either Kl or K2 is trivial. Say 
Kl = 1, i.e., KIR = R. Then Kl ::; R. Hence, F = RK2 and so FIK2 
has no quotients belonging to .1. Let S E .1. Since the free pro-C group 
K1 is a normal nontrivial subgroup of F, its rank is m (see Theorem 8.6.8). 
Therefore, we have KI/Ms(KI) ~ TIm S. Now, 

KI/Ms(K1 )N ~ FIMs(K1)K2 = 1 

since KI/Ms(Kl)N is a direct product of copies of S (see Lemma 8.2.4) 
and, as we have pointed out before, S is not a quotient of F I K 2 • Therefore, 
Kl = Ms(Kl)N. So, 

NI(Ms(K1) n N) ~ KI/Ms(KI) ~ IT S. 
m 

Thus rs(N) = m. This is a contradiction since S E .1. So .1 = 0, and 
N = Kl n K2 is free pro-C, as asserted. 0 

Corollary 8.9.8 Let C be an NE-formation of finite groups and let F = 
Fc{m) be a free pro-C group of rank m 2:: 2. Suppose 

<p: F ~ G1 X G2 
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is a continuous epimorphism, where G1 and G2 are nontrivial pro-C groups. 
Then K er( cp) is a free pro -C group. 

Proof. Denote by 7ri : G 1 X G2 ---+ G i (i = 1,2) the canonical projections. 
Then Ker( 7rl cp) and Ker( 7r2CP) are nontrivial and 

Ker( cp) = Ker( 7rl cp) n Ker( 7r2CP). 

So the result follows from the theorem above. o 

The following theorem is in some sense a counterpart to Theorem 8.7.1 
in the case of free groups of finite rank. 

Theorem 8.9.9 Let C be an NE-formation of finite groups and let F 
Fc(m) be a free pro -C group of finite rank m 2: 2. Suppose that N is a closed 
normal subgroup of F of infinite index. Then, there exists H <lc F such that 
N :s Hand H is a free pro -C group of countably infinite rank. 

Proof Denote by Ll the subset of C consisting of those simple groups S for 
which rs(N) is finite. Observe that if Ll = 0, then N itself is free pro-C by 
Theorem 8.6.8; in this case we can take H = N. 

Suppose then that Ll =I- 0, and let SELl. Consider an open normal 
subgroup K of F containing N whose rank k as a free pro - C group satisfies 
rs(Fc(k - 1)) > rs(N). Let X be a basis of F, and let ~ be the abstract 
group generated by X. By Proposition 3.3.13, ~ is a free abstract group. Since 
K <lo F, ~ n K is a free abstract group of rank k. Let Y be a basis of ~ n K, 
and let y E Y. Denote by L the closed normal subgroup of K generated by y. 
Clearly K I L is a free pro - C group of rank k - 1. We claim that the index of 
N L in K is infinite. Indeed, otherwise N L I L is a free pro - C group of rank 
n 2: k - 1 (see Theorem 3.6.2). So, using Lemmas 8.2.5 and 8.2.7, we have 

rs(N) 2: rs(Fc(n)) 2: rs(Fc(k - 1)) > rs(N), 

a contradiction. Choose a set {ti I i = 1, ... ,r} of coset representatives of K 
in F belonging to ~. Then 

r 

i=l 

is a normal subgroup of F. It follows that Wn~ =I- 1. Put H = NW. Observe 
that the index of H in F is infinite, for H :s N L. Therefore, by Theorems 
8.6.5 and 8.9.1, H is free pro-C of rank ~o. 0 

Exercise 8.9.10 Let S be a fixed finite simple group and let C be the class of 
all finite S-groups (see Section 2.1). Assume that F = Fc(m) is a free pro-C 
group of infinite rank m. Let N <lc F. Then either N or FIN is a free pro-C 
group. 
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8.10 Characteristic Subgroups of Free Pro- C Groups 

In Section 8.5 we characterized those homogeneous groups that can be real
ized as normal subgroups of free pro - C groups. In this section we describe 
the homogeneous groups with the more restrictive property that they can be 
realized as characteristic subgroups of free pro - C groups. 

Lemma 8.10.1 Let C be a formation of finite groups and let F be a free 
pro -C group of any rank. Let U, V be open normal subgroups of F. Then 
every continuous isomorphism (3 : F jU ~ F jV of quotient groups of F is 
induced by some continuous automorphism of the group F. 

Proof Let X be a basis of F converging to 1. Since Un V is open in F, 
then the subset Z = X n (U n V) contains all but finitely many elements 
of X. Clearly, FI = (X - Z) is a free pro-C group with basis X - Z. Let 
UI = Un FI, VI = V n FI and let 'P : F ~ FI be the epimorphism defined 
by mapping Z to 1 and X - Z identically to its copy in Fl. By Lemma 
3.3.11, F = Ker('P)FI = Ker('P) ~ Fl. Since Un V contains Z, it contains 
Ker('P). Hence 'P(U) = UI and 'P(V) = VI. Therefore FI/UI ~ FjU and 
FI/VI ~ FjV. Since FI has finite rank, it follows from Lemma 8.10.1, that 
there exists a continuous automorphism al of FI which induces (3. Define a 
continuous homomorphism a: F ~ F as follows: a(x) = al(x) if x EX-Z 
and a(x) = x if x E Z. Clearly a is an automorphism and it induces (3. 0 

Theorem 8.10.2 Let C be an NE-formation of finite groups and let F = 
Fc(m) be a free pro -C group of infinite rank m. 

(a) If K is a closed characteristic subgroup of F, then rs(G) equals 0 or m 
for every finite simple group S. 

(b) Assume that .1 s:;; Ee. Then there exists a characteristic subgroup K of F 
for which rs(K) > 0 (and thus, rs(K) = m) if and only if SELl. 

Proof. 

(a) Let K be a characteristic subgroup of F and let S be a finite simple 
group with rs(K) i= O. Then Ms(K) <lc F. By Proposition 2.1.4, there exists 
an open normal subgroup U of F such that Ms(K) :::; K n U < K. Hence 
KU jU ~ Kj K n U ~ I1 S, a finite direct product of copies of S. 

Suppose that r s (K) < m. Consider the diagram 
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where a, 0 and 'P are the canonical epimorphisms. By Lemma 8.9.5, there 
exists a continuous epimorphism r:p ; F I K ----t FlU such that ar:p = 'P. Define 
'l/J; F ----t FlU by 'l/J = r:pO. Then K ~ Ker('l/J). Let if; ; FIKer('l/J) ----t FlU be 
the isomorphism induced by 'l/J. By Lemma 8.10.1, there exists a continuous 
automorphism (3 ; F ----t F lifting if;. Since K is characteristic, one has 
K = (3(K) ~ (3(Ker('l/J» = U. This, however, contradicts the fact that, by 
construction, K n U < K. Hence rs(K) = m. 

(b) If ..::1 = Ec, one can put K = F. Let ..::1 :/; Ec. Set r = E - ..::1 and 
let C' = C(r) (see Section 2.1). Define K = RcI(F) (see Section 3.4). Hence 
K is characteristic. By Lemma 3.4.1, rs(K) = 0 for each S E r. On the 
other hand, if S E ..::1, there exists some U <10 F such that FlU ~ S. Note 
that U l K since S f/ c'. So, KU = F. Hence KIK n U ~ FlU ~ S. Thus, 
rs(K) > O. 0 

The next goal of this section is to describe characteristic subgroups of a 
free pro finite group in terms of formations of finite groups. This gives addi
tional useful information about characteristic subgroups. 

Let G be a profinite group and let C be a formation of finite groups. It 
follows from Lemma 3.4.1 that the subgroup Rc(G) of G is characteristic; 
furthermore, if C is a variety of finite groups, then Rc(G) is fully invariant. 
From the definition of Rc(G) one can see that these subgroups playa role 
analogous to that of verbal subgroups in the theory of abstract groups. If 
F = F(m) is a free profinite group of rank m and C is a formation of profinite 
groups, then the quotient group FIRc(F) is a free pro-C group of rank m. 

In the abstract theory of group varieties, the bijection between varieties 
and fully invariant subgroups of free groups plays an important role. In the 
context of profinite groups, this extends to a correspondence between forma
tions and characteristic subgroups of free profinite groups, as we see in the 
following 

Theorem 8.10.3 Let F be a free profinite group of infinite rank. Then the 
map C ----t Rc(F) defines a bijective correspondence between the set of all 
formations of finite groups and the set of characteristic subgroups of F. M ore
over, C is a variety if and only if Rc(G) is fully invariant in F. 

Proof. Let K be a characteristic subgroup of F. Denote by C the class of 
all finite groups which are quotient groups of F I K. We show that C is a 
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formation of profinite groups. To do this, it suffices to prove that C is closed 
under taking quotient groups and sub direct products of a finite collection of 
groups. The first of these is clear. To prove the second, assume that G is a 
finite group and let Ni <l G be such that G I Ni ~ Gi E C ( i = 1,2) and 
Nl n N2 = 1. We have to show that G E C. Since the rank of F is infinite, 
there exists an epimorphism <p : F --t G. Put Vi = <p-I(Ni ), i = 1,2. Then 
VI n V2 = Ker( <p). By the definition of C, there exist open normal subgroups 
WI and W2 of F such that K :S Wi and FIWi ~ Gi ~ FlVi (i = 1,2). By 
Lemma 8.10.1, there exist automorphisms aI, a2 of F such that ai(Wi) = Vi, 
i = 1,2. Since K is characteristic, K = ai(K) :S a(Wi) = Vi. It follows that 
K :S Ker(<p) = VI n V2; therefore G E C. 

Next we show that K = Rc(G). Let M be a closed normal subgroup of 
F such that F 1M is a pro - C group. Then FlU E C for any open normal 
subgroup U of F containing M. It follows from the definition of C that there 
exists an open normal subgroup V of F such that K :S V and FIV ~ FlU. 
By Lemma 8.10.1, there exists an automorphism a of F such that a(V) = U. 
Hence K = a(K) :S a(V) = U. It follows that K :S Rc(F). The reverse 
inclusion is obvious since F I K is pro - C. 

One deduces from Lemma 3.4.1 that Rc(F) is characteristic (respectively, 
fully invariant) if C is formation (respectively, a variety) of finite groups. It 
remains to show that if Rc(F) is fully invariant, then C is a variety. To do 
this we have to prove that C is closed under taking subgroups. Let G E C 
and assume that H is a subgroup of G. By definition of C, there exists an 
epimorphism'lj; : F --t G such that Ker('lj;) contains K. Put V = 'lj;-I(H). 
Since wo(V) :S wo(F) = rank(F), there exists an epimorphism 'f/ : F ---+ V 
(see Theorem 3.5.9) which we can regard as an endomorphism of F. Since 
'f/(K) :S K :S Ker('lj;), the group H ~ VIKer('lj;) is an epimorphic image of 
F I K and therefore belongs to C. 0 

Next we state a result that generalizes Proposition 4.5.4. We shall give 
only a brief sketch of the proof, which is based in part on Theorem 8.10.3. 

Theorem 8.10.4 Let K be a characteristic subgroup of a free profinite group 
F. Then every automorphism of the quotient group F I K can be lifted to an 
automorphism of F. 

If the rank of F is finite, this result was proved as part of Proposition 5.4.4. 
Suppose that the rank of F is infinite. Then, by Theorem 8.10.3, K = Rc(F) 
for some formation C of finite groups. Then, the idea of the proof is to prove 
analogs of Lemma 8.5.6 and Proposition 8.5.7 after replacing M( -) by Rc( -) 
at appropriate places. For an explicit proof of this theorem see Mel'nikov 
[1982]. 
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8.11 Notes, Comments and Further Reading 

The main idea for Theorem 8.1.3 appears in Gildenhuys-Lim [1973]. This 
chapter is based mainly on work of O. V. Mel'nikov. Most of the results 
and the methods contained here can be traced back to his papers, specially 
Mel'nikov [1978], [1982] and [1988]. In most cases our presentation is some
what more general than his. 

The concept of a group 'satifying Schreier's formula' is due to Lubotzky
van den Dries [1981] j they use it to give an elegant and independent proof of 
Theorem 8.7.9 when F is at most countably generated. 

Theorem 8.7.9, in the form presented here, appears in Jarden-Lubotzky 
[1992]. Theorem 8.4.7 appears in Lubotzky [1982] (the analog of this theorem 
for abstract free groups is also valid, and it was proved by R. Strebel). Ver
sions of 8.7.2- 8.7.5 appear in Gruenberg [1967] (where a version of Corollary 
8.7.5 is attributed to o. Kegel), Anderson [1974], Mel'nikov [1978], Oltikar
Ribes [1979], Lubotzky-van den Dries [1981]. Theorem 8.9.7 is due to Jarden
Lubotzky [1992]. A further result of this type has been recently been proved 
by Haran [1999]: 

Theorem 8.11.1 Let F(m) be a free pro finite group of infinite rank m. 
Suppose that N, Kl and K2 are closed normal subgroups of F such that 
N ~ Kl n K2 but Ki 1, N (i = 1,2). Then N is a free pro finite group 
of rank m. 



9 Free Constructions of Profinite Groups 

Throughout this chapter C denotes a variety of finite groups. 

In this chapter we introduce free products, free products with amalgamation 
and HNN-extensions in the category of pro - C groups. We shall study only 
basic properties of these constructions here. Other standard properties will be 
established in the forthcoming book Ribes-Zalesskii [2001], where the groups 
arising from these constructions will appear as natural examples of pro - C 
groups acting on pro - C trees. 

9.1 Free Pro - C Products 

In this section we study free pro - C products of finitely many pro - C groups. 
Let Gi (i = 1, ... ,n) be a finite collection of pro-C groups. A free pro-C 
product of these groups consists of a pro - C group G and continuous homo
morphisms 'Pi : G i ---+ G (i = 1, ... , n) satisfying the following universal 
property: 

G 

t······· "'" 
'Pi ......... " 

Gi~K 
for any profinite group K and any continuous homomorphisms 'l/Ji : Gi ---+ K 
(i = 1, ... , n), there is a unique continuous homomorphism 'I/J : G ---+ K such 
that 'l/Ji = 'I/J'Pi for all i = 1, ... , n. We refer to 'I/J as the homomorphism induced 
by the 'l/Ji, and we refer to the 'Pi as the canonical maps of the free pro - C 
product. 

We denote a free pro-C product of the groups Gb ... , Gn by 

n 

G = II Gi or by G = G1 II .. ·II Gn · 

i=l 

This is justified because free products are unique in a certain natural sense 
(see Proposition 9.1.2). 
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Observe that one needs to test the above universal property only for finite 
groups K E C, for then it holds automatically for any pro-C group K, since 
K is an inverse limit of groups in C. 

Exercise 9.1.1 

(a) Let G = A * B be a free product of abstract groups. Prove that Gc = 
Ac II Bc.(Hint: use Corollary 3.1.6 and the universal property.) 

(b) Prove that a free pro - C group of finite rank is a free pro - C product of 
copies of Zc . 

Proposition 9.1.2 Let {G i I i = 1, ... , n} be a collection of pro -C groups. 
Then there exists a unique free pro -C product 

Proof. The meaning of 'uniqueness' in this context is the following: assume 
that G, together with continuous homomorphisms 'Pi : Gi --+ G is a free 
pro - C product of the groups {Gil i = 1, ... , n}, and assume that G, together 
with continuous homomorphisms <Pi : Gi --+ G is another free pro-C prod
uct of the groups {Gil i = 1, ... , n}; then there exists a unique continuous 
isomorphism p : G --+ G such that P'Pi = <Pi, for all i = 1, ... , n. From the 
universal property in the definition of free product it is easily deduced that 
if a free pro - C product exists, then it is unique. 

To prove the existence we give an explicit construction of 

n 

Let Gabs = G1 * ... * Gn be a free product of Gl, ... , Gn considered as 
abstract groups. Denote by 'Pibs : Gi --+ Gabs the natural embeddings. Let 

N = {N <J! Gabs I ('Pibs)-l(N) <Jo Gi for all i = 1, ... , n and Gabs IN E C}. 

One easily checks that N is filtered from below (see Section 3.2). Define 
G = /CN(Gabs) to be the completion of Gabs with respect to the topology 
determined by N (see Section 3.2). Denote by 

L: Gabs --+ G 

the natural homomorphism and put 'Pi = L'Pibs . Then each 'Pi is continuous. 
We show that G and 'Pi (i = 1, ... , n) satisfy the universal property of a free 
product. 

Let 'l/Ji : Gi --+ L, (i = 1, ... , n) be continuous homomorphisms to some 
group L E C. Then, by the universal property for abstract free products, 
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there exists a unique homomorphism 'lj;abs : Gabs ---> L with 'lj;i = 'lj;abs <pfbs. It 
follows that (<pibs)-I(Ker('lj;abs)) = Ker('lj;i) is open in Gi for everyi = 1, ... , n. 
Since L E C one has that Ker('lj;abs) EN. Therefore (see Lemma 3.2.1), there 
exists a continuous homomorphism 'lj; : G ---> L with 'lj;abs = 'lj;~. Thus the 
following diagram 

G I'···· .... 
.... 

.. 1/J 

is commutative. This implies that 'lj;i = 'lj;<Pi' Since G = KN(Gabs), one has 
that 

from where the uniqueness of 'lj; follows. o 

Remark 9.1.3 Think of the Gi as being embedded in 

Then G = GIll· . ·IlGn is the completion of Gabs with respect to the topology 
defined by the collection of all normal subgroups N of finite index in Gabs 
such that N n Gi is open in G i (i = 1, ... , n) and Gabs IN E C. 

Corollary 9.1.4 Let GI, ... ,Gn be pro -C groups and let G = GIll· . ·ll Gn 

be their free pro - C product. Then 

(a) the natural homomorphisms 

n 

<pj : Gj ---> G = II Gi (j = 1, ... , n) 

are monomorphisms; and 

(b) G = (<Pi(Gi ) Ii = 1, ... ,n). 

Proof. 

i=l 

Part (b) follows from the explicit construction of a free pro - C product 
given in the proof of Proposition 9.1.2. 

( a) Fix j. Define 'lj;j : G j ---> G j to be the identity map and 'lj;i : G i ---> G j 
to be the trivial homomorphism for i ::J j (i = 1, ... , n). Let'lj; : G ---> Gj be 
the homomorphism induced by 'lj;1, ... ,'lj;n' Then 'lj;<Pj = idGj' Therefore, <Pj 
is injective. 0 
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Terminology: If H :::;c G are pro - C groups and there exists a closed sub
group K of G such that G = H II K, then we say that H is a free factor of 
G (as pro-C groups). 

Let ILi : Gi ---t Hi (i = 1,2) be continuous homomorphisms of pro-C 
groups. Denote by 

the unique continuous homomorphism that makes the following diagrams 
commutative (i = 1,2) 

G,·----) H,' 
/loi 

where the vertical maps are the canonical monomorphisms. 

In the next result we show that the operations of taking inverse limits 
and free pro - C products commute. 

Lemma 9.1.5 Let {Gli , ILlij,Id and {G2i , IL2ij,I2} be surjective inverse sys
tems of pro -C groups over posets It and I 2 , respectively. Then, 

(a) It x I2 is a poset in a natural way and {Gli II G2k , ILlij II IL2kr, It x h} is 
an inverse system over It x I 2 • 

(b) 
(lim Gli ) II (lim G2i ) S:! lim (Gli II G2k)' 
~ ~ ~ 

11 12 11 xI2 

Proof. Part (a) is straightforward. We indicate the main steps to prove part 
(b). Set 

and denote by 

ILli : G1 ---+ Gli , IL2k : G2 ---+ G1ki and ILik : G ---+ Gli II G2k (i E It, k E h) 

the projection maps. 
For (i, k) E It X I2 , consider the composition 

of canonical homomorphisms. These maps are compatible, and induce a cor
responding continuous homomorphism 
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'Pl : Gl --+ G = lim (Gli II G2k). 
f--
II x 12 

In an analogous way we obtain a continuous homomorphism 'P2 : G2 --+ G. 
To prove the lemma, it suffices to show that G together with the maps 'Pl and 
'P2 is a free pro-C product of G1 and G2. Remark that from our definitions 
it follows easily that G is topologically generated by 'Pl(G1) and 'P2(G2). 
Let K be a group in C and let 'l/Ji : Gi --+ K (i = 1,2) be continuous 
homomorphisms. We have to prove that there is a continuous homomorphism 
'l/J : G --+ K such that 'l/J'Pi = 'l/Ji (i = 1,2). Observe that such 'l/J, if it exists, 
would be unique by the remark just made. To define 'l/J we proceed as follows. 
By Lemma 1.1.16, there exist indices ji E Ii such that 'l/Ji factors through 
Gij; (i = 1,2), i.e., there are continuous homomorphisms Pi : Giji --+ K 
(i = 1,2) such that 

'l/Ji = Pi/Liji (i = 1,2). 

Let p: G1j1 II Gih --+ K be the continuous homomorphism induced by P1 

and P2. Define'l/J : G --+ K to be the composition 

G Jl31i2 G· II G . P K --+ 11 J2 --+ 

of the natural projection and p. One checks readily that 'l/J satisfies the re
quired conditions. 0 

Let G = Glil G2 be a free pro-C product of pro-C groups G I and G2 • 

Denote by'l/Ji : G i --+ G 1 X G2 (i = 1,2) the natural inclusions. Then, by 
the universal property, the maps 'l/Ji induce a continuous homomorphism 

The kernel of 'l/J is called the cartesian subgroup of G (there is a certain 
abuse of language here, since the cartesian kernel depends on the chosen 
decomposition of G as a free product). Our next theorem gives a description 
of the cartesian subgroup of G that mirrors the situation in free products of 
abstract groups. 

Theorem 9.1.6 Let C be an extension closed variety of finite groups and 
let G = G 1 II G2 be a free pro -C product of pro -C groups G1 and G2. Then 
the cartesian subgroup K of G is a free pro -C group on the pointed profinite 
space ({[gt,g2] I gl E Gl,g2 E G2}, 1), where [gl,g2J = g1 1g2 1g1g2' 

Proof. Suppose first that G1 and G2 are finite. Then K is open in G. It 
follows that K is the pro - C completion of the cartesian subgroup Kabs of the 
abstract free product Gl * G2 (see Lemmas 3.1.4 and 3.2.6). It is known (see 
Serre [1980j, Proposition 1.4) that Kabs is a free abstract group with basis 
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So, by Proposition 3.3.6, K is a free pro - C group on the finite space 

Therefore, the result is proved in this case. 
Assume now that GI and G2 are arbitrary pro - C groups. Represent G 

as an inverse limit of groups GNM = GdN II G2/M, where N and M run 
through the open normal subgroups of GI and G2 respectively (see Lemma 
9.1.5). Clearly, then K = lim M NKMN is the inverse limit of the cartesian 

~ , 
subgroups KMN of GMN. Moreover, the canonical epimorphism GMN ----> 

GM'N' (N ~ N ' , M ~ M') map the pointed basis of KMN described above 
onto the corresponding pointed basis of KM' N'. Hence the result follows from 
Proposition 3.3.9. D 

Corollary 9.1.7 Let C be an extension closed variety of finite groups and 
let G = GI II G2 be a free pro -C product of pro -C groups GI and G2. Then 
for any closed subgroups HI ~ G1 and H2 ~ G2, the free pro -C product 
H = HI II H2 is canonically embedded in G = GIll G2. 

Proof. Consider the commutative diagram 

<p 
I--KG -G = GI IIG2 -GI X G2--I 

ja jP ~j 
..p 

I--KH--H=HlIIH2--HI xH2--I 

with exact rows (<p and 'ljJ send free factors identically to the corresponding 
direct factors). By Theorem 9.1.6 KG and KH are free pro-C on the pointed 
profinite spaces 

respectively. The map (3 is induced by the inclusions Hi ----> G i (i = 1,2), and 
a and l' are given by a([hl' h2]) = [hlJ h2], 1'(hI, h2) = (hlJ h2) (hI E HI, h2 E 
H2)' Clearly l' is a monomorphism. By Lemma 3.3.11, a is a monomorphism 
as well. Hence so is (3. D 

Proposition 9.1.8 Let C be an extension closed variety of finite groups and 
let G lJ ... , Gn be pro -C groups. Let Gabs = GI * ... * Gn be the abstmct free 
product of the groups Gl, ... , Gn . Then the natuml homomorphism 

" : Gabs = G I * ... * Gn ----> G = G I II ... II Gn 

is a monomorphism. 
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Proof Recall that if 9 E Gabs = G I * ... * Gn is nontrivial, then it can be 
written uniquely as 9 = XIX2··· Xm, where m 2': 1, Xj E (U~=l Gi) - {I} and 
where Xj E Gi implies Xj+! rt Gi for all j = 1, ... , m - 1 (see, for example, 
Serre [1980]). We need to prove that L(g) # 1. For every 1 ~ i ~ n let 
'ljJi : Gi ~ Hi be a continuous epimorphism onto a group Hi E C such that 
'ljJi(Xj) # 1, whenever Xj E Gi. Let H = HI II··· II Hn be the corresponding 
free pro-C product. By Corollary 9.1.4(a), we can think of Hi as subgroups 
of H. By the universal property (of G), the maps 'ljJi induce a continuous 
homomorphism 

n 

'IjJ :G~H= II Hi' 
i=l 

Since each 'ljJi is onto, one deduces from Corollary 9.1.4(b) that 'IjJ is an epi
morphism. It suffices to prove that 'ljJL(g) # 1. 

Let Habs = HI * ... * Hn be the free product of the groups HI, ... , Hn, as 
abstract groups. We claim that Habs is residually C. Indeed, let Kabs be the 
cartesian subgroup of Habs (Le., the kernel of the epimorphism Habs ~ HI X 

... x Hn that sends each Hi identically to its canonical copy in HI x··· x Hn). 
Then Kabs is open in the pro-C topology of Habs. By the Kurosh subgroup 
theorem for abstract groups (see Serre [1980], Theorem 1.14 and the exercise 
following that theorem), Kabs is a free abstract group of finite rank. By 
Lemma 3.1.4(a) the topology induced on Kabs from the pro-C topology of 
Habs coincides with the full pro - C topology on Kabs. Hence it is enough to 
show that Kabs is residually C. The latter follows from Proposition 3.3.15. 
This proves the claim. 

Since all Hi are finite, we have H = (Habs)6 by Exercise 9.1.1(a) (alter
natively, use the construction of pro - C products in the proof of Proposition 
9.1.2). So, by the claim above, the canonical homomorphism Habs ~ H is a 
monomorphism. It follows that we can think of Habs as a dense subgroup of 
H. Then 'ljJL(g) = 'ljJil (Xl)'" 'ljJi= (xm), where i j is the index of the free factor 
containing Xj and the latter product is taken inside of Habs. Since the maps 
'ljJij were chosen in such a way that 'ljJij (Xj) # 1 for all j = 1, ... , m, one has 
that 'ljJL(g) = 'ljJi1 (Xl) ... 'ljJi= (Xm) # 1 and the result follows. 0 

Next we prove a pro - C version of the Kurosh subgroup theorem for open 
subgroups of free pro - C products of pro - C groups. There is no pro - C analog 
of the Kurosh subgroup theorem for general closed subgroups of such prod
ucts. We shall come back to this topic in Ribes-Zalesskii [2001]' where free 
pro - C products of pro - C groups indexed by infinite sets will be considered; 
there we shall establish pro-C analogs of the Kurosh subgroup theorem for 
several important classes of subgroups. 

Theorem 9.1.9 Let C be an extension closed variety of finite groups and let 
GI , ... , Gn be a finite collection of pro -C groups. Let D be an open subgroup 
of the free pro -C product G = G I II· .. II Gn. Then D is a free pro -C product 
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n 

D= II II (1) 
i=l TED\G/Gi 

where 

(a) for each i, gi,T ranges over a system of double coset representatives for 
D\GjGi containing 1; and 

(b) F is a free pro-C group of rank 1 + (n -1)[G: Dj- E~=lID\GjGil. 

Proof Let r = Gabs = G1 * ... * Gn be the abstract free product of the 
Gi . By Proposition 9.1.8, we can think of r as a dense subgroup of G. Put 
L1 = D n r. By the Kurosh subgroup theorem for abstract groups 

*n * -1 L1 = [ i=l TELl\rjGi (L1 n gi,TGigi,T)] * ifJ, 

where, for each i, gi,T ranges over a system of double cosets representatives 
for L1\rjGi containing 1, and where ifJ is a free abstract group of rank 

n 

1 + (n -1)[r: L1j- L 1L1\rjGil 
i=l 

(see Serre [1980j, Theorem 1.14 and Exercise 2 following that theorem). We 
remark that 

1) L1 n gi,TGigi,; = D n gi,TGi9i,; for all 9i,T and all i = 1, ... ,nj and 

2) since D is open, the double cosets in D\ G j Gi are just the topological 
closures of the double cosets in L1\rjGi. Hence, for each i, 

is also a system of double coset representatives for D\GjGi. 

Let N be the collection of all normal subgroups N of r of finite index 
such that N n G i is open in Gi for all i = 1, ... , n, and G jN E C. Denote 
by TN the topology on r defined by N. According to Remark 9.1.3, G is the 
completion of r with respect to the topology TN. 

Denote by T the topology on L1 induced by TN. By Corollary 9.1.4(a), the 
topology of each Gi as a profinite group coincides with the topology induced 
by TN. It follows that the topology of each Dngi,TGigi,; as a profinite group 
coincides with the topology induced by TN. 

Define M to be the collection of all normal subgroups M of L1 of finite 
index such that MnDngi,TGi9i,; is open in Dngi,TGigi,; and ifJjMnifJ E C. 
Then M determines a second topology TM on L1 such that the groups in M 
are a fundamental system of neighborhoods of l. 

We claim that T = TM . Clearly T is coarser than TM . To show the 
converse, it suffices to prove that if ME M, then there exists some N EN 
with N ~ M. To do this we first follow the argument used in the proof of 
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Lemma 3.1.4{a) to construct a subgroup of finite index in M which is normal 
in r: consider the core Mr of M in r. Put K = Llr n M, and note that 
Kr = Mr· Then, as in that lemma, Llr/Mr E C and r/Llr E Cj since C 
is extension closed and since the group r/Mr is an extension of Llr/Mr by 
r/Llr , we obtain that r/Mr E C. Put N = Mr. 

To see that N E N, we still need to verify that N n Gi is open in Gi 
(i=l, ... , n). Note that N = n~=l 'Y;1 M'Yj, where 'Y1, ... , 'Yt is a (finite) set 
of representatives of the right cosets of M in r. Therefore, to prove that 
N n Gi is open in Gi , it suffices to prove that for any'Y E r, 'Y-1 M'Y n Gi 
is open in Gij or, equivalently, that M n 'YGn-1 is open in 'YGn-1. Say 
'Y E Ll9i,rGi; then'Y = 89i,r9i' for some 8 E Ll, 9i E Gi. So it suffices to prove 
that M n 89i,rGi9i)8-1 is open in 89i,rGi9i)8-1. Since M is normal in Ll, 
this is equivalent to showing that M n 9i,rGi9i) is open in 9i,rGi9i,;. But 
this is the case because M E M, M n 9i,rGi9i,; = M n D n 9i,rGi9i,; and D 
is open. This proves the claim. 

Therefore, D is the completion of Ll with respect to the topology TM . It 
is immediate from the definition of M, that TM induces on the free group 
ip its full pro - C topology. Hence the closure F of ip in D coincides with the 
pro- C completion of ip. Thus (see Proposition 3.3.6), F is a free pro- C group 
of rank 

n n 

1 + (n -l)[r: LlJ - L I Ll\r/Gi I = 1 + (n -l)[G : DJ - L ID\G/Gil, 
i=l i=l 

where the equality holds since Ll = D n rand D is open in G. 
To finish the proof that the decomposition (1) holds, we show that the 

appropriate universal property of free pro - C products is satisfied. Let H E C 
and let li,r : Dn9i,rGi9i,; --+ H (i = 1, ... , nj l' E D\G/Gi ) and f : F --+ 

H be continuous homomorphisms. Let cp : ip --+ H be the restriction of f to 
ip. Then, the maps li,r and cp induce a homomorphism 

[* n * -1 ] 'I/J : Ll = i=l rED\r/Gj (D n 9i,rGi9i,r) * ip --+ H. 

Observe that 'I/J is continuous if we endow Ll with the topology TM. Indeed, 
if K = Ker(4)), then obviously Ll/K E C and ip/K n ip E Cj furthermore, 
K n D n 9i,rGi9i,; is open in D n 9i,rGi9i,; since it coincides with Ker(li,r), 
which is open by the continuity of li,r. 

Therefore, 'I/J extends to a unique continuous homomorphism on the com
pletion D of Ll with respect to TM (see Lemma 3.2.1) 

if: D --+ H, 

and obviouly if extends the maps li,r and f uniquely. o 

Corollary 9.1.10 Under the assumptions of the theorem above, one has that 
H n Gi is a free factor of H for every i = 1, ... ,n. 
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Next proposition shows that in contrast with the situation for abstract 
groups, a free factor of a free pro - C group is not necessarily a free pro - C 
group. 

Proposition 9.1.11 Let F be a free pro -C group of infinite rank m and let 
P be a projective pro -C group with local weight Wo (P) ~ wo(F). Then the 
free pro -C product G = FliP is isomorphic to F. 

Proof. By Theorem 3.5.9, it suffices to show the strong lifting property for 
G over the class [ of all epimorphisms of pro - C groups. Consider the [
embedding problem 

G 

!~ 
l-K-A~B-l 

with wo(B) < wo(G) and wo(A) ~ wo(G). We must show that there exists a 
continuous epimorphism <p : G ~ A such that a<p = cpo Note that wo(F) = 
Wo (G). Since F is free pro - C, there exists a continuous epimorphism <Po : 
F ~ a-l(<p(F)) such that a<po = <PIF' Since P is projective, there exists 
a continuous homomorphism <PI : P ~ A such that a<pl = <PIP' By the 
universal property of free pro - C products, <Po and <PI induce a continuous 
homomorphism <p : G ~ A such that a<p = cpo It remains to prove that 
<p is an epimorphism. Since K ~ <p(G), one has <p(G) = a-l(a(<p(G))) = 
a-l(<p(G)) = a-l(B) = A. D 

Theorem 9.1.12 Let Gl , ... ,Gn be pro-C groups and let G = GIll· .. IIGn 

be their free pro -C product. Then Gi n Gf = 1 for x E G - Gi. In particular 
one has NG(Gi) = Gi and GG(a) = GG. (a) for a E Gi (i = 1, ... , n). 

Proof. Fix i E {I, ... , n} and let x E G - Gi. Choose an open normal 
subgroup U of G such that x ~ GiU. Then by Theorem 9.1.9, GiU admits a 
Kurosh decomposition 

n 

GiU = II II (GiU n GY"') II F, (2) 
j=l TEG.U\G/Gj 

where 

(1) for each j, gj,T ranges over a system of double cosets representatives con
taining 1 for GiU\G/Gj , and 

(2) F is a free pro - C group. 

Since x ~ GiU, there exists some gi,T :I 1 such that x = gigi,Tg~U, for 
some gi,g~ E Gi , U E U, because U is normal. Note that Gi appears as one 
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of the free factors in the decomposition (2), namely GiU n Gi = Gi. On the 
other hand, GX = G~;'T9;U. Let 

t t 

n 

1jJ : GiU ~ IT IT (GiU n G;j'T) x F 
j=l TEG;U\G/Gj 

be the homomorphism induced by the maps that send each free factor in (2) 
identically to the corresponding direct factor of the direct product. Now, 

G i n Gf = G i n GiU n Gf = G i n (GiU n G9;,T9;U). 

Hence, 
1jJ{Gi n Gn ~ 1jJ{Gi) n 1jJ{GiU n G9;,T9;U) = 

1jJ{Gi) n 1jJ{{GiU n G9i'T)9;U) = 1jJ{Gi) n 1jJ{GiU n G9i,T) = 1. 

Thus G i n Gf = 1, since 1jJ is an injective map when restricted to 

o 

In the next proposition we describe the maximal abelian subgroups of a 
free profinite group. 

Proposition 9.1.13 Let F be a nonabelian free profinite group and let 1( be 
a set of primes. Then Z* = TIpE1l" Zp is isomorphic to a maximal abelian 
closed subgroup of F. 

Proof. First we assume that F has infinite rank. By Proposition 9.1.11, F = 
H II A, where H ~ F and A ~ Z*. Hence, by Corollary 9.1.12, A is self
normalized, and hence maximal abelian. 

Suppose now that F is of finite rank ~ 2. Choose p E 1(. Let cp : F ~ Zp 
be an epimorphism and N the kernel of cp. By Corollary 8.9.3 and Theorem 
8.6.11, N is a free profinite group of countable rank. By the case above, there 
exists a maximal abelian closed subgroup A of N with A ~ Z*. To prove 
that A is a maximal abelian closed subgroup of F it suffices to show that A 
is self-centralized in F. Suppose on the contrary that there exists x E F - N 
centralizing A. Then x centralizes also the p-Sylow subgroup Ap ~ Zp of A. 
By our choice of cp and N, the Sylow p-subgroup (x)p of (x) is non-trivial. 
Hence 

(Ap, (x)p) ~ Zp x Zp 

is a subgroup of F. However, cdp{Zp x Zp) = 2 and cdp{F) = 1, a contradic
tion (see Exercise 7.4.3 and Corollary 7.5.3). 0 

Next we give an example to show that an inverse limit of free profinite 
groups is not necessarily free (see Theorem 3.5.15). 
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Example 9.1.14 Let F be a free profinite group of infinite countable rank and 
let P be a free pro-p group of rank 2No. Let G = FlIP be their free profinite 
product. Choose a decomposition 

P= lim Pi 
+--

such that each Pi is a free pro-p quotient group of P of finite rank (see 
Corollary 3.3.10). Let {Pi,'Pij} be the corresponding inverse system. Define 
an inverse system {F II Pi, .,pij} where .,pij is induced by idF and 'Pij. Then 

by Lemma 9.1.5. By Proposition 9.1.11, F II Pi is a free profinite group of 
countable rank for every i. 

On the other hand, G is not free profinite. One can see this as follows. 
First note that wo(G) = 2No. Let q be a prime number different from p, and 
let Q be a free pro-q group of rank 2No. Let p : P -- B be a continuous 
epimorphism onto a certain finite p-group B. Consider a diagram 

G=FIIP, 

Q !~ 
QxP---~l> B 

where 'P is induced by p and the trivial map F -- B, and a is the compo
sition of the natural projection Q x P -- P and the map p. It is clear 
that 'P cannot be lifted (if cp : G -- Q x P is an epimorphism, then 
F __ G -- Q x P -- Q would be an epimorphism; this would contradict 
the assumptions on the ranks of F and Q). Thus, G is not free profinite (see 
Theorem 3.5.9). 

We turn to the study of free pro-p products. Assume that GlI ... ,Gn are 
pro-p groups and let G = G1 II· .. IIGn be their free pro-p product. Corollary 
9.1.4 allows us to identify each Gi with its canonical image in G. 

The Grushko-Neumann theorem which is a deep result for free products 
of abstract groups is very easy to prove in the pro-p case. We do this in the 
next 

Proposition 9.1.15 Let G = Gl IIG2 be a free pro-p product of pro-p groups 
G1 and G2 • Then d(G) = d(G1) + d(G2 ). 

Proof. By Corollary 9.1.4(b), G is generated by G1 and G2 • So d(G) :5 
d(G1) + d(G2 ). On the other hand, G1 x G2 is a quotient of G and so is 
A = GI/g,(G1) X G2/g,(G2). The last group is just an elementary abelian 
p-group (see Lemma 2.8.7(b» with 
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d(A) = d(Gdp(Gt}) + d(G2/P(G2)) = d(G1) + d(G2). 

Thus d(G) ~ d(G 1) + d(G2). o 

Open Question 9.1.16 Does the Grushko-Neumann theorem hold for free 
profinite products of profinite groups, that is, if G = G1 II G2 is the free 
profinite product of two profinite groups G1 and G2, is d(G) = d(G1)+d(G2)? 

It is know that the corresponding question for free prosolvable products 
of prosolvable groups has a negative answer (see Section 9.5 for details). 

Lemma 9.1.17 Let A and B be pro-p groups. 

(a) Let G = AilB (free pro-p product). Then the Frattini subgroups ofG and 
B are related as follows: 

P(B) = B n P(G). 

(b) Let G = A x B. Then P(B) = B n p(G). 

(c) Let G be defined as either in (a) or in (b). Then G/p(G) is naturally 
isomorphic to A/p(A) x B/P(B). 

Proof. The proof of parts (a) and (b) is formally the same. In both cases we 
think of A and B as subgroups of G. By Lemma 2.8.7(c), P(B) :::; B n p(G). 
To prove the other inclusion, consider the natural epimorphism 

cp: G ----+ B ----+ B/P(B). 

By Lemma 2.8.7(c), p(G) :::; Ker(cp). On the other hand, if x E B - P(B), 
then x ~ Ker(cp), and so x ~ p(G). Thus, B n p(G) :::; P(B). 

We leave the proof of (c) to the reader. 0 

The following lemma gives an easy criterion for a subgroup of a free pro-p 
group to be a free factor. 

Lemma 9.1.18 Let F be a free pro-p group and let H be a closed subgroup 
of F. Then the following two conditions are equivalent: 

(a) H is a free factor of F, i.e., there exists a closed subgroup M of F such 
that F = H il M (free pro-p product); 

(b) P(F) n H = P(H). 

Proof. 

The implication (a) =} (b) follows from Lemma 9.1.17. Assume now 
that (b) holds. From the inclusion H ----+ F, we may assume that H/P(H) 
is embedded in F/P(F). So, by Proposition 2.8.16, F/P(F) = H/P(H) x 
V, where V is a closed subgroup of F/iP(F). Let 'P : F ----+ F/iP(F) be 
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the canonical epimorphism. By Lemma 2.8.15, there exists a minimal closed 
subgroup M of F such that t.p(M) = V and Ker(t.pIM) ~ 4>(M). Hence M n 
4>(F) ~ 4>(M), and so M n 4>(F) = 4>(M). 

Define G = H II M to be the free pro-p product of H and M. Let 'If; : 
G --+ F be the homomorphism induced by the inclusions H, M --+ F. 
Then 'If; is surjective, since the induced map ifi : Gj4>(G) --+ Fj4>(F) is an 
isomorphism by Lemma 9.1.17(c). Now, 'If; has a right inverse a : F --+ G, 
since F is a free pro-p group. However, a is also surjective since the induced 
map a: Fj4>(F) --+ Gj4>(G) coincides with (ifi)-l, which is an isomorphism. 
Thus 'If; is an isomorphism. 0 

The previous lemma can be used to proof a pro-p analog of a well known 
theorem of M. Hall. 

Theorem 9.1.19 Let H be a finitely generated closed subgroup of a free pro-p 
group F. Then H is a free factor of some open subgroup L of F. 

Proof By Proposition 2.1.4(d), 

H= n Hi' 
H~H;~oF 

Then, by Proposition 2.8.9, 

4>(H) = n 4>(Hi). 
H':5,H;':5,oF 

It follows that 4>(H) = nH<H.< F(Hn4>(Hi )). Since H is finitely generated, 
4>(H) is open in H. Hence~ the;e exists Hio such that 4>(H) = H n 4>(Hio)' 
Lemma 9.1.18 applies now to yield that H is a free factor of Hio' 

o 

Now we are in a position to prove a pro-p version of Howson's theorem 
(Howson [1954]). 

Theorem 9.1.20 Let Hand K be finitely generated closed subgroups of a 
free pro-p group F. Then H n K is finitely generated. 

Proof By Theorem 9.1.19, there exist an open subgroup V of F containing K 
such that V = KIIM (free pro-p product), where M is a closed subgroup of 
V. Recall that every closed subgroup of F is free pro-p (see Corollary 7.7.5). 
Hence H is a free pro-p group of finite rank. It follows from Proposition 2.5.5, 
that H n V has finite rank. Let {Ti liE I} be the set of all open subgroups 
of V containing H n V. Then, H n V = niEI Ti. Therefore, 4>(H n V) = 
niEl4>(Ti), by Proposition 2.8.9. By Corollary 9.1.10, K n:Ii is a free factor 
of Ti . Hence, by Lemma 9.1.18, 
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Therefore, 
fP(Hn V) nK = 

n(fP(Ti ) n K) = n fP(Ti n K) = fP(H n V n K) = fP(H n K), 
iEI iEI 

where the penultimate equality follows from Proposition 2.8.9. We apply 
Lemma 9.1.18 again to deduce that H n K = H n V n K is a free factor of 
H n V and therefore is finitely generated. 0 

Open Question 9.1.21 Is there a bound on the rank of H n K in terms of 
the ranks of Hand K? 

In the abstract case such a bound exists (see Section 9.5). 

Exercise 9.1.22 Let G = G1 II ... II Gn be a free pro-p product of pro-p 
groups and let 91. ... ,9n be elements of G. Prove that 

G = 91G1911 II··· II9n Gn 9;;-1. 

9.2 Amalgamated Free Pro - C Products 

Let G1 and G2 be pro- C groups and let Ii : H ----> G i (i = 1,2) be continuous 
monomorphisms of pro- C groups. An amal9amated free pro -C product of G1 

and G2 with amalgamated subgroup H is defined to be a pushout (see Section 
2.10) 

H~Gl 

h! !~1 
G2~G 

in the category of pro - C groups, i.e., a pro - C group G together with contin
uous homomorphisms 'Pi : Gi ----> G (i = 1,2) satisfying the following uni
versal property: for any pair of continuous homomorphisms 'lfJl : G1 ----> K, 
'lfJ2 : G2 ----> K into a pro - C group K with 'lfJtil = 'lfJ2!2, there exists a unique 
continuous homomorphism 'lfJ : G ----> K such that the following diagram is 
commutative: 
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We note that it is enough to check the universal property when K E C. As 
a rule, we shall consider H as a common subgroup of G1 and G2 and think 
of II and h as inclusions. An amalgamated free pro - C product is sometimes 
referred to as a free pro -C product with amalgamation. 

We denote an amalgamated free pro-C product of G1 and G2 with amal
gamated subgroup H by G = G1 IIH G2 . This is justified because of the 
uniqueness of such products as we see in the next proposition. 

Proposition 9.2.1 Let GI, G2 and H be pro -C groups and let fi : H -----t Gi 
(i = 1,2) be continuous monomorphisms. The free pro -C product of G1 and 
G2 amalgamating H exists and it is unique. 

Proof We leave to the reader the task of making precise the meaning of 
uniqueness and its proof (see the proof of Proposition 9.1.2). 

To prove existence we give an explicit construction of 

G = G1 IIH G2• 

Let Gabs = G1 *H G2 be the free product of G1 and G2 amalgamating H, 
as abstract groups (see, e.g., Magnus-Karras-Solitar [1966J, Lyndon-Schupp 
[1977J or Serre [1980]). Denote by cpfb8 : Gi -----t Gabs the natural embeddings 
(i = 1,2). Let 

N = {N <J, Gabs I (cpfbs)-I(N) <Jo Gi (i = 1,2) and Gabs IN E C}. 

One easily checks that N is filtered from below (see Section 3.2). Define 
G = IC,N(Gabs) to be the completion of Gabs with respect to N. Let t : 
Gabs -----t G be the natural homomorphism. Define CPi : Gi -----t G by CPi = 
tcpfbs (i = 1,2). We claim that G together with CPI and CP2 is an amalgamated 
free pro-C product of G1 and G2 amalgamating H. To see this we check the 
corresponding universal property. 

Let 1/Ji : Gi -----t K (i = 1,2) be continuous homomorphisms to some 
K E C such that 1/Jdl = 1/J2I2. Then, by the universal property for abstract 
amalgamated free products, there exists a unique homomorphism 

1/Jab8 : Gab8 -----t K 

with 1/Ji = 1/Jabscpfb8 (i = 1,2). It follows that (cpfbs)-I(Ker(1/Jab8)) = Ker(1/Ji) 
is open in Gi for every i = 1,2, and since K E C one has that Ker(1/Jab8) E 
N. Therefore, there exists a continuous homomorphism 1/J : G -----t K with 
1/Jab8 = 1/Jt. Thus the following diagram 
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is commutative. This means that tPi = tPCPi. The uniqueness of tP follows from 
the fact that G = (cpl(Gt},CP2(G2)). 0 

In the abstract situation the canonical homomorphisms 

cpibs : Gi ----+ G1 *H G2 (i = 1,2) 

are monomorphisms (cf. Theorem 1.1 in Serre [1980], for example). Because of 
this, we usually think of Gi as a subgroup of G1 *H G2 (i = 1,2). In contrast, 
Examples 9.2.9 and 9.2.10 below show that in the category of pro - C groups 
the corresponding maps 

are not always injections. An amalgamated free pro-C product G = G1ilH 
G2 will be called proper if the canonical homomorphisms CPi (i = 1,2) are 
mononlorphisms. In that case we shall identify Gb G2 and H with their 
images in G, when no possible confusion arises. 

The following result is immediate. 

Proposition 9.2.2 Let G1 , G2 be pro-C groups and let H be a common 
closed subgroup of G1 and G2 . Let Gabs = G1 *H G2 be an abstract free 
amalgamated product of pro -C groups and let 

L : Gabs ----+ KN(Gabs ) = G = GlilH G2 

be the canonical homomorphism. Then G = G1ilH G2 is proper if and only 
if Ker(L) nGi = 1 fori = 1,2. 

Remark 9.2.3 If G = G1ilH G2 is not proper, one can replace Gb G2 and 
H by their canonical images in G. This operation does not change G, but the 
amalgamated free pro-C product G = G1ilH G2 becomes proper. 

Theorem 9.2.4 Let G = G1ilH G2 be an amalgamated free profinite product 
of profinite groups. Then the following conditions are equivalent. 

(a) The natural homomorphism 
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is a monomorphism; 

(b) G = G1 IlH G2 is proper; 

(c) There exists an indexing set A such that for each i = 1,2, there is a set 
Ui = {UiA I A E A} of open normal subgroups of Gi with the following 
properties 

(1) n UiA = 1 (i = 1,2); and 
AEA 

(2) for each A E A, 
UlA n H = U2A n H. 

Proof The implications (a) ::::} (b) ::::} (c) are clear. 
(c) ::::} (a): Remark that one may assume that the collections U1 and U2 are 
filtered from below: indeed, if that is not the case, replace Ui by the collection 
of all finite intersections of its elements (i=I,2). It follows from Proposition 
2.1.4 that n HUlA = H = n HU2A · 

AEA AEA 

Let 1 i= a E G1 *H G2· We have to show that £(a) i= 1. Our first aim is 
to find an appropriate A E A (for a purpose that will be explained later). If 
a E H, choose A so that a ~ UlA . Assume now that a ~ H. With no loss of 
generality, we may assume that a can be written as a finite nonempty product 
a = XIYIX2Y2 .. " where Xi E Gl - Hand Yi E G2 - H, for all i. Then, from 
our assumptions, there exist some A E A such that Xli X2, . .. ~ HUlA and 
Yll Y2, ... ~ HU2A · 

In either case, we have UlA n H = U2A n H. Identify HUlA/UlA with 
HU2A /U2A via the natural isomorphism 

Then one has a commutative diagram, 

G1 * H G2 --------~) G1 IlH G2 

~! !v 

where J.L and v are induced by the canonical epimorphisms G i ~ GdUi>. 
(i = 1,2). It suffices to prove that (v£)(a) i= 1. By our choice of UlA and U2A , 
one has that J.L(a) i= 1. Therefore, it suffices to show that 

£ : Gl/UlA * HUv./Uv, G2/U2A ~ Gl/UI A IlHuv'/uv. G2/U2A 
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is a monomorphism. In other words, we have reduced the problem to the case 
when the groups Gl and G2 are finite. Now, in this case, GdlH G2 is just the 
profinite completion of Gl *H G2 (see the proof of Proposition 9.2.1). Thus, 
it suffices to show that Gl * H G2 is residually finite. This follows from the 
fact that G l *H G2 contains a normal free subgroup of finite index (see, e.g., 
Serre [1980], Proposition II.11). D 

Exercise 9.2.5 Assume that the equivalent conditions of Theorem 9.2.4 
hold. Prove that 

G l liH G2 ~ l!!!! (Gl/Ul), liHUlA/Ul>. G2/U2)..). 

Exercise 9.2.6 Let Gl and G2 be profinite groups with a common closed 
subgroup H. Prove that G1 liH G2 is proper in each of the following cases: 

(a) G1 and G2 are isomorphic with the corresponding copies of H identified; 

(b) H is in the center of either G1 or G2 ; 

(c) H is finitely generated and normal in both G1 and G2 . 

Exercise 9.2.7 

(1) Let G = G1 *H G2 be an amalgamated free product of abstract groups. 
Prove that G is residually finite if and only if there exists an indexing set 
A such that for each i = 1,2, there is a set.Ni = {Ni)" I A E A} of normal 
subgroups of Gi of finite index with the following properties 

(a) For each i = 1, 2, the collection .Ni = {Ni)" I A E A} is filtered from 
below; 

(b) n)..EA N i ).. = 1, for i = 1,2; 

(c) for each A E A, Nl)" n H = N2)" n H; and 

(d) n)"EA Ni)..H = H for i = 1,2. 

(Hint: deduce from (a) and (c) that flt = lim )..EAGdNl ).. and 
f---

fh = lim )..EAG2/N2)" have a common subgroup if = lim )..EAH/(H n N l )..); 
f--- f---

then use (b) and (d) to show that the natural homomorphism G * H G2 ~ 
(h * iI G2 is injective; and finally show that the sets obtained by taking the 
closures of Ni ).. in Gi (A E A, i = 1,2) satisfy the assumptions of Theorem 
9.2.4.) 

(2) Let G = G l *H G2 be an amalgamated free product of abstract groups. 
Suppose that G is residually finite and that the profinite topology on 
G induces the profinite topologies on Gt, G2 and H. Prove that 8 = 
81 liiI 82 is a proper amalgamated free profinite product of the profinite 
completions of Gl , G2 and H. 
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(3) Let G = G l *H G2 be an amalgamated free product of abstract residually 
finite ~rou£s and ~uppose H is finite. Prove that G is residually finite and 
that G = G 1 IlH G2 is a proper amalgamated free profinite product of the 
profinite completions of G l and G2 . 

Next we give an example of a nonproper amalgamated free pro-p product. 
First we need a lemma. 

Lemma 9.2.8 Let A be a finite nontrivial normal subgroup of a pro-p group 
G. Then A contains a nontrivial element which is in the center of G. 

Proof. This is well-known if G is finite. Let cp : G ---+ Aut(A) the homomor
phism that sends an element x of G to the restriction of the inner automor
phism determined by x. Let K = Ker( cp). Then G / K is finite. Since the result 
holds for finite groups, the induced action of G / K on A has a nontrivial fixed 
point. Since the action of G on A factors through the action of G / K, the 
result follows. 0 

Example 9.2.9 Let H be an abelian finitely generated pro-p group of order, 
say, pn, where 1 :::; n :::; 00. Put K = H x H. Let T be a pro cyclic group of 
order pn. We shall use additive notation for T and multiplicative notation for 
H. Define two actions of T on K as follows: 

t(g,h) = (9ht, h) and t(g,h) = (g,lh) (t E T,g,h E H), 

(see Section 4.1 for the meaning of ht and l when T = Zp). We refer to 
these actions as the 'first' and the 'second' action, respectively. Clearly, these 
actions are continuous. Define G l = K >4 T and G2 = K >4 T to be semidirect 
products using the first and the second action, respectively. Consider the 
amalgamated free pro-p product G = G l IlK G2 of G l and G2 amalgamating 
K. We show that G is not proper. 

Suppose it is proper. Let Hl be a normal subgroup of index p in H. It 
is easy to check that Kl = Hl X Hl is normal in G l and G2 and so in 
G. Then one verifies without difficulty that G/Kl = GdKl IlK/Kl G2/Kl 
(amalgamated free pro-p product), and so it is a proper amalgamated free 
pro-p product. We claim that K/Kl = H/Hl X H/Hl does not contain 
nontrivial proper subgroups which are normal in both GdKl and G2 /Kl . 
Indeed, assume that .1 is a nontrivial subgroup of K / K 1 which is normal in 
both GdKl and G2/Kl . Let 1 i (g, h) E .1, where g, hE H/Hl . Then either 
9 or h is nontrivial, say 9 i 1. Hence, h = gt for some 1 :::; t :::; p. So, using 
the action of T on H / H 1 X H / H 1 determined by the 'second' action, one has 
(-t)(g, h) = (g,g-th) = (g, 1). Now using the action of T on H/Hl x H/H1 

determined by the 'second' action again, one has 1(g,1) = (g, g). Thus we 
get that (g, 1) and (1,g) = (g-1, 1)(g,g) belong to .1. Thus .1 = K/K1 . This 
proves the claim. 
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It follows that K / K 1 is a finite minimal normal subgroup of G / K 1. How
ever, this is impossible since K / K 1 is noncyclic and contains a central element 
of G/K1 according to Lemma 9.2.8. This contradiction proves that G is not 
proper. 

Now we give an example of nonproper free amalgamated product in the 
category of profinite groups. 

Example 9.2.10 Let 

N1 = (a,b I [[a,b],b] = [[a,b],a] = 1) 

and 
N2 = (c,d I [[c,dj,dj = [[c,dj,c] = 1) 

be two copies of a free nilpotent group of class 2 with two generators. Con
sider the following subgroups A = (a, [a2 , b]) and B = (c, [c2, dj) of N1 and 
N2 , respectively. Using the identity [a2 ,b] = [a,b]a[a,b], one deduces that a 
commutes with [a2 , b]. Hence the groups A and B are free abelian of rank 2, 
and so there exist isomorphisms K = Z x Z - A and K = Z x Z - B. Let 
Nl *K N2 be the corresponding free amalgamated product. One knows (see 
Theorem 1 in Baumslag [1963]) that Nl *K N2 is not residually finite. Let 
G1 = Nt, G2 = N2 be the profinite completions of Nl and N2, respectively. 
It is easy to see that the closures of A and B in G1 and G2 , re:pective~, 
coincide with their corresponding profinite completions, i.e., A = A, B = B. 
So there are continuous isomorphisms H ~ Z x Z - A, H ~ Z x Z - B 
induced by the isomorphisms above. Consider the abstract amalgamated free 
product G1 *H G2' Since any finitely generated torsion-free nilpotent group is 
residually finite (see 5.2.21 in Robinson [1996]), one has natural embeddings 
Nl - Gt, N2 - G2 . It follows easily that they induce natural embedding 
N1 *K N2 - Gl *H G2. Hence G1 *H G2 is not residually finite. Now let 
Gl liH G2 be the amalgamated free profinite product of Gl and G2 amal
gamating H. We claim that G1 liH G2 is not proper. Otherwise, G1 *H G2 
would be isomorphic to a subgroup of G1 liH G2 (see Theorem 9.2.4). This 
would imply that Gl * H G2 is residually finite, a contradiction. 

Example 9.2.11 Let X be a proper, nonsingular, connected algebraic curve 
of genus 9 over a field C of complex numbers. As a topological space X is 
a compact oriented 2-manifold and is simply a sphere with 9 handles added. 
The algebraic fundamental group 1T1(X} in the sense of SGA-l [1971] is the 
profinite completion of the fundamental group 1T~OP(X) in the topological 
sense (see Exp. 10, p. 272 in SGA-l [1971]). The (abstract) group 1T~OP(X) is 
called a surface group and has 29 generators ai, bi (i = 1, ... ,9) subject to 
one relation [at, b1][a2, b2]· .. lag, bg] = 1. It follows that the profinite group 
1Tl (X) has exactly the same presentation. It is easy to see then that 

1Tl(X) = (at, b1) li[b1,al)=[a2,b2) ... [ag ,bg ) (a2' b2, ... , ag, bg) ~ F2 liz F2g- 2 



382 9 Free Constructions of Profinite Groups 

is a profinite proper free amalgamated product of free profinite groups of 
ranks 2 and 2g - 2 with a pro cyclic amalgamated subgroup for g > 1. 

Example 9.2.12 A Demushkin group is a pro-p group G having one of the 
following presentation (see Labute [1967), Theorem 1): 

(a) 

(b) 

(c) 

where p > 2 and n is a natural number or 00 (the latter just means that 
af = 1); 

where p = 2 and n > 1 or 00; 

G = (a}, b}, . .. ,ag, bg I a~[a}, bl)a~n[a2' b2)· .. lag, bg)), 

where p = 2 and n > 1. 

If g > 1 then a Demushkin group splits as a proper free pro - p product 
with pro cyclic amalgamation in one of the following form: 

(a) 

(b) 

(c) 
(ab b1) II [bl>al1a12=a~"[a2,b21 ... [ag,bgl (a2' b2, ... ,ag, bg) 

Note that if p > 2 and n = 00 then a Demushkin group is a maximal pro-p 
quotient of the algebraic fundamental group of an algebraic curve of genus g 
from the preceding example. 

There are Mayer-Vietoris sequences associated with an amalgamated free 
pro-C product. We state them in the following theorem without proof (we 
shall present a proof in Ribes-Zalesskii [2001), in a more general context). 

Proposition 9.2.13 Let C be an extension closed variety of finite groups. 
Let G = G1 IIH G2 be a proper amalgamated free pro-C product of pro-C 
groups. Then 

(a) for any left discrete [ZcGD-module A, there is a long exact sequence 
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1-+ HO(G,A) ~ HO(G1,A) EJ1HO(G2,A) -+ HO(H,A)-+ 

... -+ Hn(G,A) ~ Hn(GI,A) EJ1Hn(G2,A) -+ Hn(H,A)-+ 

-+ Hn+1(G,A) -+ ... 

where Res is induced by the restrictions Resgi : Hn(G, A) __ Hn(G i , A) 
(i=1,2); 
(b) for any profinite right [ZcG] -module B, there is a long exact sequence 

... -+ Hn+1(G,B) -+ Hn(H,B) -+ Hn(G1,B) EJ1 Hn(G2,B) ~ 
Hn(G,B) -+ ... -+ H1(G,B) -+ Ho(H,B) -+ Ho(GI,B) EJ1 Ho(G2,B) 

~ Ho(G,B) -+ 1, 

where Cor is induced by corestrictions Corgi: Hn(Gi,B) -- Hn(G,B), 
i = 1,2. 

9.3 Cohomological Characterizations of Amalgamated 
Products 

Let H be a pro-C group and let L be a closed subgroup of H. For A E 

DMod([ZcH]), define 

DerL(H,A) = {d: H -- A I d(xy) = xd(y) +d(x), Vx,y E H, dlL = O}, 

the abelian group of all continuous derivations from H to A vanishing on L. 
Our aim is to prove the following criterion to decide, in terms of deriva

tions, when a pro - C group H is a free pro - C product of two of its subgroups 
amalgamating a common subgroup. 

Theorem 9.3.1 Let C be an extension closed variety of finite solvable groups. 
Let HI and H2 be closed subgroups of a pro -C group H. Assume that L ~c 
HI nH2. Then 

H=H1lhH2 

(amalgamated free pro -C product) if and only if the natural homomorphism 

~H : DerL(H, A) -- DerL(HI, A) x DerL(H2, A) 

(f I--t (fIHl' fIH2 ), f E DerL(H, A» is an isomorphism for all [ZcH]-modules 
AEC. 

Before proving this theorem we need some auxiliary results. Remark that 
under the conditions of the theorem above, the amalgamated free pro - C 
product H = HIllLH2 is always proper, as one easily sees using the criterion 
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given in Theorem 9.2.4, for example (one can also see this directly by using 
the universal property of an amalgmated product). 

Clearly DerL(H, -) is a left exact additive functor from the category 
DMod([ZcH]) to the category !X of abelian groups. 

Consider the continuous monomorphism of [ZcH]-modules 

v : A -+ Coindf (A) 

given by v(a)(x) = xa (a E A, x E H). One can identify v(A) with the 
following submodule of Coindf (A) 

v(A) = {f : H -+ A I f(xy) = xf(y), \Ix, y E H}. 

Define 
rCA) = Coindf (A)/v(A). 

Then we have a short exact sequence 

o -+ A ~ Coindf (A) -+ rCA) -+ O. (3) 

Lemma 9.3.2 
r( -) : DMod([ZcH]) -+ ~ 

is an exact functor. 

Proof. This is a consequence of Proposition 6.10.4. o 

Lemma 9.3.3 Let L ::;e H be pro -C groups. For each A E DMod([ZcH]), 
there is a natural isomorphism 

tpA : Hom(ZcH](Zc,r(A)) ~ DerL(H,A). 

Proof. Clearly Hom(zcH](Zc,r(A)) = r(A)H. Let f E Coindf(A) be such 
that f + v(A) E r(A)H. Then zf - f E v(A) for each z E H. So, for all 
x,y,z E H, one has 

(zf - f)(xy) = x[(zf - f)(y)] = xf(yz) - xf(y), 

and on the other hand, 

(zf - f)(xy) = f(xyz) - f(xy). 

Letting z = y-l, we deduce that 

f(xy) = xf(y) + f(x) - xf(l), \Ix, y E H. 

Define fe E v(A) to be the map x 1--+ xf(l) (x E H). Hence, f - fe E 

DerL(H, A). Define tpA(f +v(A)) = f - fe. Clearly tpA is a natural monomor
phism. To prove that tpA is an epimorphism, let d E DerL(H, A). Then 
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d E Coindf (A). Claim that d + v(A) E r(A)H. To see this we must show 
that if z E H, then zd - dE II(A). Indeed, 

(zd - d)(x) = d(xz) - d(z) = xd(z), "Ix E H, 

i.e., zd-d is the function x t---t xd(z), which belongs to II(A). Finally, observe 
that d(l) = OJ thus <PA(d + II(A)) = d. 0 

Corollary 9.3.4 Let H be a pro-C group and assume L ~c H. Then 

{Extizc H) (Zc' r( - »)}n~O 

is the sequence of right derived functors of the left exact functor DerL(H, -) 
in the category DMod([ZcHD. 

Proof Observe that the sequence of functors 

{Ext[ZcH) (Zc' r( - »)}n~O 

is a cohomological sequence since r( -) is an exact functor by Lemma 9.3.2. 
We claim that this sequence is effaceable, i.e., Ext[zcH) (Zc' r(A)) = 0 when
ever A is injective and n ~ 1. This follows from Corollary 6.10.3 by consid
ering the long exact sequence 

... - Extj{(Zc' A) - Extj{(Zc' Coindf (A» - Extj{(Zc, r(A)) _ ... 

obtained by applying {Ext[Zc H) (Zc' - )}n~O to (3) (here Extj{(Zc' r(A» 
stands for Ext[Z~H) (Zc' r(A))). The result follows now from Lemma 9.3.3 
and Lemma 6.1.4. 0 

Proposition 9.3.5 Let H be a pro-C group and assume L :5c H. Let A E 

DMod([ZcH]). Then 

( a) There exists an exact sequence 

0- AH _ AL _ Ext~ZcH)(ZC,r(A)) _ Hl(H,A)_ 

Hl(L,A) - ExtlzcH)(Zc.r(A» - H2(H,A) _ ... j 

(b) If 
H'~H 

j PIL' t L,-i 
is a commutative diagmm of pro -C groups and continuous homomor
phisms, then there is a corresponding commutative diagmm 
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where the vertical maps are induced by p. 

Proof 

(a) It follows from the definition of group cohomology that 

By Theorem 6.10.5, 

Ext[Ze H ] (Zc' Coindf (A)) = Hn(L, A). 

Hence the exact sequence of part (a) is just the long exact sequence obtained 
by applying the cohomological functor {Ext[ze H ) (Zc' - )}n~O to the short 
exact sequence (3). 

Part (b) is left as an exercise. 0 

Lemma 9.3.6 Assume that the variety C is extension closed. Let G be a 
profinite group and let A be a finite discrete G-module. Denote by 

G=A~G 

the corresponding semidirect product. Let d : G ---+ A be a continuous deriva
tion. Then the map p : G ---+ G, given by x ~ (d(x), x) (x E G), is a 
continuous homomorphism of profinite groups. Conversely, if p : G ---+ G 
is a continuous homomorphism such that p(x) = (d(x),x) (x E G), where 
d : G ---+ A is a junction, then d is a continuous derivation. 

Proof. This follows from the definition of multiplication in G = A ~ G: 

(a, x)(a', x') = (a+xa,xx') (a, a' E A,x,x' E G). 

o 

Lemma 9.3.7 Let Hl and H2 be closed subgroups of a pro-C group Hand 
let L ::;c Hl n H2. Assume that the natural homomorphism 

ipH : DerL(H, A) ---+ DerL(Hb A) x DerL(H2, A) 

(f ~ (fIHl' fIH2)' f E DerdH, A)), is a monomorphism for all simple 
[ZcH]-modules A E C. Then the closed subgroup of Jj generated by Hl and 
H2 is H. 
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Proof For a closed subgroup T of H, denote by w(T) the closed left ideal 
of [ZcH~ generated by the subspace {t - 1 I t E T}. Then the map w in an 
injection. One sees this by observing that the natural module homomorphism 
[ZcH~ ---+ [Zc(HjT)~ sends w(T) to the zero submodule. 

Let S be the closed subgroup of H generated by HI and H2. Assume that 
H> S. Define 

w(H, S) = w(H)jw(S). 

Then w(H, S) is a nonzero profinite [ZcHlmodule. Let w(H, S) ---+ A be an 
epimorphism onto a finite discrete simple [ZcH~-module (see Lemma 5.1.1). 
Define 

d : H ---+ w(H, S) 

by d(x) = (x - 1) + w(S) (x E H). One readily checks that 

dE DerL(H,w(H,S)). 

Denote the composition 

H ~ w(H, S) ---+ A 

by f. Then f E DerL(H, A) and f :I O. However, iPH(f) = 0, a contradiction. 
Thus S = H, as desired. 0 

Proposition 9.3.8 Let C be an extension closed variety of finite groups. 
Assume that H = HI ilL H2 is a free pro -C product of two pro -C groups HI 
and H2 amalgamating a common closed subgroup L. Then, for every pro -C 
[ZcH~ -module A, the natural homomorphism 

iPH : DerL(H, A) ---+ DerL(Ht, A) x DerL(H2, A) 

(f 1--+ (fIHp!IH2 ), ! E DerL(H,A)), is an isomorphism. 

Proof Express A = ~ Ai, where each Ai E C is a finite [ZcH]-module. 

Since DerL(H, -) commutes with direct limits (this can be seen by an argu
ment similar to the one used in Lemma 5.1.4), one may assume that A E C. 
We shall exhibit an inverse homomorphism 

tIt : DerL(Ht, A) x DerL(H2' A) ---+ DerL(H, A) 

of iPH. Let di E DerL(Hi, A) (i = 1,2). Since A E C, the semidirect products 
Hi = A ~ Hi (i = 1,2) are pro-C groups. For i = 1,2, define 

Pi : Hi ---+ Hi = A ~ Hi 

by Pi(X) = (di(x), x) (x E Hi)' By Lemma 9.3.6, Pi is a continuous homo
morphism. Consider the following commutative diagram for each i = 1, 2: 
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where 11" and 1I"i are the canonical projections, and Li and ii are the inclusion 
maps (i = 1,2). Put Pi = iiPi (i = 1,2). Plainly, P1 and h coincide on L. 
Hence they induce a continuous homomorphism P : H --+ fI = A >4 H, by the 
universal property of amalgamated products. Since 1I"Pi(X) = x for all x E Hi 
(i = 1,2), it follows that 1I"p(x) = x for all x E H. Therefore, p(x) = (d(x), x), 
where d : H --+ A is a derivation (see Lemma 9.3.6). Define lP'(dl , d2 ) = d. 
One easily checks that ip Hand lP' are inverse to each other. 0 

Proof of Theorem 9.3.1 In one direction this follows from Proposition 9.3.8. 
Conversely, assume that ip H is an isomorphism. Consider the amalgamated 
free pro-C product G = HI Ih H2, and denote by cp : G --+ H the con
tinuous homomorphism induced by the inclusions Hi '---+ H (i = 1,2). By 
Lemma 9.3.7, H = (HI, H2)j hence cp is an epimorphism. To show that cp 
is an isomorphism, it suffices to prove that the conditions of Proposition 
7.2.7 are satisfied, i.e., that for every (simple) H-module A, the map cp in
duces an epimorphism cpl: HI(H,A) --+ HI(G,A) and a monomorphism 
cp2 : H2(H, A) --+ H2( G, A). We shall show in fact that cpl and cp2 are 
isomorphisms. Consider the infinite commutative diagram 

AL -- Ext~ -- HI(H,A) -- HI(L,A) --Extk - H2(H,A) 

II ! ~o ! ~1 II ! ~1 ! ~2 
AL -Ext~ _HI(G,A) __ HI(L,A) --Extb _H2(G,A) 

with exact rows and vertical maps induced by cp (see Proposition 9.3.5), where 
ExtH stands for ExtH(Zc' r(A)) and Ext~ for Ext~(Zc' r(A)). 

By our assumptions and by the first part of the proof, we have a commu
tative diagram 
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where cp is induced by cp and iPH and iPG are isomorphisms. Therefore cp is 
an isomorphism. It follows from Corollary 9.3.4 that the maps 

cpn : Ext'H(Zc' r(A)) ~ Exta(Zc' r(A)) 

are isomorphisms for n ~ 0 (note that it is here where one needs that the iso
morphism iPH is valid for all [ZcH]-modules A E C, not just for simple mod
ules). Thus one infers from the 'Five Lemma' (cf. Mac Lane [1963], Lemma 
1.3.3) and the above infinite diagram that cpn : Hn(H,A) ~ Hn(G,A) are 
isomorphism, as desired. 0 

Proposition 9.3.9 Let C be an extension closed variety of finite groups. 
Assume that H = HI II H2 is a free pro - C product of two pro - C groups HI 
and H2. Then, for every A E DMod([ZcH)) we have that 

(a) 

(b) 

iPH : Der(H, A) ~ Der(HI, A) x Der(H2, A) 

is an isomorphism, where the homomorphism iP H is given by f t-+ 

(fIHp fIH2) (f E DerL(H,A)), and 

iP'H : Hn(H, A) ~ Hn(HI, A) x Hn(H2' A) (n ~ 2) 

are isomorphisms, where the homomorphisms iP1f are induced by the re
striction maps. 

Proof. Part (a) is a special case of Proposition 9.3.8. For part (b), assume 
first that L = 1 and consider the exact sequence (3). It follows from the long 
exact sequence of Proposition 9.3.5(a) that, if L = 1, then 

Ext~(Zc' r(A» = Hn+1(H, A) Vn ~ 1 

and 
Ext~(Zc, r(A» = Der(H, A). 

Since every injective DMod([ZcH]-module is DMod([ZcHiJ-injective (i = 
1.2) (see Corollary 5.7.2), it follows that the cohomological functors 

{Ext'H(Zc' r( - ))}n~O and {Ext'H2 (Zc' r( -)) x Ext'H1 (Zc' r( - ))}n~O 

are universal. The result follows then from Part (a). 0 

Theorem 9.3.10 Let p be a prime number. Let HI and H2 be closed sub
groups of a pro-p group H. Then, 

H = HI llH2 

(the free pro-p product) if and only if 
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(a) 

(b) 
is an epimorphism, 

<Pk : H2(H, ZjpZ) -7 H2(Hb ZjpZ) X H2(H2' ZjpZ) 

is a monomorphism (here <PH is induced by the restriction maps (n = 
1,2)). 

Proof. In one direction, this follows from Proposition 9.3.9. Conversely, as
sume that (a) and (b) hold. Since ZjpZ is a trivial H-module, we have 

HI(G, ZjpZ) = Der(G, ZjpZ), 

for G = H , HI or H2. Hence by Lemma 9.3.7, H is generated by HI and H2 
(as a pro-p group). Set G = HI II H2 (the free pro-p product). Let 

cp:G-7H 

the homomorphism induced by the inclusions Hi '---+ H (i = 1,2). Then cp is 
an epimorphism. Consider the commutative diagram 

where rpn is induced by cp and <Pc;. is induced by <Pc as defined in Proposition 
9.3.9. Since <Pc;. is an isomorphism for every n, it follows from our assump
tions that rpI is an epimorphism and rp2 a monomorphism. Therefore cp is an 
isomorphism by Proposition 7.2.7. 0 

9.4 Pro - C HNN-extensions 

Let H be a pro - C group and let f : A -7 B be a continuous isomorphism 
between closed subgroups A, B of H. A pro -C HNN-extension of H with 
associated subgroups A, B consists of a pro- C group G = HNN(H, A, I), an 
element t E G, and a continuous homomorphism cp : H -7 G satisfying the 
following universal property: for any pro - C group K, any k E K and any 
continuous homomorphism '¢ : H -7 K satisfying k(,¢(a))k- I = '¢f(a) for 
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all a E A, there is a unique continuous homomorphism w : G ~ K with 
w (t) = k such that the diagram 

G 

~l"""""'~~ 
H~K 

is commutative. We shall refer to was the homomorphism induced by 1/J. 

Observe that one needs to test the above universal property only for finite 
groups K E C, for then it holds automatically for any pro - C group K, since 
K is an inverse limit of groups in C. 

Proposition 9.4.1 Let H be a pro -C group and let f : A ~ B be an 
isomorphism of subgroups of H. Then there exists a unique pro-C HNN
extension G = HNN(H, A, J) 

Proof. The uniqueness follows easily from the universal property. We give 
an explicit construction of G = HNN(H, A, J) to prove the existence. Let 
Gabs = HNNabs (H, A, f) be the abstract HNN-extension. Denote by cpabs : 
H ~ Gabs the natural embedding. Let 

Define G = iCN(Gabs) to be the completion of Gabs with respect to N. Let 
t : Gabs ~ G be the natural homomorphism. Put cp = tcpabs. We check the 
universal property for G and cpo 

Let 1/J : H ~ K be a continuous homomorphism to some K E C with 
k(1/J(a))k- 1 = 1/Jf(a) for all a E A. Then, by the universal property for 
abstract HNN-extensions, there is a unique homomorphism wabs : Gabs --+ 

K with wabs (t) = k such that the diagram 

Gabs 
«Jab. t ·· ......... ~ab. 

I "'~ 
H~K 

is commutative. It follows that (cpabs)-l(Ker(wabs)) = Ker(1/J) is open in H, 
and since K E C, one has that Ker(wabs ) E N. Therefore, there exists a 
continuous homomorphism w : G ~ K with wabs = Wt. Thus the following 
diagram 
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G 

r ~ ......................... w 

'P GrabS ~.:.:.> ..... . 
",BblJ .... . 

\ 
H ~K 

1/J 

is commutative. This means that 1/J = w<p and w(t) = k. The uniqueness of w 
follows from the fact that G = (<p(H) , £(t)). 0 

In contrast with the abstract situation, the canonical homomorphism 
<p : H --t G = HNN(H, A, f) is not always a monomorphism. When <p 
is a monomorphism, we shall call G = HNN (H, A, f) a proper pro - C HNN
extension. 

Associated with a pro - C HNN-extension, there exist Mayer-Vietoris se
quences analogous to those obtained for abstract groups. We present them in 
the following theorem without proof (we provide a proof in Ribes-Zalesskii 
[2001], in a more general context). 

Proposition 9.4.2 Let C be an extension closed variety of finite groups. Let 
G = HNN (H, A, f) be a proper pro -C HNN-extension of pro -C groups and 
7r = 7r( C). Then 

(a) for any left discrete Zc[G]-module M there is a long exact sequence 

1-+ HO(G,M) ~ HO(H,M) -+ HO(A,M) -+ Hl(G,M) -+ .. . 

-+ Hn(G,M) -+ Hn(H,M) -+ Hn(A,M) -+ Hn+1(G,M) -+ .. . 

where Res is the restriction Res~ : Hn(G,M) --t Hn(H,M); 

(b) for any profinite right Z*[G]-module M there is a long exact sequence 

... -+ Hn+1(G,M) -+ Hn(A,M) -+ Hn(H,M) 0!J Hn(G,M) -+ ... 

... -+ H 1(G,M) -+ Ho(A,M) -+ Ho(H,M) 0!J Ho(G,M) -+ 1, 

where Cor is the corestriction Cor~: Hn(H,M) --t Hn(G,M), i = 1,2. 

From now on in this section we assume that C is the variety of all finite 
groups. 

The next proposition gives a sufficient condition for a profinite HNN
extension to be proper. 

Proposition 9.4.3 Let G = HNN(H, A, f) be a profinite HNN-extension of 
profinite groups and let <p : H --t G be the canonical homomorphism. Then 
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(1) Ker(rp) = K, where 

K = {nU I U <lo H,f(An U) = f(A) n U}. 

(2) G = HNN(H, A, f) is proper if and only if for every open normal subgroup 
U of H there is an open normal subgroup V of H contained in U and such 
that 

f(A n V) = f(A) n V 

(or equivalently, if and only if K is trivia0. In particular, if A is finite, 
then G is proper. 

(3) G = HNN(H, A, f) is a proper profinite HNN-extension if and only if 
HNNabs(H, A, f) embeds in G and therefore is residually finite. 

Proof. 

(1) Let Gabs = HNNabs (H, A, f) be the abstract HNN-extension. We iden
tify H with its natural image in Gabs. Let N = {N <l! GIN n H ::;0 H}. From 
the explicit construction of G = HNN(H, A, f) (see the proof of Proposition 
9.4.1), it follows that 

Ker(rp) = n (N n H). 
NEN 

Since N n H is an open normal subgroup of H for any N EN, we deduce 
from f(A n N) = (A n N)t = At n N = f(A) n N, that K ::; Ker(<p). 

Conversely, let U be an open normal subgroup of H such that f(AnU) = 
f(A) n U. The isomorphisms Aj(A n U) ~ AUjU and f(A)j(J(A) n U) ~ 
f(A)U jU induce an isomorphism fu : AU jU --+ f(A)UjU. Let Gu = 
HNN(HjU,AUjU,fu) be the profinite HNN-extension of HjU with asso
ciated subgroups AUjU and fu(AUjU). By the universal property, there 
exists a continuous homomorphism Wu : G --+ Gu induced by the natural 
epimorphism 'l/Ju : H --+ Hu. Hence one has the following commutative 
diagram: 

wu 
G ------ Gu 

~ I ~u I 
H~Hu 

where rpu is the canonical homomorphism. Since Hu is finite, it follows 
from the explicit construction of a profinite HNN-extension in Proposition 
9.4.1 that Gu is the profinite completion of the abstract HNN-extension 
HNNabs(HjU,AUjU,fu). In turn, HNNabs(HjU,AUjU,Ju) is residually fi
nite (see, e.g., Proposition II.2.12 in Serre [1980]). We deduce that <pu is a 
monomorphism. Therefore, Ker(<p) ::; U for every U <lo H with f(A n U) = 
f(A) n U. Hence Ker(rp) ::; K. 

(2) follows from (1). 
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(3) Suppose that G is proper. Let Gabs = HNNabs(H,A,f) be the abstract 
HNN-extension and let X and Y be sets of representatives for H j A and 
H j f (A), each of them containing 1. Recall that every element 9 of Gabs can 
be written in a unique way as 

where fi = ±1, fi = 1 implies hi EX - {I}, fi = -1 implies hi E Y - {I}, 
hn E X - {I}, a E A. From the explicit construction of a profinite HNN
extension (see Proposition 9.4.1) it follows that it suffices to find a normal 
subgroup N of finite index in Gabs such that N n H is open in Hand 9 f/- N. 
Since A and f(A) are closed, there is an open normal subgroup U of H such 
that a f/- U, hi f/- AU and hi f/- f(A)U for all i = 1, ... , n. Since HNN(H, A, f) 
is proper, K is trivial by (2). So we may assume that f(U n A) = f(A) n 
U. Let 'IjJ be the canonical epimorphism of Gabs = HNNabs(H, A, t) onto 
HNNabs(HjU, AUjU,f) , where 1: AUjU ---+ f(A)UjU is the isomorphism 
induced by f. Then 

is written in reduced form (abusing notation, we use t for the image of t). 
Therefore, 'IjJ(g) is nontrivial. It is known that HNNabs (H jU, AU jU,f) is 
virtually free. Therefore, it contains a normal subgroup of finite index V that 
intersects HjU trivially and does not contain 'IjJ(g). Then N = 'IjJ-I(V) is the 
required normal subgroup of Gabs. 

The converse statement is obvious. 0 

Next we give a profinite analog of a construction of G. Higman, B. H. 
Neumann and H. Neumann to show that any countably based profinite group 
can be embedded into a 2-generated profinite group. 

Theorem 9.4.4 Let L be a countably based profinite group. Then L embeds 
into some 2-generated profinite group G. 

Proof. Let F be a free profinite group on a basis {Xl, X2} and let (1 be 
the automorphism of F permuting Xl and X2. Let N be the closed nor
mal subgroup of F generated by Xl. Then N is free on the topological basis 
X = {x2aXIX~ I Q E Z} (see Theorem 8.1.3). Clearly X has countable weight 
w(X) (see Section 2.6). Choose a clop en neighborhood Xl of Xl in X such 
that w(X - Xl) = ~o. Then (X - Xl) is a free profinite group of rank ~o. 
Since L is countably based, it can be generated by a countable set converg
ing to 1 (see Propositions 2.4.4 and 2.6.2). Hence, there exists a continuous 
epimorphism cp : N ---+ L such that cp(XI) = 1 and cp((X - Xl)) = L. In 
particular, CP(XI) = 1. 

Consider the subgroup A = N x {I} of F x L and the monomorphism 
f : A ---+ F x L defined as follows: f(a, 1) = ((1(a), cp(a)) (a EN). Then f 
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is clearly continuous. Consider the profinite HNN-extension G = HNN(F x 
L, A, f). Observe that f(xl, 1) = (X2' 1). 

We shall first show that F x L embeds into G, Le. that F x Land f satisfy 
condition (2) in Proposition 9.4.3. 

Let U be an open normal subgroup of F x L. Then U contains an open 
normal subgroup of the form UI x U2 for some UI <40 F, U2 <40 L. Since cp is 
continuous and (j has order 2, one can choose UI such that UI ::; cp-I(U2 ) 

and (j(UI) = UI . Then 

f(A n (UI x U2 )) = {((j(u), cp(u)) I u EN n Ud 

and 

f(A) n (UI x U2 )) = {((j(u), cp(u)) I u E N n (j-I(UI ) n cp-l(U2)}. 

Since N n (j-l(Ul) ncp-I(U2 ) = N nUl, one deduces that f(An (UI x U2 )) = 

f(A) n (UI x U2 ), as required. , 
We now show that G is (topologically) generated by (Xl, 1) and t (see 

the definition of HNN-extension for the meaning of t). Indeed, conjugating 
(xI,I) by t, we obtain (x2,1) and therefore F x {I} ::; ((Xl, 1), t)). This in 
turn implies that f(A) ::; ((Xl, 1), t)). Since F x L = (F x {I}, f(A)), we have 

G = (F x L, t) = ((Xl, 1), t), 

as asserted. o 

We finish the section with a modification of Theorem 9.4.4 adapted to the 
category of abstract groups. This will yield a construction of a residually finite 
2-generated torsion-free abstract group whose profinite completion contains 
every countably based profinite group. 

Theorem 9.4.5 Let {gi liE N} be a countable set generators of an ab
stract group L. Let N be the family of those normal subgroups of finite index 
in L which contain all but finitely many of the gi. Then L embeds into a 
2-generated abstract group G, and this embedding induces an embedding of 
K,N(L) into G. Furthermore, if the natural map L ----+ K,N(L) is injective, 
then so is G ----+ G. 

Proof. We use the same construction as in Theorem 9.4.4 with small adjust
ments to our situation. Let F be an abstract free group On a basis {Xl, X2} 

and let (j be the automorphism of F permuting Xl and X2. Let N be the 
normal subgroup of F generated by Xl. Then N is a free abstract group on 
the basis X = {X2jXlX~ I j E Z}. We can replace X by a new basis Y which 
converges to 1 with respect to the profinite topology on F, as follows: for any 

xi x j _xjo 
j > 1, find the maximal n E N with Ijl 2: n! and replace Xl 2 by Xl 2 Xl 2 , 

where jo is the remainder of j modulo nL Then Y converges to 1 (in the 
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profinite topology of F) and Xl E Y. Choose an epimorphism cp : N ----+ L 
such that cp(Y) = {gi liE N} and cp(Xl) = 1. Then cp is continuous if N is 
regarded as a topological group with the topology induced by the profinite 
topology of F and L is regarded as a topological group with the topology 
defined by N. Consider the subgroup A = N x {I} of F x L and the monomor
phism f : A ----+ F x L defined by f(a, 1) = (O'(a) , cp(a)) , a E N. Then f is 
clearly continuous with respect to the product topology on F x L. Consider 
the (abstract) HNN-extension G = HNN(F x L, A, I). 

Let F be the profinite completion of F. Put B = f(A). Let ..4 and fJ be 
the closures of A and B, respectively, in the profinite group F x K.N(L). Let 
f : ..4 ----+ fJ be the isomorphism induced by f (f can be defined also by 
the equality f(a, 1) = (a(a), cp(a)) (a EN), where a is the automorphism of 
F induced by 0' and r:p : N ----+ K.N(L) is the epimorphism induced by cp). 
Consider the profinite HNN-extension HNN(F x K.N(L) , ..4, I). 

As in the proof of Theorem 9.4.4, one shows that F x K.N(L) embeds into 
HNN(F x K.N(L),..4, I), i.e., that F x K.N(L) and f satisfy condition (2)' in 
Proposition 9.4.3. 

To prove the residual finiteness of G, note that the natural embedding F x 
L ----+ F x K.N(L) induces an embedding of G into HNNabs(F x K.N(L) , ..4, I) 
and the latter group is residually finite by Proposition 9.4.3. 

Now we show that the profinite topologies of G and HNN (F x K.N( L), ..4, f) 
induce the same topology on F x L. Indeed, let U be a normal subgroup of 
finite index in G. Then U contains almost all elements ofY. Since f(UnA) = 
Un B, it follows that U contains almost all gi. This shows that the topology 
of G induces a topology on L which is weaker than the one defined by N. It 
remains to show that for any normal subgroup Ul of finite index in F and 
U2 E N, there exists a normal subgroup U of finite index in G such that 
Un (F x L) :$ Ul X U2. Choose U2 EN. Since cp is continuous and 0' has 
order 2, one can choose Ul such that Ul :$ cp-l(U2) and O'(Ul) = Ul . Then 

f(A n (Ul x U2)) = ((O'(U) , cp(u)) I u EN n Ud 

and 

B n (Ul x U2)) = ((O'(u) , cp(u)) I u E N n O'-l(Ul ) n cp-l(U2)}. 

Since N n 0'-1 (Ul ) n cp-l (U2) = N nUl, one deduces that f(A n (Ul x U2)) = 
B n (Ul x U2 ). Therefore, one has a natural isomorphism 

j: A(UI X U2)/(Ul x U2) ----+ B{Ul x U2)/{Ul x U2) 

and the HNN-extension HNNabs{F x L/{Ul x U2), A(UI x U2)/{Ul x U2),}) 
is an epimorphic image of G. The base subgroup of this extension is finite, 
and therefore there exists a normal subgroup V of finite index in 
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that intersects trivially the base subgroup. Let U be the preimage of V in G. 
Then Un (F x L) = U1 X U2 , as needed. 

Finally, one proves that G is generated by (Xl, 1) and t (see the definition 
of HNN-extension for the meaning of t) as it was done in the last paragraph 
of the proof of the preceding theorem. 0 

Corollary 9.4.6 There exists a 2-generated residually finite torsion-free ab
stract group G whose profinite completion G contains an isomorphic copy of 
every countably based profinite group. 

Proof. It suffices to construct a group G that contains a direct product K = 
TIn Kn of all finite simple groups (one copy for each isomorphism class). 
Note that by Proposition 4.7.12, for every Kn there exists a finitely generated 
torsion-free residually finite group rn whose profinite completion contain Kn. 
Let L be the restricted direct product of the rn (i.e, the subgroup of the 
direct product consisting of those tuples all whose components are trivial 
except for a finite number of them). Let Xn be a finite set of generators of rn 
and X = U:I Xn . Put N = {N <J! L IIX - LI < oo}. Then the completion 
ICN(L) of L with respect to N is the direct product TI:I Fn. Now Theorem 
9.4.5 gives us the required construction for G. Indeed, according to that 
construction, G is torsion-free since it is an HNN-extension of a torsion free 
group. 0 

9.5 Notes, Comments and Further Reading 

Throughout this chapter we use freely standard properties of free prod
ucts, amalgamated products and HNN-extensions of abstract groups. Good 
sources of information about these properties are Magnus-Karras-Solitar 
[1966], Lyndon-Schupp [1977] and Serre [1980]. 

For a general treatment of cartesian subgroups (Theorem 9.1.6) in a profi
nite context see Ribes [1990]. Corollary 9.1.7 was proved in a special case in 
Haran-Lubotzky [1985] and in general in Herfort-Ribes [1989b]. Theorem 
9.1.9 was first proved in Binz-Neukirch-Wenzel [1971]; they proved it for a 
more general type of free product, namely, they allow an infinite set of free 
factors 'converging' to 1. 

Proposition 9.1.11 was obtained by Neukirch [1971]; in this paper Neukirch 
studies applications of free products to Galois theory. Theorem 9.1.12 is 
proved in Herfort-Ribes [1985]; this paper contains also information about 
the torsion elements in a free pro - C product; more precisely, the following 
result is proved: 

Theorem 9.5.1 Let G = GI II G2 be a free pro -C product and let H be a 
finite subgroup of G. Then H is conjugate to a subgroup of G1 or of G2 • 
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Proposition 9.1.13 was proved for free profinite groups F of any infinite 
rank in Herfort-Ribes [1985] and for nonabelian free profinite groups of finite 
rank in Haran-Lubotzky [1985]. Example 9.1.14 was described by Mel'nikov 
[1980]. In this paper he also raises the following problem (see Theorem 3.5.15 
in this connection). 

Open Question 9.5.2 Is a general inverse limit of a surjective inverse sys
tem of free profinite groups of finite rank necessarily a free pro finite group? 

Proposition 9.1.15 appears in Lubotzky [1982]. Open Question 9.1.16 can 
be reformulated in terms of finite groups. More generally (see Ribes-Wong 
[1991]), one may ask the following 

Open Question 9.5.3t For which extension closed varieties C of finite 
groups is it always true that whenever we are given GI, G2 E C, then there is a 
group GEe such that G l , G2 ~ G, G = (G l , G2 ) and d(G) = d(G l ) +d(G2 )? 

When C is the class of all finite solvable groups, Kovacs-Sim [1991] answer 
the question in the negative, i.e., they prove that the Grushko-Neumann 
theorem does not hold in general for free prosolvable products. Specifically 
they prove the following 

Theorem 9.5.4 If a finite solvable group G is generated by s subgroups of 
pairwise coprime orders, and if each of these subgroups can be generated by 
r elements, then G can be generated by r + s - 1 elements. 

From this one can deduce, for example, that the free prosolvable product 
(C2 x C2) II (C3 x C3 ) can be generated by three elements. In relation with 
this conjecture, see also Lucchini [1992]. 

The next question is about the existence of certain Frobenius profinite 
groups in free profinite products. One can pose the question in terms of 
normalizers. If A and B are finite groups, then an element in A of order 
at least 3 cannot normalize an infinite cyclic subgroup of the abstract free 
product A*B. However, it is shown in Herfort-Ribes [1989b] that if the finite 
groups A and B are solvable, then the free prosolvable product AilB contains 
Frobenius groups of the form Z1l" )q C, where C is any finite cyclic subgroup 
of A, p t ICI for all p E 1r and C acts fixed-point-free on Z1I". 

Open Question 9.5.5 Do all profinite Frobenius groups of the form Z1I" )q C 
(C is finite cyclic, p t ICI for all p E 1r and C acts fixed-paint-free on Z1I") 
appear as subgroups of free profinite products A II B? 

t Note added in March 2000: This has been recently answered in the neg
ative by Lucchini [2000a] for the variety of finite groups. He proves that if 
G l is a finite elementary abelian 2-group with d(G2 ) sufficiently large and if 
G2 is a finite group of odd order, then d( (Gb G2 )) < d(Gl ) + d(G2 ). See also 
Lucchini [2000b] 
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Lemma 9.1.18 and Theorem 9.1.19 were proved by Lubotzky [1982] for 
free pro-p groups of finite rank, and in general by Ribes [1991]. Theorem 
9.1.20 was proved by Lubotzky [1982] for free pro-p groups of finite rank. 

In connection with Open Question 9.1.21, we mention the status of the 
equivalent question for abstract groups. Let F be a free group and let Hand 
K be finitely generated subgroups of F. Put rLn(G) = max(rank(G) -n, 0). 
Hanna Neumann conjectured that 

The best bound 

up to now, was obtained recently by Dicks-Formanek [1999]. 
Exercise 9.1.22 appears in Ribes [1991]. The result in Exercise 9.2.7(1) was 

obtained by Baumslag [1963]. See Shirvani [1992] for the case when H satisfies 
a law. Theorem 9.2.4, Exercise 9.2.6 and Examples 9.2.9 and 9.2.10 appear 
in Ribes [1971], [1973]. Serre (see Ribes [1973]) has also produced examples 
of nonproper amalgamated free profinite products. A useful necessary and 
sufficient condition for an amalgamated free pro-p product to be proper is 
given in Ribes [1971]. The Mayer-Vietoris sequence in Proposition 9.2.13(a) 
appears in Gildenhuys-Ribes [1974]. 

Theorem 9.3.1 was proved in Ribes [1974]' where it is expressed in terms 
of cohomology of pairs of groups. Proposition 9.3.8 is proved in Gildenhuys
Ribes [1974]. Theorem 9.3.10 was proved by Neukirch [1971] (in fact he proves 
this in a more general setting: he allows free products of infinitely many pro-p 
groups 'converging to 1 '). 

There are two approaches to the task of embedding a count ably based 
profinite (respectively, a residually finite, countably generated) group into a 
2-generated profinite (respectively, residually finite) group. The first one, due 
to J. S. Wilson, is to use the construction of wreath products. This is the 
method used in Lubotzky-Wilson [1984] (respectively, in Wilson [1980]) to 
prove Theorem 9.4.4 for extension closed varieties (respectively, a residually 
finite version of Theorem 9.4.4). The idea of the second approach, due to Z. 
Chatzidakis, is to use the well-known Higman-Neumann-Neumann construc
tion with certain variations; the approach has been exploited in Chatzidakis 
[1994]' Wilson-Zalesskii [1996] and in Chatzidakis [1999]. This approach al
lows the control of torsion in the constructed group. Proposition 9.4.3 is due 
to Chatzidakis [1994], where one can find a proof of Theorem 9.4.4 as well 
as pro-p versions of Proposition 9.4.3 and Theorem 9.4.4. A pro-p version of 
Theorem 9.4.5 is proved in Chatzidakis [1999]. 

There are two examples of 2-generated pro-p groups containing every 
count ably based pro-p group that recently have received attention in the 
literature. The first one is the Nottingham group, which is a subgroup of finite 
index of the group Aut(Fp[t]) ofring automorphisms of the power series ring 
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F p[tHsee Johnson [1988]). The other example is the pro-p completions of 2-
generated torsion p-groups constructed by Gupta-Sidki (the construction is 
similar to Grigorchuk's construction of 3-generated p-groups). Pro-p groups 
of both types are generated by two elements of order Pi these groups are just
infinite (Le., they do not have infinite proper quotients) and possess many 
interesting properties (see Camina [1997], Grigorchuk [1980], Gupta-Sidki 
[1983], Grigorchuk-Herfort-Zalesskii [1999]). 



Open Questions 

We collect here the open questions mentioned in the book. We have main
tained the numeration of the original question so that the reader may consult 
the context in which the question is posed. The wording of the questions are 
sometimes modified slightly to make them self-contained. 

Open Question 3.5.3 (Inverse problem of Galois Theory) Is every finite 
group a continuous homomorphic image of the absolute Galois group Go'/Q 
of the field Q of rational numbers? 

Open Question 3.5.13 Let F be a free profinite (or, more generally, pro-C) 
group on a profinite space X. Is there a canonical way of constructing a basis 
converging to 1 for F? 

Open Question 3.7.2 What pro - C groups are pro - C completions of finitely 
generated abstract groups? 

Open Question 4.2.14 Let G be a finitely generated profinite group. Is every 
subgroup of finite index in G necessarily open? 

Open Question 4.8.2 Let G be a finitely generated prosolvable group. Are 
the terms (other than [G, GD of the derived series of G closed? 

Open Question 4.8.3 Let G be a finitely generated profinite group and let 
n be a natural number. Let (Gn) = (xn I x E G) be the abstract subgroup of 
G generated by the n-th powers of its elements. Is (Gn ) closed? 

Open Question 4.8.5b Is a torsion profinite group necessarily of finite 
exponent? 

Open Question 7.10.1 For what finite p-groups G does one have rr(G) = 
arr( G)? [rr = relation rank as a profinite group; arr= relation rank as an 
abstract group] 

Open Question 7.10.4 Let G be a finitely generated pro-p group such that 
cd(G) > 2 and dimH2(G, ZjpZ) = 1, (i.e., relation rank rr(G) is 1). Does 
G admit a presentation with a single defining relator of the form uP? 
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Open Question 1.10.6 Study finitely generated pro-p groups with the fol
lowing property: every closed subgroup of infinite index is free pro-po 

Open Question 9.1.16t Does the Grushko-Neumann theorem hold for free 
profinite products of profinite groups, that is, if G = G1 II G2 is the free 
pro finite product of two pro finite groups G1 and G2, is d(G) = d(G1)+d(G2)? 

Open Question 9.1.21 Let F be a free pro-p group and let Hand K be 
closed finitely generated subgroups of F. Is there a bound on the rank of HnK 
in terms of the ranks of Hand K? 

Open Question 9.5.2 Is a general inverse limit of a surjective inverse sys
tem of free profinite groups of finite rank necessarily a free pro finite group? 

Open Question 9.5.3tt For which extension closed varieties C of finite 
groups is it always true that whenever we are given G!, G2 E C, then there is a 
group G E C such that G!,G2 '5: G, G = (G!,G2) and d(G) = d(Gt}+d(G2)? 

[Note that Open Question 9.1.16 is closely related to 9.5.3.] 

Open Question 9.5.5 Do all profinite Frobenius groups of the form Z1T ~ 
C (C is finite cyclic, p f 101 and C acts fixed-point-free on Z1T) appear as 
subgroups of free pro finite products A liB? 

t See footnote to 9.5.3 
tt See footnote to 9.5.3 



A Appendix 

Al Spectral Sequences 

A bigraded abelian group E is a family E = (Er,S)r,sEZ of abelian groups. A 
differential d of E of bidegree (p, q) is a family of homomorphisms 

such that dd = o. 

S I 
E 2,4 • • • • • • 

I 
3 

d3 
• • • • • • • 

I E5,2 • • • • • • 3 

• El,l • E 3,l • • • 

I 
3 3 

--. • • • • • .--
I 

r 

A spectral sequence consists of a sequence E = {El' E 2 , E 3 , ... } of bi-
graded abelian groups E t = (E;,S)r,sEZ, with differentials dt : E t --+ E t of 
bidegree (t, -t + 1), such that 

Er,s C>< K (Er,S dt E r+t,s-t+1)/I (Er-t,SH-l dt Er,S) 
t+l - er t --+ t m t --+ t . (1) 
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To simplify the notation, from now on we assume that the isomorphism in 
(1) is in fact an equality. The bigraded abelian group E2 is called the initial 
term of the spectral sequence. 

Lemma A1.1 For each r, s E Z there exists a series of subgroups of E;'s 

o = Br,s < Br,s < Br,s < ... < cr,s < cr,s < cr,s = Er,s 
2-3-4- -4-3-2 2 

such that 

Proof. Set B;'s = 0 and C;,s = E;'s; then E;'s = C;,s I B;'s. Define induc
tively 

Br,s IBr,s _ I (Er-t,s+t-i _ cr-t,s+t-iIBr-t,s+t-i d t Er,s _ Cr,sIBr,S) 
t+i t - m t - t t ~ t - t t, 

and 

Cr,s IBr,s _ K (Er,S _ Cr,sIBr,s dt Er+t,s-t+i _ cr+t,s-t+iIBr+s,s-t+i) 
t+i t - er t - t t ~ - t t . 

Hence 

and 

Br,s < Br,s < Br,s < cr,s < cr,s < Cr,s 
2 - t - t+i - t+i - t - 2 , 

Er,s _ (Cr,S IBr,s)/(Br,S IBr,s) _ cr,s IBr,s 
t+i - t+i t t+i t - Hi Hi' 

Let c;'s, B;'s he as in Lemma Al.l. Define 

and 

o 

The bigraded abelian group Eoo = (E'~nr,sEZ' is completely determined 
by the spectral sequence. We think of the terms E t of the spectral sequence 
as approximating Eoo. 

A filtered abelian group with filtration F consists of an abelian group A 
together with a family of subgroups Fn(A) of A, (n E Z), such that 

A ~ ... ~ Fn(A) ~ Fn+i(A) ~ .... 

We always assume that a filtration satisfies the additional condition: 

(2) 
r r 
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To each filtered abelian group A we associate a grading in the following 
manner 

GT(A) = PT(A)/ PT+l(A), (r E Z). 

A filtered graded abelian group with filtration P, consists of a family H = 
(Hn)nEZ, of filtered groups Hn. 

A spectral sequence E = (Ed is said to converge to the filtered graded 
abelian group H = (Hn) with filtration P if 

E'~s ~ GT(HT+S) = PT(HT+S)/ PT+1(HT+S). 

We indicate this situation by E;'s ===} Hn or by E ===} H. 

A2 Positive Spectral Sequences 

We say that a spectral sequence E is positive or first quadrant if E;'s = 0, 
whenever r < 0 or s < O. It is clear that if E is a positive spectral sequence 
then E;'s = 0 for t ~ 2 and r < 0 or s < O. From now on we assume that all 
spectral sequences are positive. 

Proposition A2.1 Let E be a positive spectral sequence converging to H. 
Then 

(a) E;'s = E~s if t > max (r, s + 1), 

(b) Hn =0 if n < 0, 

(c) pT(Hn) = {~n if r > n, 
if r ~ O. 

Proof (a) Note that 

ET-t,s+t-l dt ET,s dt Er+t,s-t+l t ---+ t ---+ t . 

If t > r then ET-t,sH-l = o· if t > s + 1 then ErH,s-t+1 = 0 So if , t , , t . , 
t > max(r, s + 1), then C;,s = C;~l = ... , and B;'s = B;~l = ... ; hence, by 
Lemma Al.1, 

ET,s _ Er,s _ ... _ Er,s 
t - t+l - - 00' 

(b) If r + s = n < 0, then either r < 0 or s < 0; so pT(Hn)/pr+1(Hn) = 
E~s = 0; therefore pT (Hn) = pr+ 1 Hn, for all r E Z; thus pr (Hn) = 0 (since 
nprHn = 0). This implies that Hn = upr(Hn) = O. 
r r 

(c) Let r+s = n. Then E~s ~ pr(Hn)/pr+l(Hn). Now, ifr < 0 or s < 0, 
then E~s = 0; so pr(Hn) = pr+1(Hn). Hence, 
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and 
Fn+l(Hn) = Fn+2(Hn) = Fn+2(Hn) = ... 

Thus, it follows from condition (2) that Hr = FO(Hn) ifr ~ 0, and Fr(Hn) = 
OHr>~ 0 

Proposition A2.2 For each n there is a sequence 

where £ is an injection, 7r a surjection and 7r£ = o. The sequence is exact if 
n=1. 

Proof One has the following composition of maps 

E~o ~ Fn(Hn) ~ Hn _ W/Fl(Hn) ~ E~n, 

and so, 

Note that Im(£) = Fn(Hn) ~ Fl(Hn) = Ker(7r)j hence 7r£ = O. If n = I, 
Im(£) = Ker(7r) = Fl(Hn), so the sequence is exact. 0 

The Base Terms. 

The terms of the form E;'o are called the base terms of the spectral 
sequence. 

Proposition A2.3 For each r there exist epimorphisms 

Er,O Er,O Er,o ~ Er,o 
2 - 3 _ ••• - r+l - 00· 

Proof The last arrow is an isomorphism by Proposition A2.1. Since E;'o ~ 
Ker(d2)/Im(d2) = E;'o /Im(d2), we have a surjection E;'o _ E;'o. One 
obtains the other maps in a similar way. 0 

Each of the maps of Proposition A2.3 and the map E;'o _ E'do° ~ 
H r obtained from the maps of Propositions A2.2 and A2.3, are called edge 
homomorphisms on the base, and will be denoted by e B. 

The Fiber Terms 

The terms of the form E~,8 are called the fiber terms of the spectral 
sequence. 

Proposition A2.4 For each s, there exist monomorphisms 
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EO,s EO,s EO,s £! EO,s 
2 f-- 3 f-- ••• f-- s+2 f-- 00' 

Proof. The last arrow is an isomorphism by Proposition A2.1. Since E~'s s::! 

Ker(d2)jlm(d2) = Ker(d2), we have an injection E~'s --+ E~'s. The other 
injections are obtained similarly. 0 

Each of the maps of the Proposition A2.4, and the map 

obtained by composing the maps of Propositions A2.2 and A2.4, are called 
edge homomorphisms on the fiber, and will be denoted by e F. 

For n ~ 1, the homomorphism dn+1 : E~~1 --+ E:t~'O is called a trans
gression. 

Condition *(n). 

For a fixed n ~ 1, we will say that the spectral sequence E satisfies 
condition * ( n) if 

E;'s = 0 whenever 1 ~ s ~ n - 1 and r + s = n, and whenever 1 ~ s ~ n - 1 
and r + s = n + 1. 

Note that condition *(1) is vacuous. 

Proposition A2.5 Assume condition *(n) holds for a positive spectral se
quence E. Then 

(a) the monomorphism eF : E~~1 --+ E~,n is an isomorphism; 

(b) the epimorphism eB : E;+1,O --+ E:tt'O is an isomorphism. 

Proof. 

(a) E!,n-t+1 = 0 if t =I n + 1. So Ker(dt : E~,n --+ E!,n-t+1) = E~,n if 
t ...J. + 1 Th £ EO,n '" EO,n '" '" EO,n r n . ere ore, 2 = 3 = ... = n+ l' 

(b) E;-t+1,t-1 = 0 if t =I n + 1. So Im(dt : E;-t+1,t-1 --+ E;+1,o) = o. 
Therefore, E~+1,O s::! E~+1,O s::! ••• s::! E:t~'~. 0 

By the proposition above we can define a map 

-1 -1 

EO,n eF EO,n d n +1 En+1,o e B En+1,O 
2 --+ n+1 --+ n+1 --+ 2 

if condition * (n) is satisfied. This homomorphism will also be called a trans
gression and denoted tr. 
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Theorem A2.6 Let E = (E;'S) be a positive spectral sequence converging to 
H = (Hn). Assume that E;'s = 0 for 1 S s S n - 1 (for n= 1 this condition 
is vacuous). Then there exists a five term exact sequence 

O E n,O eB Hn eF EO,n tr E n+1,o eB Hn+1 
----- 2 ----- ----- 2 ----- 2 ----- . 

Proof First notice that 

We shall prove exactness at each term. 

(3) 

(4) 

Exactness at E;'o: It is enough to prove that each E~'o ----- E~~ is an 
injection (r = 2, ... ,n). But this follows from (3) since E~-t,t-l = 0 (t = 
2, ... ,n). 

Exactness at Hn: Since condition *(n) holds, it follows then from Propositions 
A2.2 and A2.5 that 

Im(eB) = Im( E;'o _____ Hn) = Im( E~o ~ Hn) = Fn(Hn) 

and 

Ker(eF) = Ker(Hn _____ Eg,n) = Ker(Hn ~ E~n) = Fl(Hn). 

Now, by hypothesis, if n = r + sand 1 S r S n - 1, then 0 = E'~s 
Fr(Hn)j Fr+l(Hn)j so Fr(Hn) = Fr+l(Hn). Hence Fl(Hn) = Fn(Hn). 
Thus Im(eB) = Ker(eF)' 

Exactness at Eg,n: By Proposition A2.5 and the definition of tr we have 

Im(eF) = Im( H n ----- E~~~\) = Im( E~-;2 ----- E~-;l)' 
and 

Ker(tr) = Ker(E~-;l ----- E~ti'O). 
Thus Im(eF) = Ker(tr). 

Exactness at E;+l,O: Analogously, 

Im(tr) = Im(Eo,n _____ E n+1,O) n+l n+l' 

and 

Ker(eB) = Ker (En+1,o _____ Hn+l) = Ker (En+1,o _____ E n+1,O) n+l n+l n+2' 
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Therefore Im(tr) = Ker(eB). 0 

Corollary A2.7 There exists a five term exact sequence 

O E 1,0 eB H1 eF BO,1 tr E2,0 eB H2 
~2~ ~2~2~' 

Proof This is a special case of the theorem since for n = 1 the hypothesis is 
vacuous. 0 

A3 Spectral Sequence of a Filtered Complex 

In this section we study a canonical way of constructing spectral sequences. 
Given a complex with a suitable filtration, we define a spectral sequence that 
converges to the filtered graded abelian group consisting of the homology 
groups of that complex. 

Let 

X= (X,8) = ... ~xn-1 ~xn ~xn+1 ~ ... 

be a complex of abelian groups. We say that X is filtered if each xn has 
a filtration F compatible with 8, i.e., for each r and each n, 8Fr(xn) :s 
Fr(xn+1). 

Assume that X is a filtered complex: 

! ! 
X n- 1 > ... > Fr(xn-l) > ... 

! ! 
xn > ... > Fr(xn) > '" 
! ! 

X n+1 > ... > Fr(xn+1) > ... - -
! ! 

Then the sequence of homology groups H = {Hn(x)} of this complex can 
be thought of as a single graded abelian group with a filtration inherited 
from the filtration of the complex X; namely, Fr(Hn(x)) is the image of 
Hn(Fr(x)) under the injection Fr(x) ~ X. 

Next we begin the construction of a spectral sequence associated to X. 
Let r + s = nand r E Z. Set 
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z;,S = {a E Fr(xn) I 8(a) E Fr+t(xn+l)}, 

B;'s = 8z;~f+1,s+t-2 = 8(Fr-t+1(xn-l)) n Fr(xn), 

and 
Er,s _ Zr,sj(Br,S + Zr+l,s-l) t - t t t-l . 

Since 
8Zr,s < Zr+t,s-t+l 

t - t , 

and 
8(Br,S + Zr+l,s-l) = 8Zr+1,s-1 = Br+t,s-t+l 

t t-l t-l t , 

we have that the map 8 induces a homomorphism 

d . Er,s Er+t,s-t+l 
t· t ~ t , 

with dtdt = o. Moreover, one checks that 

and 

Hence 

Ker(dt)jIm(dt ) ~ (Z;':l + Z;~ll'S-l) / (B;':l + Z;~J'S-l) ~ 

Z;':l/ (B;':l + Z;~ll'S-l) = E;':l. 

(5) 

(6) 

Observe that this is valid for every t E Z. Thus we have proved the first part 
of the following 

Theorem A3.1 Let (X,8) be a filtered complex. Then 

(a) There exists a spectml sequence E, where E;'s is given by (5). 

(b) Assume, in addition, that the filtmtion F of (X, 8) is bounded, i.e., for 
each n there are integers u = u(n) < v = v(n) with Fu(xn) = xn and 
Fv(xn) = o. Then E converges to the gmded abelian group H = H(X) 
(the homology groups of X) with the filtration induced by the filtration of 
x. 

Proof. (b) To show that E ~ H, we first need to obtain a description of 
Fr Hn(X)j Fr+l Hn(x). Write 

Z~s = {a E Fr(xn) I 8(a) = O}, and 

B~s = 8(xn-l) n Fr(xn) (r + s = n). 

Then, 
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Fr(Hn(X))/Fr+1(Hn(x)) ~ (Z~8 + 8Xn- 1) / (Z~1,8-1 + 8Xn- 1) 

~ Z~8 / [( Z~l,s-l + 8Xn- 1) n Z~8] 

~ Z~8 / ( Z~l,S-l + B~S). 

Since the filtration of (X, 8) is bounded, it is clear that 

for u large enough. Hence 

for u large enough. 
Finally, it is immediate that the boundedness of the filtration of (X, 8) 

implies that E~,8 ~ E';,os for u large enough. Thus E ==> H(X). 0 

A4 Spectral Sequences of a Double Complex 

A double complex is a family K = (Kr,8)r,8EZ of abelian groups together 
with differentials 

such that 8'8' = 0, 8"8" = 0 and 8'8" + 8"8' = o. 
Using the double complex K we define a complex (X,8) = X = Tot(K), 

the total complex of K, by 

xn = E9 K r,8, 
r+s=n 

and where 8 : xn --t X n+1 is 8 = 8' + 8". Note that (X, 8) is a complex, 
for 

88 = 8'8' + 8'8" + 8"8' + 8"8" = O. 

Now we construct in a canonical way two filtrations of its total complex X. 

The first filtration ' F of X is given by 

'FT(xn) = E9 K Q ,(3. 

a+/'i=n 
a~r 
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The second filtration "F of X is defined by 

"Fs(xn) = E9 Ka,/J. 
a+.B=n 

.B?. 

For each of these filtrations we can construct corresponding spectral se
quences 'E = (' E;'S) and "E = (" E;'S), called the first and second spectral 
sequence of the double complex K (see the construction in section A3). Now 
assume that the double complex K is positive, i.e., KT,s = 0 if r < 0 or s < O. 
Then both the first and second filtrations are bounded. In fact 

and 
xn = "Fo(Xn) ~ "Fl(xn) ~ ... ~ "F+1(xn) = o. 

So, according to Theorem A3.1, there exist corresponding spectral sequences 
'E = (, E;'s) and "E = (" E;'s) (the first and second spectral sequences of 

K) converging both of them to H(X) with the induced filtrations. 
Next we calculate the initial terms 'E2 and "E2 of these two spectral 

sequences. In order to do this we compute first the terms 'El and "El . We 
start with the first spectral sequence. We have 

and 

Hence 

'Zr's = {a E 'FT(xn) I a(a) E 'FT+1(xn+1)} 
a" ~ Ker(KT,S --+ KT,S+1) EB ' FT+1(xn); 

, Er's ~ Ker( KT,s ~ KT,S+1) /Im( KT,s-l ~ KT,S) 

~ HS ( ... --+ KT,s-l --+ KT,s --+ KT,s+l --+ ... ) 

~ HS(KT,e) . 

The mapping dl : ' Er's --+ Er+1,S is induced by a', so that 

'E;'s ~ HT(HS(Ki,e),a') = 'HT("HS(K)), 

where "H indicates that we are taking the homology of a vertical complex 
Ki,e, and ' H that we are taking the homology of the horizontal complex of 
homology groups induced by a'. 

In a similar manner we obtain for the second spectral sequence 
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and 
"E;'S ~ H T (H8 (Ke.t8") = "HT ('H8 (K)). 

Thus, we have proved the following 

Theorem A4.1 Let K = (KT.8) be a positive double complex. 

(1) There is a "first spectral sequence" 'E = (' Er' S ) canonically constructed 
from K such that 

(a/) 

(b/) 

(2) There is a "second spectral sequence" "E = (" Er' S ) canonically con
structed from K such that 

(a") 

(b"). 

A5 Notes, Comments and Further Reading 

This appendix follows the presentation of spectral sequence in Ribes [1970]. 
For alternative and more detailed presentations see Cartan-Eilenberg [1956], 
Mac Lane [1963] or McCleary [1985]. 
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quotients, 89 
projection 
- of an inverse limit, 2 
projective 
- C-projective profinite group, 280 
- enough projectives, 180 -
- limit, 2 
- object, 179 
- profinite group, 280 
- solvable profinite group, 287 
- system, 1 
pronilpotent group, 20 
prosolvable group, 20 
pro - C topology of a group, 79 
- full, 79 
pro - C group, 19 
Priifer group, 17 
pullback, 68 
pure subgroup, 133 
pushout, 69 

Rank 
- S-rank function of a profinite group, 

322 
- S-rank of a profinite group, 307 
- of a free group, 95 
relation rank, 290 
relator 
- defining relators, 290 
residually finite group, 79 
residually C group, 79 
resolution 
- homogeneous, 212 
- inhomogeneous, 212 
- injective, 205 
- projective, 206 
- split, 217 
restriction 
- in cohomology, 231 
- in homology, 236 
restriction of scalars, 256 
ring 
- commutative profinite, 167 
- profinite, 165 

Schreier's formula, 320 
Schur-Zassenhaus theorem, 41 



second axiom of countability, 12 
section 
- for G-spaces, 191 
- ofa map, 29 
semi direct product, 42 
- external, 188 
sequence 
- exact, 20 
- of inverse systems, 31 
- short exact sequence of groups, 20 
series 
- derived, 350 
- lower p-central series, 59 
- lower central, 42 
Shapiro's Lemma, 252, 253 
space 
- Boolean, 10 
- countably based, 12 
- first countable, 12 
- pointed, 90 
- profinite, 10 
- second countable, 12 
- totally disconnected, 4 
- weight of a, 48 
spectral sequence, 403 
- base terms, 406 
- convergence, 405 
- edge homomorphisms, 406, 407 
- fiber terms, 406 
- first quadrant, 405 
- initial term, 404 
- Lyndon-Hochschild-Serre, 266 
- of a double complex, 412 
- of a filtered complex, 409 
- positive, 405 
splitting, 245 
- T-splitting of sequence, 245 
S-rank,307 
stabilizer, 176 
strict cohomological p-dimension, 259 
strong lifting property, 104 
strongly complete profinite group, 124, 

127 
- example of a nonstrongly complete 

group, 131 

Index of Terms 435 

subdirect product, 19 
subgroup 
- accessible, 310 
- cartesian, 365 
- characteristic, 45 
- derived, 350 
- isolated, 147 
- of a free pro - C: not free, 340 
- pure, 133 
- subnormal, 119 
- subnormal in free pro- C groups, 345 
- verbal, 101 
subgroups of finite index 
- in prosolvable groups, 127 
submodule 
- of fixed points, 210 
supernatural number, 33, 75 
- divides, 33 
- greatest common divisor of, 34 
- least common multiple of, 34 
- product of, 34 
Sylow 
- subgroup, 36 
- theorem, 38 

Tensor product 
- commutes with li!!!., 185 

- complete, 184 
torsion subset, 154 
transfer, 232 
transgression, 407 
transversal, 22 
- Schreier transversal, 117 
trivial action, 176 

Variety of finite groups, 20 
- extension closed, 20 
- saturated, 281 

Weight 
- local, 48 
- of a topological space, 48 

Zassenhaus groups, 43, 287 




